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NOTE BY THE EDITOR 


As the author did not write a preface to this volume, I venture 
to quote from memory his explanation to me of his purpose in writing 
it, and of the correlation covering a very broad field which he hoped 
to indicate. 

^'It seems to be the impression among students that mathematical 
physics consists in deriving a large number of partial differential 
equations and then solving them, individually, by an assortment of 
special mutually unrelated devices. It has not been made clear that 
there is any underlying unity of method and one has often been left 
entirely in the dark as to what first suggested a particular device to 
the mind of its inventor.’’ 

am attempting to show that there are only a few fundamental 
partial diflerential equations ordinarily required in physics and that 
these are all special cases of a general equation, which I will write 
down and that the method to be described for solving this includes 
all the other special methods.” 

At this time the first four chapters had been written in outline 
and I was asked to read these over and to suggest corrections or changes 
tending to clearness of presentation. During the remainder of the work 
it became the habit of the author to turn his manuscript over to me 
in this way and minor changes were frequently made. I mention this 
in justification for the slight liberties which I have taken with the text. 
At the time of the author’s death more than one half of the work was 
in the hands of the publisher, in the form of uncorrected proof. The 
remainder was completely outlined in manuscript, lacking only in 
details to be carried out as indicated. 

The numbered equations were all given, but it was found necessary 
to carry through the mathematical steps from the beginning of the 
book, adding here and there an equation or a sentence in order to make 
the connections sufficiently obvious. Such additions when in words were 
put in curly brackets, { }. It was not found feasible to add compli¬ 
cation to the mathematics in this way. The only case in which there 
was a complete gap in the manuscript was in paragraph 101, where a 
considerable amount of mathematics was inserted, as indicated in a 
foot note. 

I think Professor Webster must have been aware of his unusual 
success in correlating for the* reader such an enormous amount of 
material as is here presented in a single volume. He several times, 
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however^ expressed a slight dissatisfaction with his result in one par¬ 
ticular: ‘^The work showed a tendency to fall into two parts,” It seemed 
to be difficult to bind together into complete unity methods associated 
with Cauchy^s use of the Fourier integral on the one hand and those 
employing normal functions on the other. It occurred to me that this 
was due to the fact that the two methods are really alternative methods, 
their relative convenience in any physical problem depending on the 
character of the known initial and boundary conditions, and I suggested 
to him that it would perhaps be best to point out this parallelism at 
the beginning of the book and carry the two developments along side 
by side. This plan he adopted and as it involved a slight revision of 
the text he asked me to suggest changes or additions tending to make 
this point clear. It is a little difficult to discover just which of these 
suggestions he intended to adopt. The correlation given in paragraphs 
47 and 48 was taken from my notes. This has evidently been approved 
as it was included in the manuscript already sent to the printer. In all 
doubtful cases I have enclosed my comments in curly brackets. 

In all respects the work has been unambiguously indicated by its 
author, and now stands practically as it would have come from his 
hands. Notwithstanding the intricate mathematical character of the text^ 
it is not intended as merely a work of reference but rather as a complete 
course of reading in what has been called the '^mathematical physics of 
the continuum.” 

I wish to thank Mr. A. Pen-Tun g Sah for carrying through the 
arduous work of reading the proofs. 

Worcester Mass TJ, S. A., June 1927, 

S. J. PLIMPTON 


No important changes have been made in the second edition, but 
numerous minor improvements and corrections have been introduced. 

Worcester Mass U. S. A., May 1933. 


S. J. PLIMPTON 
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CHAPTER L 

DEDUCTION OF THE DIFFERENTIAL EQUATIONS. 

1. Scopo of Mathematioal Physics. Time and Space. It is 

the lofty aim of mathematical or theoretical physics to describe the uni¬ 
verse in the most accurate manner. This manner must be by means of 
mathematics. Only those phenomena are amenable to it which are sus¬ 
ceptible of measurement, but these include a great variety, viz.: 

Mechanics (the laws of motion), 

Sound (included under mechanics), 

Heat, 

Light, 

Electricity and magnetism. 

With some aspects of all these we shall here be concerned. 

The phenomena of the physical universe take place in space and in 
time, the nature of which we must suppose known. Time is simpler than 
space in requiring but a single given number, t, to specify it. Space as 
we know it has three dimensions, that is, to specify the position of a 
point, we require three numerical data, most simply its Cartesian rect¬ 
angular coordinates, y, z. Both space and time are continuously vari¬ 
able, that is, if £ be a number given at pleasure no matter how small, 
for every instant of time t there are as many others T as we please such 
that I ^ I < and to every point a:, y, z there are as maily others 
as we please x\y\z such that 

Thus the whole universe of space and time is characterized by four 
variables x, y, jsr, t 

A point m&y be supposed to be limited by a relation 9>(iP, y, ^)=*0, 
so that it moves on a surface, which constitutes a portion of space of 
two dimensions, or by two relations q>i(x,y,z) and q?jf(x^y,z) ^ 0, so 
that it moves on a line, constituting a space of one dimension. For the 
characterization of a single point then, we require two, three or four 
variables. 


1) By I a; I we mean the positive arithmetical or absolute value of x. 
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Mechanics has to do with the motions of points, finite or infinite 
in number, and considers the coordinates y, 0 of a point as functions 
of the time t Its differential equations, involving the derivatives by the 
single variable t, are accordingly, for a finite number of points, ordi¬ 
nary differential equations. The other portions of mathematical physics 
consider the properties of substances occupying various portions of space 
at various times, and the dependence of these properties on the position 
and on the time. Thus we treat of the density, pressure, temperature, 
velocity, stress, electrical and magnetic polarization, and other proper¬ 
ties of substances, which may aU vary from one point to another, and 
from one instant to another. For all these quantities we have derivatives 
according to the time, x, y, 0 being constant, or according to either x, y, 
or 0 when < and the remaining coordinates are constant. Thus the 
derivatives are partial, and the differential equations are partial. Among 
these questions we must include the mechanics of a substance which 
continuously fills a portion of space. In mathematical physics, we assume 
that substances do continuously fill space, that is, to every point in the 
substance there are as many others as we please, as near as we please, 
at which the substance exists. 

2. Oontiniilty* Analytio Ptmotions. We have, according to the 
point of view, to assume that matter is discontinuous, since we suppose 
it to be composed of atoms, which again may be composed of smaller 
separate parts, or that it is continuous, which is the point of view of 
mathematical physics. For instance, let us consider a solid body, which 
is bounded by a surface S, We may assume either that as we go along 
a continuous curve approaching the surface S on one side 1 and cross 
to the side 2, the density changes from a finite value to the value zero, 
thus being a discontinuous function of the distance s travelled (Fig. i), 


or we may suppose the discontinuity obviated by supposing the change 
to be made very suddenly, but not discontinuously, as in Fig. 2. The 
discontinuity may be treated as the limit of such a sudden variation. 
We may express this by the equation 

w 

1 + c”* 

giving a function that is continuous when n is finite, but in the limit 
for n cx> passes discontinuously from the form to F*j as 8 passes 
through zero.^) 

1) Maxwell, Electricity and Magnetism, Yol. I, | 8. 
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For example, if we look at a cumulus cloud from a distance, it 
appears to have a sharp boundary (the densit}^ of the water vapor dis¬ 
continuous) but as we approach it we find it impossible to say where 
the boundary is, and it seems to shade oflF gradually, while again if we 
examine it with a microscope we find it is composed of minute drops, each 
of which we suppose to be composed of millions of atoms, each com¬ 
posed of many smaller parts. We have here an extreme example of the 
possible variety of points of view. We shall here adopt the hypothesis 
of general continuity of properties, with occasional discontinuity on 
surfaces, lines, or points, which may be removed as above. 

A function f of a single variable x is termed continuous at a value 
X if, after a positive number f is given as small as we please, we may 
find a number d such that, for nil values x such that x -- .r j < d, 
wo have 

-/'(^)! < i • 

A function which increases beyond any finite number at any point 
X is accordingly discontinuous. 

If the function has at any point a single finite value, and has 
derivatives of all orders /"C^q), T * • • • single finite value 

it is generally developable in a Taylor’s seriesV) 

fix) = f(Xo} + (x- Xo)f '(Xa) + ''~{—f"(x^) + ■ • • 

in some region including Xq^ ami is said to be an analytic function. 

We are often obliged to deal wdth functions that are not analytic 
in some region. For instance, suppose that a harp string is drawn aside 
at a point so that it takes the shape 
Fig. 3. Then the line giving the shape ^ 
of the string is represented by a con- 
tinuous function of the distance from 

one end y =* f(x) and tlie derivative exists and is continuous 

except atP, where the derivative has one value on the left, and a different 
one on the right. The func¬ 
tion y is not analytic in a 
region including P. 

We may liave the deri¬ 
vative continuous, as in Fig.4, 
where the line is an arc of a (drclc on the left of P, straight on the right. 
Then fix) is continuous hut/'"(a:) changes abruptly as we pass P, — again 

1) A curious case in which derivatives of all orders are finite is l irnisned 

by the function and yet the development in Taylor’s series would 

not represent the function. See Osgood, Lehrbuch der Knnktionentheorie. Bd. I 
p 90. also Pierpont, Theory of Functions of Real Variables, Vol. II, p. 176 et -w/ 



F 

Fig. 4 
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y is not analytic. In fact if the function is analytic on one side, and 
developable in one Taylor’s series, and analytic on the other side with 
a different development, it is non-analytic in the region including P. 
An analytic function is given at every point of its region if its values 
are given in a region however short, for this region suffices to find the 
derivatives of all orders, which determine the development The function 
of Fig. 3 may have the discontinuity of the derivative removed by the 
physical consideration that it would be impossible to bend a real string 

sharply, and substituting for it 
the function, fuU line Fig. 5, which 
is physically more nearly realizable, 
but stiU not analytic, or it may be 
replaced by an analytic function 
(dotted, Fig. 5) which differs from it at every point by less than £, 
given however small. Thus by means of analytic functions and their 
limits we can suit all physical circumstances. 

3. Tectors. Scalar and Yeotor Product. Some of the pro> 
perties mentioned above are completely specified by a single number 
together with the unit of the property, for example, density, pressure, 
temperature. Others on the other hand, are specified only when their 
direction, as well as magnitude is given, such as velocity, acceleration, 
magnetic polarization. Quantities of the former category are ceMed scalarSy 
as susceptible of being measured off on a single arithmetical scale, quan¬ 
tities of the directed class vectors. This name arises from the consideration 
that the vector AB carries one from A to B, To specify it we must 
know the distance AB^ denoted by \AB\^ as well as the direction. Di¬ 
rection may be specified by two angular coordinates, such as the latitude 
and longitude of a point on a sphere such that a radius to it from the 
center has the given direction. Or the direction of a line may be given 
by the three direction cosines, between which there is the identical relation 

(1) cos^{rx) + cos*(ry) + cos^(rxr) — 1, 

leaving two independent. To specify a vector quantity we occordingly 
need three independent data, one for the length, and two for the angle. 
A more convenient way of specifying a vector is to give its three pro¬ 
jections on the rectangular coordinate axes. We shall here denote vec¬ 
tors by black letters A, the projections being given by suffixes. For in¬ 
stance we shall write 

A = A^, Aj^, Aj, 

which may be read: the vector A has the projections A^^, A , A,. The 
length, magnitude or absolute value of the vector will be denoted by 
I A I, so that evidently 

( 2 ) 



Pi*. 8. 


|A|*-ai + a» + a;. 
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The direction cosines of the vector are evidently 

(3) cos(Aa:)-|^, cos(Ay)-A, co8(A^)-^, 

squaring and adding which, and using (2), they are found to satisfy (1). 

A vector of length unity in the direction of A will be denoted by , 

so that we may write for the direction cosines of A 

cos (Ax) -= Aj^, cos (Ay) = A^^, cos (Az) =- A^,. 

(The length, the projection, and the direction cosines of a vector are 
all merely numbers, that is scalar quantities.) 

By a vector equation 

(4) A + K C 

we mean, the resultant or vector sum of the components A and B, 
is the vector obtained by placing the initial point of the vector B in 
coincidence with the terminal point of the vector A, and taking C with 
its initial point coinciding with that of A, and its terminal point with 
that of B, Fig. G. Evidently A + B = B + A. 

If C «== 0, that is, its initial and terminal points 
coincide, 

A+B = 0, A = -B, 

showing that the negative of a vector has the 
same length but the opposite direction. 

If we form the components of the vectors 
A, B, C, considering their algebraic signs, it is evident that the com¬ 
ponents of the resultants are equal respectively to the sums of the 
respective components, so that the single vector equation (4) may be 
replaced by the three scalar equations 

(5) a,+ b,= c., a,+ b,^(.V, a. + b,==c.. 

Whether we write (4) or (5) is accordingly merely a matter of conve¬ 
nience and clearness. We shall make use of both. 

Evidently the addition of vectors may be extended 
to any number, and from it follows the idea of sub¬ 
traction, 

A — B D. ^^Fig. 6a.) 

If we call 0 the angle between the (positive) 
directions of A and B we have from the fundamen¬ 
tal formula of trigonometry (Fig. 6). 

|C;*-jA|*-h|B|*-F2!AjlB|co8 6, 

or by equations (2) and (5) 

Al+hl + 2A,B, + Al + lil + 2A,By + AI + Bf + 2A,B, 

«= Al 4 - AJ + A? + -h B* + B^ + 21 A i I B 1 cos 6, 
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from which 

(6) |A||B|co8e = AA + A,B, + A,B. 

This expression, symmetrical in both vectors, and equal to the product 
of the lengths of both by the cosine of the included angle, is called the 
scalar product of the two vectors and is denoted by AB. Evidently 

AB = BA. 


If A and B are unit vectors j A^ | « 1 and I B^ | = 1, and (6) reduces 
to the familiar formula giving th.e cosine of the angle between the 
directions as the sum of the three products of their corresponding direc¬ 
tion cosines. If two vectors are mutually perpendicular, their scalar 
product vanishes. 

The projection of any vector A on any direction B, given by its 
direction cosines B^^ cos (Ba;), B^^ =» cos (By), Bj^ — cos (B^sr), being 
defined as the product of its length by the cosine of the angle made 
by the vector with the direction of projection, (6) gives, 

(7) :A \ cos 0 — A^ cos (Ba;) + A^ cos (By) + A, cos (Bjsrj. 


Thus the scalar product of two vectors may be defined as the length of 
either multiplied by the projection on its direction of the other. Beside 
the scalar product, defined as above, we define a vector, which we 
call the vector product of AB, and denote by [AB]. This we define as 

a vector perpendicular to the plane of the 
/ vectors A and B, and drawn toward that side 
. i / of their plane such that turning about the 

\ / vector product as an axis in the direction 

c\ / required to turn a right handed screw advan- 

cing in the direction of the vector product 
Pig 7 will cause the first vector A to rotate towards 

the second B, Fig. 7. The magnitude of the 
vector product is defined as equal to the area of the parallelogram enclosed 
by A and B, 

(8) |[AB]|- AilBisinO^.. 

The vector product is thus in a sense the complemeiit of the scalar 
product, but is not, like it, a symmetrical function, for 

(9) [AB] = -[BA]. 

If C denote the vector product [AB], since by definition it is perpen¬ 
dicular to A and B, 

.... aa+a,c,+ a,c. = o, 

^ ■ ba-i-ba+»A“0 

Accordingly C^, C^, are respectively proportional to the determinants 
of the other components, or 
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J.,. ... . 

1 

i 

c. 

(11) 

! K i 

A,, A, 

\ 


1 By, B, ! 

B„B, 

B., By! 

If we 

call the common ratio k 

we have, 



(12) (\ = A(A3, - A,B.). 

C, = A(A,B, - A,BJ. 

Squaring and adding, we may determine the value of X from the equa¬ 
tion (8), having previously replaced sin* 0 by 1 — cos* 6, where cos d 
is determined from (6). 

Thus 

|C I* ==CJ-f €* + (’,* 

= A*(A*B* +A^B*-2A,A,B,B, 

-h A*B* -F A*B* - 2A,A,B,B, 

-f A*B* + A*B*-2A,A,BJ{,) 

(13) =|A!*jBP(l-cos*0) 

= (A* -I- A* + A*) (B| -f B* -f B*) - (A,B, A,B, -h A.Bj*. 
Accordingly we must have A*= 1, and the convention as to the direc¬ 
tion of the vector product, shows that we must take A == -|- 1, as may 
be shown by taking A and B in the direction of two of the coordinate 
axes, say by putting all components except A^., By, equal to zero. 
Accordingly the vector product is defined by the components, 

[ABL==AyB.-AJy, 

(14) [AB]y = A.B,-A,B„ 
fABL^A,By-AyB,. 

If two vectors are parallel, their vector product vanishes, thus all 
three expressions (14) vanish, and 

B, ^ Bv ^ ' 

which, by reference to (3) shows that the direction cosines are the same 
for both vectors. The volume of a paral- 
lopiped bounded by three vectors A, B, C, 
being equal to the product of the area of 
the paraUelograra included by two by the 
projection of the third on the direction 
perpendicular to their plane Fig. 8, is the 
scalar product of either by the vector 
product of the two others (in the proper 
order) 



Fl*r 8. 
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A[BC] - B[CA] - C[AB] 

(15) = A,(B,C, - B,C,) + A,(B.C.- B,C,) + A.(B.C,- B,CJ - etc. 

®y> B* 

C*; Cy> ^>9 

If the three vectors are parallel to the same plane; this determi- 
nant vanishes. 

Contrasted with this scalar product we may consider the vector 
product of A and [BC]. Since it is perpendicular to [BC], it is in the 
plane of B and C, and has a component paraUel to each. Accordingly 

[A[BC]] =« a?B + yCy 

where x, y are scalars. Since the vector on the left is perpendicular to A, 
A[A[BCj]==0«a:BA + yCA, 



[A[BC]]-A(B -CA-C-BA). 

Writing out the rr-component, 

A/B,Cy ~ ByCJ -- A,(B,C, - B,C,) 

Bjp(A^C^ 4“ AyCy 4“ A^Cj) C^^A^B^^ 4*" A^B^ 4“ 

showing that il •=* 1. Accordingly 

(16) [A[BC]]-B*CA~C.BA. 

4. Scalar and Vector FnnctionB. Gradient. We are accus¬ 
tomed in analysis to functions depending on the position of a point 
in space, or as we shall call them, functions of a point, or point func¬ 
tions. These are scalar quantities, for instance consider the tempera¬ 
ture of a solid, varying from one point to another. We may graphi¬ 
cally represent such a scalar function by a level surface^ namely such 
a surface that on it the function is constant Let tp {x, y, z) be a point- 
function, then 9 » c is the equation of one of its level surfaces. On 
one side of the surface 9 will be less than c, on the other greater. On 
the surface 

(17) + + 

Now we may consider dx, dy, dt as the components of a Tector 
of infinitesimal length ds, where 

(18) - d®* + dy' + dM' 
and 
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(19) COB (ds, a;) - cos (ds, y) =■ cos {ds, e) - 


lying in the level surface, and if we form a vector? with the components 


( 20 ) 



^9 p ^ 


since by (17) the scalar product of P with ds vanishes, P is perpen¬ 
dicular to any vector lying in the tangent plane, and is therefore in the 
direction of the normal to 9 ) *= c. Accordingly by (3) the direction 
cosines of the normal to (jp == c are 


( 21 ) 




If ds is not in the tangent plane to the level surface, from (17) 
and (19) we obtain 

dtp = ds cos (ds, x) + cos (ds, y) + cos (ds, z)j ■ 


We shall write the limit 


Lim 


rrp 

ai ’ 


and call it the derivative of ^ in the direction of ds. Accordingly 
( 22 ) = II cos (ds, x) + cos (ds, y) + cos (ds, z), 


which by ( 7 ) and ( 20 ) shows that the derivative in any direction is 
equal to the projection of the vector P on that direction. The vector 
P connected with the scalar function q) by the equations (20) is called 
the first or the vector differential parameter (Lame) or gradient of q, 
and we shall write 


(23) 

Its absolute value 

(24) 


|i, f:- 


being greater than any of its projections, represents the fasiesi rate of 
increase of the scalar function q for all directions at the point in ques¬ 
tion, and we have already seen that its direction is normal to the level 
surface q ^ c. 





10 


L DEDUCTION OP THE DIFFERENTIAL EQUATIONS 


It is convenient to observe that if we treat the operator V ^ , 

^ like a vector, and form the scalar product AV applied to a func* 


dy^ dz 

tion q>y we have 


A 4- A 4- A 
^•dx ^ ^ydy ^^•dz 


where (is is in the direction of A.^) 

Not only a scalar, but a vector, may be a function of a point. By 
a vector point-function, we mean one whose projections are themselves 
functions of a point. An example of such a vector point-function has 
been furnished in the above gradient of a scalar function. But there 
are an infinite number of others. Let A be such a vector. 


A = A^(x,y,g), A^{x,y,z), A,{x,y,g). 


We speak of the field of a vector function as a portion of space where 
khe vector is defined. Such a field may be graphically represented by 
drawing at every point of it a curve whose tangent has at every point 
the direction of the vector. If ds represent the arc of such a curve, we 
have then 

dx dy dz 
Ajp Ay A, 


as the differential equations of the curves, and the field is in a way 
represented by the curves, which we call curves of the vector A. As 
an example we may consider A to be the velocity of a fluid, then the 
vector lines are the stream-lines. 

A vector may depend not only on space, but on the time. We 
may differentiate a vector by a scalar variable and we mean by the 
derivative 

aA ^ ^ dj^ 

'dt dt ^ dt ^ dt ' 


6. Invariants. Suppose we transform from axes Xj tp a new 
set Xy Py Zy conuectcd with the old by the following table representing 
the direction cosines of each with each, 



X 

Y 

Z 

X' 


A 

Yi 

(27) Y’ 

«> 


Ya 

Z' 


ft 

rYa 


1) The operator y is Hamilton’s celebrated operator, called Nabla, 

harp). 




INVARIANTS 
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Then by successive application of the equation (7) we find for the com¬ 
ponents of a vector A in the new system. 

K =” + Ay/3, -f A,/i, 

(28) Ay, = A,aj -I- Ay/3j -|- A.yg, 

A,' =“ A^a, -f Ay/3j -j- A,Yi- 

If for A we take the position yector whose components are y, z, 
X, y\ z we obtain the ordinary equations for transformation of coordinates^ 

X* = + y^Zj 

(29) y' = a*a: + -f y^e, 

z = a^x + + y^z. 


Reversing the relations of the coordinates we have 

X = a^x 4- cc^y' + 

(29 ) y ^ + ^^y + ^ 3 /, 

^ - y^x + y^y + y^z\ 


Since «!, ^ 2 , ^3 are the direction cosines of the X-axis with respect to 
x\ y\ z\ we have by ( 1 ) 


and in like manner, 
(30) 


«f + a|+ «* = !, 

/3? + ft* + ft = 1 , 
y? + y| + yf = 1 • 


Since the axes YZ, are perpendicular, we have 

+ ^sFs 0 

and in like manner 

(31) yittj+ys«j + ?s«s“0 

“ift + «»ft + “sft = 9. 


Making use of these six equations we see that although the change 
of axes changes the components^ the absolute value j A' | is unchanged, 

(32) 1 A'|« = AJ. + Aj, + Af, ^Al + Al + AJ ^ \A\K 


Such a function, which maintains its value when the coordinates are 
changed, is called an invariant The scalar product AB is a second example. 
If is a scalar function of a?, y, z, it becomes a different function of 

r f f 

x,y,e, 

(f>{x, y, z) rs q}'{x, y, z), 

and differentiating 

dtp . dq> dz 

dx' Fx dx* dy dx ' dz dx 
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Now since by (29) 


we hare 


(33) 


dx 

dx'" 


etc., 


dx 

dtp' 

dy' 

dg>‘ 


— a. 


d<p 

dx 


dtp 




dtp 

dz^ 


^ A. R 


dtp 


dtp 


C/U/ «/«/ Q , 


* * 


dy 

Squaring and adding we find as before 

(“) a - (ijT+ d^)’- G^)’+ ©’+ (If)’ 

The gradient is accordingly a diff'erential invariant In like manner, if 
fp and Ip are two scalar functions, the scalar product of their gradients 


(35) 

may be shown to be a differential inrariant. 


dtp dtjf . dg> di/) . dtp d^tj) 
dx dx dy dy de dz 


6. Linear Influiteeimal Deformation. Divergence. Curl. 

One of the most important vector fields is that in which the vector A 
represents the velocity of the points of a continuous medium, fluid or 
solid, which is in motion It will be necessary to examine the changes 
of size, shape, and position of a small region which take place during 
a time dt Let us consider a portion of space in which every point z, 
y, gj moves to a point ic + S, y + + £, so that the displacement 

vector % S is determined by the equations, 

I =» 

(36) ri^h^x +h^y + b^g, 

+ c,y + Cjjer, 

where the nine quantities a, b, c are constants. Such a motion is called 
a homogeneous strain, and has the property that any linear relation be¬ 
tween the coordinates x, y, z, before the motion gives rise to a linear 
relation between the new coordinates a; + |, y + iy, + f after the 
motion. Accordingly every plane remains a plane, parallel planes remain 
parallel, and every parallelepiped remains a parallelepiped, its angles 
being in general changed. A strain is considered small (infinitesimal) 
if all its nine constants are small, that is, if we may neglect their squares 
and products. 

It is easily seen that all similar figures have their dimensions 
changed in the same ratio, likewise their volumes. To find the change 
of volume consider a rectangular parallelepiped whose sides are origi- 
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nally in the three coordinate axes, of lengths a?, y, j?, Fig. 9 . These sides 
are changed into vectors which we will call A, B and C, whose projec* 
tions are found by adding x,0,0; 0, y, 0; 0, 0, z to the three rows of 

(36) after putting y, z, x and x, y, respectively equal to zero. 

A, (1 + a^)Xy 

A, c^x, 

(37) B,-(l+ 6 ,)y, 

B, *=“ Cjy, 

Cy * hx, 

Cj =** (1 + Cg)iJ. 

The volume of the new parallelepiped is by (15) equal to 
r =^xyz\(l + a^), \ , Cj 

(38) i ^2 "1“ ^ 2 ); ^2 

i (Z3 65 , 1 + Cg i; 

or expanding the determinant and neglecting all but first powers of the 
small quantities, 

(39) =* (1 + = (1 + + !^2 “1" O 

where V is the original volume. The relative increase of volume 

( 40 ) 0 = + ^2 + ^3 

is called the cubical dilatation of the region, and is equal to the sum 
of the diagonal coefficients in (36). 

The simplest strain is one in which all constants but a^ vanish. 
Then every point moves in the direction of the x-axis, and the rectan¬ 
gular parallelepiped above is stretched in the a;-direction. The strain 
composed of three such simple stretches in three perpendicular directions 
(in which all but aj, zero) is called a pure strain, and has the 

property that the three mutually perpendicular edges of the parallel¬ 
epiped retain their directions unchanged. These directions are called the 
axes of the strain. Suppose that we consider a different rectangular 
parallelopiped whose edges we take as new axes of x'f y, z ^ connected 
with X, y, Zf by equations (29) (29'). Let us suppose that this paralle¬ 
lopiped is given stretches denoted by the equations 

( 41 ) ri^hVf £'="^8^'- 
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Comparing the new coordinates, y + ij, with the old x,y,g 

in the first system with the same in the second system by means of 
(29) (29') (41), wo have 

* H- I - «i(»' + 10 + “i(y' + V') + «j(«' + O 
-0,(1 + «,)«' + a, (1 + s,)y' + cs(l + Sj)«' 

“ “i(l + + ft y + + «s(l + S»)(aja: + + y,s) 

+ aj(l + St)(atX + ^jy + y,£f), 

which by means of (30), (31) becomes 

I — (s,a* + s,a* + SjoDa: + (SiOjft + s,o,/3j + S8asft)y 
+ (SiriO^i + «»ys“s + Ss^s^s)^, 
and in like manner, 

V “ («l“lft + ^«lft + Sta»fit)x + (Sift + + itg/J|)y 

+ (siftn + sjftyj + Ssftys)^, 


(43) 


t- 


K we write 


(44) 


' (Si^ai + s,y,a, + Ssyj“»)® + (Siftn + Ssftr* + Sjftyj)y 
+ («iyj + + Si,rl)e. 

S* = Sl«f + Ss«l + S8“3> 

S, “ Sift + s,ft + S,ft, 
s. = Siyf + Sty* + s»ys • 

9x = Sjfty, + Sjfty, + Ss/J,y 3 , 

ft = Siy,a, + s,y,Oj + Sj^jO,, 

g, = 5,0,ft + SjOjft + SjOjft, 


wA may write (43) 
(45) 


6 - s,a; + y.y + g^g, 

1 ? =■ ft® + fty + ft^, 

?-ft®+ fty+ s,«- 

Thns the matrix of coefficients of a pure strain is symmetrical with 
respect to the principal diagonal. The dilatation is, by (40), o = s,, + 

+ 5^ — 5, + 5 } + $3 , and is an invariant for the change of axes. In this 
case if 


(46) 

we have 

(47) 


9> = i-s,®* + {Sj-y* + |s.^* + fty« + ft'®* + ft®y, 


% 


d<p 

dx' 


dtp 

dy> 




dz^ 


or the displacement vector is the gradient of the scalar function (p. The 
quadric 9 «» 1 , when referred to its principal axes, will have the form, 


(48) 


(p = jAjO: * + \^2y * 
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from which, if we write 


(49) 




3 *' ^ dy: ^ > 

we get the strain as in (41), where s, - Aj, s„ = A„ s, = Aj. Thus in 
a pure strain we can always find three mutually perpendicular lines 
which maintain their directions after the strain. These are the axes of 
the strain. In an impure strain the axes rotate. 

The impure strain I, t), g, (36) may be represented as the resultant 
of two It, 1 ?,, and Jj, 


(50) 


I, = a,a: + Kaj + h,)y + 1 ( 0 ^ 4 . c^)^, 
Vi “ iC"'* + ii)« + h?/ + v(*'s + <^»)^'> 
Si =• i(«s + Ci)a: + |(?», d- C,)J/ + 


Ij - 0 • X - ? (Ji - a,)y + j(ag - c,)e, 

(51) i (ftj - aj)a: + 0 y- j (c, -h)^, 

Sj “ ? (®3 ^ 1 )^ "b ^(^ ^s)y d" 0 • ^, 

the first of which is pure, the second has zero dilatation. 
If we write 


S* == «1 > > 

(52) = K'x + h), i (a* + <^ 1 ) 1 

«»* ■“ i(«x - h)> = |-(«3 - Cl)l 

(51) are 

=-= - e},y, 

(53) rjs = ta,® — , 

S* “ • 

Thus the displacement (51) being the vector 
product of a vector co = cd, and the 

position vector r ^ x,yj z is of magnitude 
jo I |r|sin((Dr) and perpendicular to o and 
r. It accordingly represents a displacement 
of the region in the form of a rotation of a 
rigid body through the small angle | co) 
about an axis in the direction of the vector 
03 , Fig. 10. We accordingly see that every 
small strain mav be considered as the resul¬ 
tant of a pure strain and a rotation without 
change of shape. The pure strain in which 
all constants are zero except one of the g's 
is called a simple shear. 


““ ^3 ? 

9.-\{h + at), 
- «*)» 



Fig. 10. 
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Let us now examine the infinitesimal strain produced in the time 
dt in B. rector field where the velocity of a point is the rector A, a func* 

tion of X, y, z. A point P, 
Fig. 11; whose coordinates 
are a?, y, z^ will move to a 
point P' with coordinates 
+y + z + X^dt. 
A neighboring point + 
y 9} ^ + A; will however, 
not have the same velocity 
but instead of A, it will have, 
(if A, is continuous) 



A^di 


Pig. 11. 




dK 

dy 


+ h 


dA^ 


^ " de 

Consequently the a;-projection of PQ will have changed from f to 

r+( a,+ f +h^f)it-k,di. 

If we call the new relative coordinates of Q with respect to P, /* + g 
y + ^ + S; we accordingly have 

, dk^ , 7^A, 


I 


(54) 


_L 

dx 

^dky dky 

dx 


+ A »•)<"• 


{f 


)dt, 


We accordingly see that a small region in which f,g,h, are the 
coordinates of a variable point Q with respect to a given point P has 
received the homogeneous strain (54) in which the coefficients are the 
nine derivatives of the components of A multiplied by dt. Comparing 
with the general strain (36) we obtain the dilatation 6 and the rotation 
from (40), (52), 

(55) 


(56) 


03, 


03„ 


03. 


idt 


dA, 

dy 

dk^ 

dz 

dj^ 

dx 


<"(!*• + 

dz /* 

dkA 

'dx)^ 

)• 


dky . dk. 


dy 


+ 


dz 


dk^ 

dy 


3» 

9, 


)■ 

}<i(( 


(dj^ 


+ 


dx ) ^ 


Thus the time-rate of dilatation, of shear, and the angular velocity of 
rotation, of the infinitesimal region, are given by one-half the ex¬ 
pressions in parentheses in (55) (56) respectively. 
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A scalar quantity derived from a vector A by the operation of (55) 
is called the divergence of the vector. 


(67) 

If A » AB, where A is any scalar function, we find 

(58) divAB=-AdivB + BVA, 
using the notation (25). 

If we consider the operator V (note, p. 10) and form its symbolic 
scalar product with the vector -4, we have 

(59) div A = VA. 

On the contrary, if we form the symbolic vector product [VA] we obtain 


[VAL== 


dA, 

dy 


dAy 

dz'’ 


(60) 


[^Al == 


dz 


LVAI = |t^ 


.^j\} 
ox ^ 

dy 


(61) 


The vector thus formed from A is called its curl, and we write 
[VA] curl A. 


The appropriateness of the terms divergence and curl is seen from 
the example in which A represented the field of velocity of a continuous 
medium. If we change the axes of coordinates the projections A^., Ay, 
A, will change, but we find both div A and |curlA| to be differential 
invariants. 


7. Lamellar and Bolenoidal Vector Fields. Two particular 
cases of vector fields are of importance. If the curl of the vector vani¬ 
shes, the equations curl A =* 0, are the conditions that the expression 

(62) k^dx + Aydy + k,dz = dtp 


is a perfect differential. In that case, we have 


(63) 






d<p 
dz ' 


and since the order of differentiation is immaterial, we have 

«Ih etc 

dy dycx dxdy dx ' 

Accordingly, if the expression (62) is a perfect differential, the three 
expressions in (60) will vanish, or curl A =* 0 is a necessary condition 
for the existence of the function. It can also be shown that the condi¬ 
tion is sufficient. In this case the vector A which is derived from the 
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scalar function ^ by the equations (63) or A » grad (p is called a lamd^ 
lar vector, for the reason that at every point the vector is normal to 
the level surface ^ — const, and by the property of the gradient, its 
magnitude is inversely proportional to the thickness of the level sheet, 
composed of two very neai level surfaces. The scalar function 9 is called 
the potential of the vector function A. 

Let us suppose that the expression 

k^dz + Ayrfy + k^dz 

is not a perfect differential, but that on multiplying by an integrating 
factor y it becomes so, that is 

(64) k^dz + k^dy + k^dz kd(p , 
then we have 

(65) A,=.a||, = or A=-Agrady, 

and although the vector is still normal to the level surface of tp it is 
not inversely proportional to the thickness of the sheet. The vector is 
then said to be compound lamellar. 

In the case of the lamellar vector, the divergence has an important 
connection with the potential (p. 

We have 

( 66 ) dir A - div grad 9 ) = 0 + 0 + 0' 

The operator 

A A- A 

is called Laplace’s Operator and will be denoted by A, and the scalar 
expression A 9 ), called by Lame the second differential parameter of 
is easily shown to be a differential invariant. 

In the example in which A represents the velocity of the fluid, the 
condition curl A =* 0 shows that a minute portion of the fluid does not 
rotate, but is simply carried along and deformed by a pure strain. The 
motion is said to be irrotational and tp is called the velocity-potential. 
In the case of a compound lamellar vector, taking divergence, we have 

(67) div (i grad tp) ^ iAy -f grad X • grad 9 , 

which according to (35) is again a differential invariant. 

Taking the curl of (65) 

dk, ^ dky - a- ^ £2 — I 

dy de ^dydz"^ dy dz ^dzdy dzdy^ 

and accordingly 

( 68 ) curl (X grad 9 ) s [grad X, grad 9 ]. 
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Since the vector product is perpendicular to both its factors ^ 

A curl A — A grad (]p [grad grad 9 ] = 0 
so that the equation 

(69) AcurlA -0 

is the necessary condition for a compound lamellar vector, including 
that for an ordinary lamellar vector. 

Of equal importance with vectors which have zero curl are those 
with zero divergence. Such are typified by 
the velocity of an incompressible fluid. Suppose 
that anywhere in the field we draw a small 
closed curve, and through each of its points we 
draw a line of the vector A, thus forming a tube 
of the vector, Fig. 12. All the lield may be 
thus divided up into vector tubes, whose walls 
have the same property as if they were ma¬ 
terial, that no fluid traverses them. Whatever 
flows in across one cross section will then 
flow out at another /Sj. If these are orthogonal 
to the tube, the volume of fluid flowing across 
iSj, in a time dt will be contained in a cylinder of base 5 ^ and height 
\k\idt, of volume In like manner that flowing out at 

will be 5j|A|jd^, and accordingly 

5,1 A |. = 5,1 A I,. 



P’ig. 12. 


Accordingly a vector for which divA = 0 , which will be called a sole- 
noidal vector a tube), has the property that its magnitude varies 

inversely as the cross-section of a tube of infinitesimal section. Tubes 
for which the product S'! A | == 1 are called unit tubes. 

If a vector is both lamellar and solenoidal, 

(70) A = grad cp, div A — A 9 ? = 0. 

The equation Aqp — 0 is called Laplace^s equation, and is one of the most 
important of the equations that we have to study. 

8. Divergence Theorem. Suppose that we consider any closed 
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Such a surface integral, in which the integrand is the normal component 
of a vector, is called the flux of that vector through the surface, whether 
closed or unclosed. 

If we consider the meaning of the di ergence, (55) we find that an 
element of volume dt ^ dxdydz in volume the amountd^divA •dr 
so that all the elements of volume inside the surface S gain the amount 

dt ! j j div A ‘ dr 

which must accordingly be equal to the amount that passes owL Equating 
this to minus the above we have 

(71) JJf div A • dr - -fJ\dS, 

where n is, as will always be the case with us, the interior normal. This 
result, converting a volume integral into a surface integral, is called the 
Divergence Theorem, and will be proved in a more rigorous manner 
in chapter V. In the meantime we shall make use of it to deduce some 
of the differential equations of physics. In particular if a vector is 
solenoidal, div A = 0, and since the volume integral vanishes, the sur¬ 
face integral of flux through any closed surface is zero. Conversely if 
the flux through every closed surface in the field is zero, the vector is 
solenoidal throughout the field. For the theorem may be applied to any 
volume however small, and an integral cannot vanish in this case unless 
the integrand vanishes. Applying the divergence theorem to any tube of 
flow, and any cross-sections, whether or not orthogonal, we find the 
fundamental property of solenoidal vectors, for there is no flow across 
the walls of the tubes, hence the flow across one section is the same as 
for any other. 

If the flow is not solenoidal, more fluid will flow out from S than 
in, or more in than out. In the first the fluid within S must have ex¬ 
panded, on the whole, in the second contracted. If we consider, not 
volumes, but masses, the mass in an element of volume is related to the 
volume by the relation dm « pdr where p, the density, may vary from 
point to point and from instant to instant. Then the mass inside any 
surface is 

( 7 ^) m=J'f‘J'()dx, 

where the integral is extended over the volume inside 5. The mass, 
flowing in in unit time is found by -multiplying the velocity A by the 
density p. Thus since the gain of mass is equal to what comes in through 
the surface, we have for the rate of increase 


( 73 ) 
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We proceed as follows: since the surface S is fixed, and does not depend 
on the time, we may difierentiate under the integrd sign, then applying 
the divergence theorem to the surface integral we convert it into a 
volume integral over the same volume as the volume-integral, and 
transposing we have 

(74) ffM + div (()A)| dt *= 0. 

As before, since the reasoning applies to any volume whatever in the 
field, the integrand vanishes and we have 

(75) |j + div(pA) = 0. 


This is known as the equation of continuity. Using equation (58) this 
becomes 

+ A Vp 4- p div A = 0. 

The operation ^ AV, which occurs in (76), has a definite physical 

significance. If we fix our attention, not on a point fixed in space, but 
upon a point moving with velocity A, any function of this moving point 
f{Xj yj t) will have the total differential 

and dividing by dt, since ^ = A„ ^ = A^, - A„ 

( 77 ) + 

SO that this operator denotes the time rate of change of the function of 
the point as it moves. 

If we consider a small region of mass m and volume v, w *— pv, and 
since its mass does not change as it moves, 

^ dm dv dg 1 dg 1 dv 

-Qdt“~'vTt 


and (76) becomes 


1 dv 
V dt 


== div A, 


corresponding with the definition of div A in (55). 

Suppose that we imagine fluid to be created or introduced into a 
portion of space without flowing in from outside, and that e represents 
the density of strength of source^ or time-rate of creation per unit volume. 
Then we must add to the right hand member of (73) the integral 
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representing the total strength of soarce^ Q^J JJ"edx so that instead 
of (75) wo obtain 

(750 |; + div((>A)«6. 


If Q is independent of the time we then interpret div (p A) as the source- 
density. 

Applying the results of this section to any vector, the flux J JA„dS 

represents the number of unit tubes crossing the surface, and in a 
region where div A > 0 more tubes are issuing than entering, where 
div A < 0 more are entering, hence the name divergence. 

9. Notation of Hyparapace. As in space of three dimensions 
we call a set of quantities rr, y, z the coordinates of a point so we may 
speak of the set of quantities 


as the coordinates of a point in space of w-dimensions. This mode of 
speaking (for it is no more) enables us to transfer to algebra the language 
of geometry. For instance we speak of an equation 

«*,••• xj = c 


as the equation of a hypersurface, and a set of equations, 

^ /i(0? * * * /n(0; 

as the equations of a line in n-dimensional space. We speak of the 
distance r of the point from the origin 


and its direction cosines 

5l ^ 

r ^ r r > 

satisfying the relation 

cos*(ra;j) + cos*(ra:,) -j-}- cos*(ra?J =» 1. 

We may speak of an n-dimensional vector 


A ^ A« , A, , • • * A, , 
of absolute value | A |, where, 

|A|»-A,*+A4 + ... + A, 


The gradient of a scalar function will be 
the divergence 


t7#« — 

^ dx^ ' ^ ’ dxn ^ 


div A — I I 
a*, ^ a*, + 




a*. 


and in a similar way all expressions may be generalized. 
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In the definition of a continuous function f{x^, x^, . ., x^) we have 
merely to put for the change of the variable 14; — x' \ the remove 
(ecart) or distance r between the original point x^y x^y...Xyy and the 
final point x[y x^y . . . ^' 

r* - ix[ - x,y + {x' - x,y +... + (x:- x,y, 

and write 

\r f\ ^ for all points for which r<d. 

10. Flow of Heat and Electricity. In the example of the flow 
of fluid the vector pA == C, defined as the amount of matter crossing 
unit area normal to the flow in unit time, is called the current-den¬ 
sity. In the conduction of heat or electricity, formerly spoken of as 
imponderable fluids, although we may not speak of velocity, we may 
likewise define the current-density as a vector denoting the quantity 
crossing a surface normal to the direction of flow per unit of area and 
unit of time. Thus the amount flowing into any region in unit of time 

i. (71) 

fj f..dS--XIJ d,. 

If we are dealing with flow of electricity, we obtain, as in (75) 

(78) -^j + divC-O, 

ct 

where p is the density of electrification. 

In case we are dealing with flow of heat by conduction, the efifect 
of the inflow is to heat the substance according to the law that the in¬ 
crease of temperature is proportional to the amount of heat flowing in. 
If q) denotes the temperature, Q, quantity of heat, w, the mass heated, 
then dQ = cm dtp where c denotes the specific heat of the substance, 
then equation (73) becomes 

T. '*’• 

and (78) becomes 

(80) +diTC = 0. 

We must now consider the law of flow, which is the same both for heat 
and electricity. The law was enunciated by Fourier in 1822 for heat 
and applied to electricity by Ohm in 1827. This law states that the 
current density is proportional to the gradient of the temperature in 
the case of heat or of the electric potential for electricity. Thus we 
have 

(81) C-* —xgradg? 

where k denotes a physical property of the medium, called the con- 
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ductiTitj for heat or electricity respectively. Introducmg the equation 

(81) in (80) we obtain 

(82) c(»|? = diT(xgrad 9 i)) 


which accordingly, (if x is constant), necessitates the differential equation 

(83) c(.|? =. *AqD. 


This is the equation given by Fourier for the conduction of heat. In 
the case the flow is steady, that is to say, independent of the time, it 
reduces to Laplace’s equation. If there are sources of heat, we add e on 
the right of (83). In order to get a similar equation for electricity, we 
require a relation between the electrical density q and the potential <p, 
which will be given in Chapter V. We do not find p proportional to 9 ?. 


11 . Prinoiplefi of Mechaxiics. We shall now give a very brief 
statement of the laws of mechanics in order to deduce some of its 
differential equations. According to the laws of Newton, the force 
applied to any particle is proportional to the product of its mass and 
acceleration, the mass being the scalar quantity characterizing the body 
and the acceleration and force being vectors. If A represents the accele¬ 
ration, it is defined by the components 


(84) 


K 


A A 


or 




dt^ ^ 


where r ^ a?, y, is the position vector of the point. In the case of a 
system of a number of points not free to move in all directions, but 
connected together by certain constraints, it is most convenient to use 
the method introduced by Lagrange known as that of generalized co¬ 
ordinates. By this we mean a number of independent parameters 
iit • • ‘ .Sn terms of which we are able to specify the positions of all 

the points of the system. The time derivatives g' of these para¬ 

meters we term the corresponding velocities. We have then to consider 
the function T called the kinetic energy which is defined as the sum 
for all points of the product of one half the mass by the square of the 
velocity, 

(85) 


If we hare a:, - q„... qj, g^q^, q„... qj, j,,... g,) 

dfr 

ag, 


dt 

dt 

dt 


M: o' j. i£:j_ + 


agi 

iiz 

ag, 

^ * t C hf. / , I ^ ' 


2l + + 


A-hta' 

^ ag,^»’ 


( 86 ) 
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We find the velocities are expressed linearly in terms of the generalized 
velocities q[, ••• Qn' Squaring, multiplying by the masses and sum¬ 

ming, we find /or T a homogeneous quadratic function of the velocities 


m 




QrQs 


the coefficients of which are functions of the coordinates 

•••?»• 

Besides T we deal with a function of the coordinates q alone, 
termed the potential energy Wj which is defined by the property that 
the force acting to change any coordinate q^ is 

P 

dq,: 

We may in both T and B’'distinguish between the self- and mutual 
energies. If the system moves so that only one coordinate changes, 
the kinetic energy reduces to \ This we will call the self-energy 

belonging to this coordinate. If q^. and change simultaneously, besides 
the two self-energies \Qrr<l'r^+ \ ^here is the energy 

which vanishes with either velocity, and which we may call the mutual 
energy of the two motions. Such a decomposition of the potential 
energy will be possible in particular cases to be mentioned later. Now 
we are able to sum up all the laws of mechanics in a single formula 
known as Hamilton's Principle which reads as follows: 

(89) dj lr - W)dt ^ 0. 

The symbol d is to be taken in the sense of the Calculus of Variations, 
which is as follows: suppose that we know the path actually taken by 
every point of the system in a given motion, that is to say we have 

Si = = <Ps((), •••?»= 9»(0 

(^0) rt' _ ,/ _ n’ = 

~ (It ■ 



We can then calculate for every instant of time the kinetic and potential 
energies of the system, form their diflferences, and integrate throughout 
the motion. If now we suppose that the paths described by the particles 
are changed for each value of t by an infinitesimal amount, by changing 
the form of the functions where the quantities dq^ are 

arbitrary functions of multiplied by an infinitesimal constant then 
the change in the integral thus brought abouir and denoted by d must 
vanish as far as the terms in the first power of s. It is to be under¬ 
stood that the limits of integration denoting the time of start and finish 
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of the motion as well as the positions at those instants are definitely 
given. Instead of proving this formula^ we will show that it leads to 
the laws of Newton. 

In the case of a single free point whose motion is described in terms 
of rectangular coordinates x, y, Zy the velocity-squaie is (^)* 

-f and we have 


(91) T - i »[© + (IDI - »'■+ 


Then Hamilton’s Principle is 

(92) + 

and using the first principle of the Calculus of Variations, namely that 
the operations of integration and variation may be commuted, 

(93) J { 7 n(x'Sx'y'iy + z'dz') — dW} df 0 , 

^0 


We now use the second principle, that the operations of differen¬ 
tiation by the independent variable t and variation may be commuted, 
that is 

( 94 ) Ix’-itJl-ilT. 

The term ^ 

Jx'^dxdt 

can then be integrated by parts, 

(95) Jx'j^8xdt = x'8x\^—jSx^dt. 

Now at the limits the positions are given, so that is zero. 

Thus the integrated part vanishes. We proceed thus in the first three 
terms. In the next place, the potential energy W depending only on 
the coordinates x. y, Zy we have 


(96) 




(97) 


/[(• 


^^8x + ^J^. 

dx ^ dy 




dx 




^ aw 

df + Jy 




d*z , dW\j. Hj, 
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Now since the yariations dx, dy, dz are perfectly arbitrary functions 
of it is impossible that the integi'al should vanish for all possible 
choices unless the parentheses multiplying them vanish^ giving 

dx * di* By ^ ^ dt* dz 


(98) 




But by definition, the derivatives of W are the components of the forces 
acting, so that these are Newton's equations of motion. 

Suppose now we have the system specified in terms of generalized 
coordinates, all independent. Then, since W depends only on the jf's 

(99) = + 




On the contrary T depends both on the q\ and q'^s. 
Hamilton's equation then reads, 

r=-n 

( 100 ) 






As before we have 

( 101 ) 




and integrating by parts, the integrated parts vanishing for the same 
reason as before, 


( 102 ) 


t, r = n 

S 2 


dqr 


( 

dqr 


dW 

dqr 


JL 

dt 



dt-^0. 


Since the Sq^s are all arbitrary, as before, the coefficients must vanish, 
and we have 


(103) 


A. (AE\ - LL _ yr =. P 

dtKdg'r) dqr cqr^ ' 


These equations, one for each coordinate q^ are known as Lagrange's 
equations for generalized coordinates. In the case where the g^s are 

Cartesian coordinates, the terms ~ do not appear. From analogy 

^ BT 

with Cartesian coordinates, we call the quantities the momenta 

corresponding to coordinate q^, velocity and force P,.. 


12. Equation of Hydrodynamics and Sound. If we consider 
the motion of the fluid contained in an infinitesimal rectangular paral¬ 
lelepiped of dimensions dx; dy^ dZy and of mass QdxdydZy the forces 
acting on it are not only those depending on the presence of a field of 
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force^ such as gravity, and proportional to the mass acted on, equal to 
F per unit of mass of the fluid, but also to the pressure acting nor- 
m^ly on the six faces. On the face perpendicular to the rr-axis, and 
nearest the origin, of area dy dz^ the pressure p (force per unit area) 
produces the force pdydz toward the right. On the opposite face in¬ 
stead of p we have p + p^dx multiplied by dydz, acting toward the 

left. The resultant toward the right is thus — ^ dxdydz. Adding 

this to the component Y^Qdxdydz we have the total force acting 
on the mass qdxdydz^ which is to be equated to the mass mul¬ 
tiplied by the acceleration. Since acceleration is the rate of change 
of velocity of a particular particle as it moves, we have by (77) if v 
is the vector velocity of the fluid, 

(104) Qdxdydz + vVv^ « Y^Qdxdydz — ^dxdydz. 

In like manner we have the other components, so that dividing by 
Qdxdydz we have the vector equation 


(105) 

dy 1 

— + vVv = P — - grad p 


or written out. 

at ^ a* ^ > by ^ ' bz * 

1 dp 

Q dx^ 

(106) 

\ + V. ^7" = F, - 

ct ^ dx y oy * cz y 

1 dp 

9 dy^ 


+ + 

1 dp 
e dz 


With this we combine the equation of continuity (76) 

(107) 4- vVp + Q div V « 0. 

The tenn vVv, as we see, involves components of v multiplied by 
their derivatives. The equation is much simplified if the velocities are 
so small that their products with each other and with other derivatives, 
being of the second order, may be neglected. We shall consider two 
such oases, the first being the motion of sound in air. We then put, 

(108) ‘ gradj). 

Under the circumstances assumed, the changes in density are small, so 
that we may put 

(109) 


9 = Po(l + *)> 
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where pg is a constant, and s is a small quantity called the ampreasion. 
Differentiating logarithmically, 


( 110 ) 


dp _ ds 

P 1 + s 


if we neglect s in comparison with unity. From this and (107) 
we find 

(111) diT V 
as the equation of continuity. 

Let us call q the displacement of the particle of air, so that v « ^ • 
Then (108) is 

(112) |’3_p_lgrad;,. 


The equation of continuity becomes (since div == div g j- 

_ a 

at at 


(113) -|^^ = ~divq, or s = - div q. 


We now need a physical relation between the density and pressure, 
and we assume dp = edSy where e is the coefficient of elasticity of the 
fluid. Accordingly 

grad p ^ e grad $. 

Taking the divergence of (112), 

d* . e . 

^ div q = div 

and by (113), 

(114) g_l^,_diTF. 


1) Since we have^!* *= , all linear operations involving differen- 

dxdy dyax 

tiation and multiplication by constants are commutative, o g., if stands for 

^ o Q ^ 

the operator operator a ^ 

-i-flA + vAj -, we have D,D.u = D,D,u, which is an abbreviation for 

dy dz 
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If there are no applied forces, the equation 

(115) = «»=.! 

is the ordinary equation for the propagation of sound, and we shall refer 
to it as the wave-equation. A region where divF is not zero is called 
a source of sound. 

If the applied force F vanishes, or is lamellar, it may be shown 
that V is also lamellar, or derived from a velocity potential q>. Let 
us write 

F = -gradF; v - = grad «)p, = - div ^ - A^p, 

then (112) becomes 

(112') ~ grad qp = — grad ^ * grad s. 

Differentiating by tj this may be written 



A quantity whose gradient vanishes everywhere is constant in space, 
we therefore have, putting the parenthesis equal to zero, 

(US') 


or the velocity potential satisfies the same equation as the compression, 
dV/dt being proportional to the source-density. 

In the simplest case, that of propagation in one dimension, put 


q 




du dp _ ds 

Fx’ dx^^dx 


e 


d^u 


and equation (112) becomes 

d'^u 


t a*w 
dx* 


+ F, 


SO that in this case the displacement itself satisfies the same wave-equa¬ 
tion. Since 5 *=» — dul'dXy and we may commute the order of differen¬ 
tiation, a derivative of a solution is a solution of the linear equation, 
so that (if F = 0) s satisfies the same equation (115), as already proved. 

The equation of sound thus differs from that of heat in having the 
second time derivative instead of the first. A source of sound corres¬ 
ponds exactly to a source of heat. If the phenomena of heat or sound 

d^ d^ d^ 

depend only on Xy or on x and y, the Laplacian A reduces to or ^ 
respectively. 

In connection with the sound problem let us consider the motion 
of a stretched flexible string or membrane. In either case let us con¬ 
sider the weight to be negligible in comparison with the tension r. 
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Consider a portion of string of length dSy and mass Qds, and let 
it be displaced at each point by an amount y so small that we may 
neglect the square of the angle made by the tangent with the a;-axis 
taken as the equilibrium position of the string. Then we may put 


ds dx 




dx, sin 6 


dy 

'ds 


dx^ 


where B is the angle 


made by the tangent with the rc-axis, Fig. 14. Since we neglect stretch¬ 
ing of the string and its weight, the tension r 
is constant. Suppose that there is a transverse 
force Y per unit of length acting on the string. 

There is at the left hand end of the element 
ds the y-component of the tension 

T sin ^ == r 

pulling down¬ 
wards, and at 
the right 

r sin {B + dB )« 

pulling upwards. The difference added to the force Ydx is thus 

to be equated to the mass Qdx times the acceleration 
dividing by dx, 

(116) Qy-i + r. 



Fig. 14. 


Thus the displacement of the string, if F == 0 , satisfies the same 
equation as the motion of sound depending on one coordinate. A re¬ 
gion where Y does not vanish may be called a source of motion. 

In the case of a membrane we have to find the total force normal 
to the membrane due to the tension. Again assuming the displacement 
z to be small, let the equation of the surface into which the plane mem¬ 
brane is distorted z ax^ + by^ as far as terms of the second order, 
the axes of x, y, being in the tangent plane in the direction of the 
lines of curvature. In polar coordinates 

X cos (p, y =» r sin 9 , 

jg r*(a cos^cp + b sin^ (p) =*= ^{(a 6) -f (o — b) cos 29 ?}, 
=« tan 0 = r {(a + 6 ) + (a — &) cos 2 9 ; I, 


where B represents the slope of a normal section of the surface with 
the horizontal, Fig. 15. The tension, in the case of a surface, is the 
force exerted across unit length of a curve. Calling this r, let us con- 
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aider the component in the £r-direction of the tension on the boundary 
of a small circular area of radius r with center at the origin. This 

will be rrfs sinfl —on each element of the circumference, and 



Fig. 15 


on the whole 

ift 

Z* rr*[(a + 6) + (a — 6) cos 2q)]dq) 
0 

«« 27itr^(a + fc) =»* 2tA(a + b ), 

where A is the area of the circle. But 
from the equation of the surface this gives 
d*z d^zi 


'7' ^ I ^ 

^ ay*J*=o 


y = 0 


so that the effect of the tension is proportional to the Laplacian for 
two dimensions, as in the string for one. If in addition there is an 
applied force Z per unit of area, we must add ZA to Z' and equate 
to the mass 6A times the acceleration. Accordingly we obtain the 
equation 


(117) 



where 6 is the surface density, r the surface tension. A region of Z not 
equal to zero is a source. Thus the motion of strings and membranes is 
governed by the same equation as that of sound in one or two di¬ 
mensions. 

The motion of waves on the surface of water is more complicated 
than any of the motions already treated, but is simplified if we assume 
that the displacements are small in comparison with the depth of the 
water, and that the slope is small. This is the case in tidal waves in 
the ocean. We shall again neglect the terms of the second order, and 
write, if q is the displacement, F, , 


(118) 


% - 


dx 


+ pPjj 


_^ 

dy 


+ 


_ h 

9 ~ dt 


- 99- 


We shall neglect the Tertical acceleration, so that 


(119) 


dp 


^ - 99, 


that is we assume the pressure to be due merely to the depth of the 
water. If F is the pressure at the surface, h the undisturbed depth of 
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the water, S the elevation of the surface above the undisturbed level, 
integrating (119) from the bottom up to the point in question we have 

(120) l> = P + i?p(^ + S-s) 


( 121 ) 


Sx dx 




dy dy dy 


Since and ^ depend only on x and y, if we make the assumption that 
Pjp, Fy do likewise, we find that the horizontal acceleration depends 
only on x and j/, so that a vertical line of particles remains vertical, 
and we have to consider only the motion at the surface. 

Inserting these values in (118) we have at the surface, 


( 122 ) 


A. 

^ at* 


„dlL dP . „ 

ai + 




as dP 




+ pF,- 


The liquid being incompressible, the equation of continuity is 
div3 = ?«^ 

^ dx oy dz * 
from which we get the value of J, 


(123) t - -/[|t + + '■fe] ■ 


Differentiating (122) respectively by x and y, multiplying by — A, 
adding and using (123) we find 


(124) 


^'at* 


‘ ^^<’*[1^*+fp]+ 


dx 


+ 


IIjlI 

dy y 


Thus the equation is the same as for sound in two dimensions or for 
a membrane. A region where AP + p divF is not zero is a source. 

13. Equations of Elasticity. In the case of a solid body* the 
forces developed by the relative motion of its parts are of a more com¬ 
plicated nature than in the case of a fluid, since the forces across a 
plane element separating two portions of the solid are not normal to 
the element, as in the case of fluid pressure. 

The stress, or system of forces developed, is known if we know at 
each point the resultant action across any small plane element dS 
between the matter on its opposite sides. If we call this force PdS, 
P is called the stress-vector, and depends on the orientation of the ele¬ 
ment dS. We may characterize the stress by giving the stress vector 
on each side of an infinitesimal rectangular parallelepiped. Fig. 16. Let 
us suppose that at the point x, y, z, the stress-vector on the side nor- 
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mal to the a;-axis is A, on that normal to ^ is B, and on that normal 
to j? is C, and it is to be understood that these are the forces acting in 
the positive direction on the matter on the negative sides of the three 
Z planes. The strain is characterized 

by the nine components 

_Ay, A,, By, B,, C,, Cy, 

Z / ~ y and it can be easily shown that the 

^ ^ lack of tendency to turn the cube 

-^- 1 A A entails the equalities, 

f „ . (125) B.-C,, C,= A., 


^ / Of these A^, By, are the normal 

^ / tractions in the three coordinate 

/ directions. The others are tangential 

' or shearing forces. They are zero 

for a perfect fluid. 

Consider the resultant of all the X forces acting on the cube. On 
the side normal to x nearest the origin, Fig. 17, we have k^dtjdZj on 

the opposite side (A^+ dx)dydz, pulling in the opposite direction, 

the resultant of both being dxdydz. 

On the side normal to y nearest the origin we have the tangential 
force k^dzdx and on the opposite side (Ay+ dy)dz(lx in 
C + ‘S uy opposite direction, the resultant being 

^ ^ dxdydz. From the other two sides we 

get the resultant ^-^dxclydz. In all then we 
^ have in the X direction, 

- dy -^ 

A, ^ dx Hy kdxdydz , 

df. and this is the force tending to move the 

-^ cube in the X direction, beside the force due 

to an external field Q^Alxdydz as in the 
case of a fluid. 

The mass of the cube is ^dxdydz, if p is the density. The displa¬ 
cement is q^, hence the equation of motion 

9 ^ 1 ® = div A + pF,. 

Similarly in the other directions 

ptfe=divB + pF, 

p^f-divC + pF,. 


( 126 ) 
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We must now find expressions for the stress in terms of the three 
linear expansions s, and the three shears g^ specifying the 

strain. It is found by experiment that for small relative displacements 
the six stresS'Components may be put equal to linear functions of these 
six quantities with constant coefficients, known as the elastic constants 
of the body. 

If the body is elastically isotropic, that is alike in all directions, 
their number is reduced to two. First, if the body receives upon the 
two faces normal to the :r-axis equal and opposite normal stresses A„ 
it will experience a stretch aA^ in the rr-direction, but will be con¬ 
tracted in the y and z directions by a different amount = s, — ~ &A,, 
where a and b are the two elastic constants. Supposing normal stresses 
By and C, on the other faces, we get for the resultant stretches, 

(127) = + 

giving the cubical dilatation 

(128) (J « 5, + 5y f .s, === (a - 2b){A^ + By + C,). 

Secondly suppose the cube is deformed without change of volume 
so that every plane parallel to the r ^-plane is shoved in the a:-direction 
by an amount proportional to its distance from that plane, so that 

(129) qx=25fy, q^=q,= 0. 

The square side in the 2 :j/-plane is distorted into a rhombus. Fig. 18, 
the original right angle being changed by an angle =2^. Such a 

strain is called a shear of angle 2g, and is caused by a tangential stress 
B^ =» T on the top-side, with an equal and 
opposite on the bottom, proportional to the 
angle of shear, 

(130) 2gii=^T 

where ft is called the modulus of rigidity. 

(This is zero for perfect fluids, which can 
be sheared without stress). We will relate 
to the constants a and b. 

The above shear has rotated the diagonal of the square into the 
diagonal of the rhombus, but we easily see that if we turn it back, 
through the angle g the same strain is given by the equations 

(131) q. = 0- 
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The square OACB (Fig. 19) becomes the rhombus OA'C'B\ The 
diagonals AB and OC maintain their directions unchanged, and are 
accordingly two of the axes of the pure strain, the axis of e being the 
third. The stretch-ratio along OC is 

OC--OC CC' C"C' Bir 


OC 


OC 


BC 


OB 


as may be seen from the figure. The stretch along the perpendicular 
axis OE is negative. 

OE'—OE EE' E'E" 

OE * OE AE 

Consequently, a shear may be defined as a stretch along one axis 
combined with an equal negative stretch, or squeeze, along a perpen- 
I' 




Fig. 20. 

dicular axis, and no stretch along an axis perpendicular to both. It is 
evident that it may be produced by a normal stress, or traction P in 
the first direction, combined with an equal negative stress or pressure 
— P in the second. Taking these for new axes x', y' we have by (127) 

a32^ s>aP-K-P)-(a + 6)P = <?., 

It remains only to connect the normal stress P with the tangential 
stress T above. This we may do by considering the equilibrium of the 
triangular prism ABC, Fig. 20, whose sides are of lengths 1, 1, )/2. 
Evidently the shear is produced by two equal tangential forces on 
BC, AC, but these are opposed by the normal traction P 

on the face AB, Resolving the two former by multiplying by 

cos 45® — l/}/^ 

we have for the total component, 

2^ Wo 
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But P acts in the face of area }/2, accordingly 

P)/2 - 

and comparing with (132) we have l/2fi => a + & . 

Substituting 1/2/t for o + ?» in (127) we have, by (128) 


2 fi 

a 


By 


h 

2(1 

a 

-2h^ 



b 

_ 

2/li 

a 



Solving for A,, B,, and writing I = 2/t?>/(o — 2l>), 

+ 2fis^ — Adivq + 2(t^, 

C X 

(134) By = Aff + 2^ s, = A div q + 2,u 

C, - Atf + 2(iJ, = A div q + 2;* 

for the normal stresses, while for the tangential components, we have 
2(1 multiplied by the corresponding g's, and from (56) 

(18B) 

Substituting these values of the stress in the first equation of motion, 
(126) 

=“ (^ + 9 + pp*- 

This is one component of the vector equation 

(136) p =. (1 + ft) grad div q + ft A q + p P, 

understanding by A <] a vector whose components are the Laplacians of 
the respective components of q. 

Taking the divergence of (136) since divA «“ Adiv, 

(137) p^,div q - (A + 2#*)^divq + div (pF). 

Consequently the dilatation obeys the equation of sound (114)| and a 
region where div(pF) is not zero is a source. 
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Secondly, taking the carl of (136), since curl grad — 0, 
curl A = A curl, 

(138) p curl q = fiA curl q + curl(pP) 

so that the molecular rotation is propagated according to the same 
equation, but with the constant /t instead of A + 2/1. We shall see that 
(137) and (138) correspond to longitudinal and transverse waves with 
different velocities of propagation. 


13a. Viscous Fluids. An ideal or perfect fluid differs from a 
solid in not being able to support tangential stress, that is, /i ^ 0. In 
such a fluid curl q can be only a linear function of the time, that is 
rotation is not propagated. But in actual fluids which are aU somewhat 
viscousj while no tangential stresses can exist in a state of rest, during 
motion such stresses can exist, and their relation to the velocities is 
of precisely the same character as that of the stresses to the displace^ 
merits in a solid. We may therefore put, instead of (134) 


(134') 


(135') 


where 


— p + f 

By = — p + Atf + 2/i 



ef s* div V, 


and A and fi are two new constants. The terms in p are inserted be¬ 
cause, even when v *=* 0 there may be a uniform pressure.* Adding (134') 

A.+ By + C, ^ -3jp + (3A + 2/i)(y. 


Now there seems to be no reason why a uniform dilatation should give 
rise to any viscous forces, or should change the pressure. Accordingly 
we put 3A + 2/4 =* 0. Inserting the values from (134') in (126) but 
writing the accelerations in terms of the velocities as in (106) we have 

(106') + V yv F — ^ (gradp -f 2/4 Av -- y grad div v) • 

The non-linear term vyv may be neglected when the velocities are 
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small, as in the case of sound. Proceeding as in § 12, taking divergence, 
and using (111), we get, instead of (113) 

. = — div P + - As 4- ^ -As 
dr ‘ g 3 g 3t 


(114') 


T^dT 


G-^dG 


dx 


as the equation of sound as affected by viscosity. 

14. Equation for Transverse Vibrations of Bod. If we con¬ 
sider a solid of cylindrical form whose thickness is negligible in com¬ 
parison with its length, which we will call a rod or wire, we may 
find its equation of motion under Ydx 

the same restrictions as in the 
case of a string, namely that the 
displacement is small, and that G 

the slope is small at each point. |-^ 

If X be measured in the direction 
of the rod, u be the displacement 

in the y direction, u and are 
to be small. 

Let us consider the equilibrium of a portion of the rod of length 
dXy the forces on which are shown in Fig. 21. If the resultant of the 

3 T 

shearing forces A,/ on one end be T and the other ^ and if 

there be applied an external force Y per unit of length, we have, putting 
the resultant equal to zero, 

3T 


T 

Fig. 21. 


T+(T-\-Y^dx) + Ydx^O, 


(139) II - - r. 

The forces in the re-direction balance, and we do not need to consider 
them, as we have already considered the matter of longitudinal motion 
in connection with sound. But we have 
another condition in expressing the fact 
that there is no tendency to turn the 
element about an axis parallel to the 
4r-axis. Suppose that the moment of aU 
the normal forces A, Fig. 21a on one 

dG 

end is — and at the other G + 

The tangential force at one end has a 
moment about a point in the other. Let 
us take moments about an axis parallel to the z-SLuis through a point in 
the rr-axis at the point x. Then the force Thas no moment, while the 
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force T-f (ir has the moment {T + dT)dz. Adding this to the resul¬ 
tant moment we have, in the limit, 


(140) 


do 

dx 


T, 


Differentiating, and using (139) we eliminate T, 

d^G 
cx^ 


(141) 


r. 


The moment G may be considered as due to the stretching of the 
longitudinal fibres of the rod in bending. If li is the radius of curva¬ 
ture of the axis of the rod, Fig. 22, which before 
bending coincided with the ^r-axis, we find the ratio 

of the stretched to the unstretched length 



1 + 5_. Thus the stretch ratio is s 


- ft- 


the normal stress where i?, Young's modulus 

of elasticity, is easily expressed in terms of X and fi, 
§ 13. 

If rf/S denotes an element of area of the cross 
section, the force on it A^dS has about a point on the 
Fig. 82 . X-axis a moment which is found by multiplying it by 
the distance^ of its point of application from the x-axis, 
so that adding for all points in the eross>sectiou we have 

(142) G~-JJykJS^-EjJs,ydS^^JJfdS. 

The integral J^y*dS is called the moment of inertia of the section, 

and will be denoted by I. Since the slope of the bent axis is small, 
the curvature is 

(143) 

Consequently 

(144) G^EI 
and inserting this value in (141) 


d*u 

dx* 


d*u 

dx*^ 


(145) 


El 


dx* 


Y. 


If there is no applied force Y, so that the bar is not in equili¬ 
brium, we have the unbalanced force of magnitude equal to—‘Ydx acting 
to produce acceleration, and if p is the density, S the cross-section, 

a*w f 



^471 


G, 

:r 

L 



^ T’. 



rig i’3. 
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Introducing the value of Y from (145) we have the equation 
(147) + 

A source of motion may be introduced on the right, as in (116). 

In a similar manner, but with more complication, we may deduce 
the equation for the transverse dis¬ 
placement or motion of a thin plate^ 
or body one of whose dimensions is 
small in comparison with the other 
two, slightly bent from a plane. Let 
us take the j//-plane as parallel to 
the surfaces of the undeformed plate, 
and half-way between them, so that 
the equations of the top and bottom 
surfaces are z ^ h. Consider the 
equilibrium of a small rectangular 
portion of the plate of dimensions dx and rf?/. Let the resultant of 
the shearing forces on the face normal to the X-axis and on the side 
nearest the origin be — dy, and on the side farthest from the origin 

(Tj -f dy, Fig. 23. The resultant of the two is then ^^dxdy. 

Similarly for the two faces normal to the Y-axis the resultant is 
d T 

Y^dxdy^ and if the whole external force applied to the plate per unit 

area and in the Z-direction is Z we have the equation of equilibrium 
corresponding to (139), 

(las') + + 


^ iUlx 


Consider now the moments of the stresses applied to these four 
faces. Beside the flexural moment coiTesponding to what we had for 

the bar, — Gy^dxj on the first face and (g^ + dx^ dy on the second, 

dG 

with the resultant moment as before dxdy, we now have to con¬ 
sider the torsimal moment of the forces about a normal to the respec- 
tive faces, which we will call — H^dy and {H^ + dx) dy for the 

faces normal to the X-axis, — H^dx and -f dy^ dx for those 
normal to the X-axis. Corresponding to (140) we have then 


dx dy 


T, 


- 0 , 




( 140 ') 
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(It is to be noticed that the moments are positive if they tend to turn 
about the X-axis from Y to Z, and similarly in cyclic order.) 

Differentiating by x and y respectively, and eliminating and T, 

by (139'), 


(141') 


a.'T** dx'dy dxdy dy^ -r ^ ^ ^ 


We have now to find the moments Gj, in terras of the 

bending. We shall assume, as we did for the bar, that all points lying 
on any normal to the suface jer === 0 remain on a normal to the central 
surface into which that plane is deformed. If u denote, as for the bar, 
the jer-displacement of the central surface, we have, as in Fig. 22, for the 
horizontal components of the displacement 

du 

% ^Jy’ 


c - . f . 

^=^~ 'dx~ ^ cy (}y^ 




Using the values of s^, s , g, we accordingly have 


■“ a»—ft* (® ^ 


/; d'^u d^u\ 

V ^ dyv 


A =B,»-2p.r 


d*u _ z d'^u 

dxdy dxdy^ 


all of which depend on the bending of the central surface, and in addi¬ 
tion are proportional to the distance of the point in question from it z. 

We now have according to the definition of the flexural and tor¬ 
sional couples 
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GJy ^ jekjzdy =• - (a g + 6 f-“) dy , 

— h 

k 

G, dx - -Jz^dzdx = I (6 g + a g) dx,_ 

— h 

H, dy = -jzk^dzdy = | 

— h 

Hfdx =y = 
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(142') 


2 /i® j 

3 a 4“t VoPdy ‘ 


Introducing these values into (141') we easily obtain 

a45') + + 


where the constant D, called the flexural rigidity of the plate, has the 
value 

j. 2 _2 EJ^ 

^ 3a»-6*'~3 l 

== ~ being Young’s modulus, and ^ Poisson^s coefficient represen¬ 
ting the ratio of lateral contraction to longitudinal extension under the 
sole force A^, as we see from equations (127). 

If we denote the Laplacian in two dimensions by 

A „ a* 

we may write the equation (145') 

DAAu = Z. 

The equation 

4Aw - 0 


satisfied for a plate under the influence of no forces on its surface, but 
bent by couples at its edge, is called the double Laplace equation. 

If the plate is not in equilibrium, but in motion, we have to replace 
the force Z by the reaction due to the acceleration produced (per unit 

w 

area of the plate), and if q is the density of the plate, Z ^ — 2hQ , 
so that 

(148) 2hQ g + i>AA« = 0 

is the equation for the motion of the plate. 
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These equations for the bar and plate are the only equations that 
we have found (except 114") introducing derivatives of order higher 
than the second. 


15 . Flow of Electricity in Wires. Suppose we consider a long 
straight wire^ in which current flows depending on tj the time^ and 
the distance along the wire. The electrical variables to be considered 
are the current and the potential. If C denote the current density, V 
the potential, we have by Ohm’s Law (81) 

(149) C - - X grad F- - X ■ 


We define the total current I at any point as the total quantity of elec¬ 
tricity passing per unit of time, and as C is the quantity per unit of 
area, if A is the cross-section of the wire 

(150) = 

where It is the resistance of the line per unit of length. Thus at the 
two ends of a portion of wire of length dx, we have the diflFerence of 
potential 

(151) dV~~dx^- Rdxl. 


Secondly, a portion of conductor receiving a charge dq has its 
potential increased so that dq =» Kd V, where K is called the electro¬ 
static capacity of the conductor. This is Faraday's Law. If K refers to 
unit of length, the element dx of capacity Kdx receives in unit time 
the charge 


(152) 


dt 


Kdx 


dj 

dt ■ 


But there enters per unit time from the left the quantity I, and there 
goes out on the right ^ ^ dx, the total gain is thus — ^ dx, equa¬ 
ting which to (152) we hare 

■ dV dl 


(153) 


K 


dt 


dx 


If some of the current leaks off from the line to the earth, whose 
potential is zero, the amount lost will be proportional to F, so that 
from the length dx there is lost the amount per unit of time, 

SdxV 


where S is the leakage conductance per unit of length. Subtracting S V 
on the right of (153) we get 


(164) 



-i-SF- 


a/ 

dx 
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Thirdly, it was discoTered by Faraday that if the current vary 
with the time it reacts, or requires an additional potential difference to 
drive it, as the inertia of a body makes it react, and require a force to 
drive it proportional to its acceleration. The electrical analogue of the 
mass is called self*inductance, and if L represent the self-inductance per 

O T 

unit of length, the reaction is Ldx ^. This must be subtracted from 
the dV in (151) so that we get the equation 

(166) 

we now have two equations connecting 1 and V, of similar form. If 
we call the operators 

(166) a:|i + s = A, + = = 

We may write the equations (154), (155) 

(157) DiF=i),/, = (158) 

We may eliminate either / or F by dijBFerentiation. Apply the operator 
D, to (157), 

(159) B,B,V ^ ^ =-D\V. 

Applying i>, to (158), 

(160) I>iD,/=Z),D,F=D,2)iF=D»/. 

Consequently both I and F satisfy the same equation 

(161) B^B^tp => B\(p, 
or written out, 

(162) KL + (li &: + SL) If + liStp = g - 


This is called the Telegraphist's Equation. It lirst appeared in a paper 
by KirchhoflF^), in 1857, next in one by Heaviside’) in 1876, but first 
attracted attention when treated by Poincare^) in 1893. 

In the case of a line of no resistance and no leakage, it reduces to 
5*qp 1 

I? “ Kl. da ?' 

which is the same as the equation of sound for one dimension. If on 



1) t)ber die Bewegung der Elektrizitat in Drilhten. Prgg. Ann. Bu., 100, 
Ges. Ahh. p. 131. 

2) On the Extra Current. Phil. Mag., Aug. 1876, S. 6, vol. 2. Electrical 
Papers, vol. I, p. 63. 

3) Sur la propagation de Telectricite. Comptes rendus, 117, p. 1027, 1893. 
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the other hand the inductance L is negligible in comparison with the 
resistance, we have 

dt KR Tx^ ^ 



which is the equation for the flow of heat in one dimension (83), the 
leakage term, for heat flowing along a bar, ^nd losing heat by radia¬ 
tion, being of the same form as for electricity. It was the equation in 
this form that was first treated by Lord Kelvin^), in 1855, in connection 
with the Atlantic Cable. We shall see how the appearance of the term 
in the self-inductance completely changes the character of the propa¬ 
gation. 

In order to make plain the analogy between the propagation of 
sound in one dimension and electrical actions in a line without resis¬ 
tance, let us consider the analogy in detail. The pressure p corresponds 
to the potential V, the flow being proportional to the negative gradient 
of either. The equations 


( 112 ) 


d'q _ _ 2P T ^2 — — 2Z. 

^ dt'* ~~ dx^ ct ~~ dx ^ 


(155) 


show that the current /corresponds to the velocity the inductance 

L to the density q. 

The equation , 

dp =» cds 


on being divided by dt, with (111), giving 

^ ^ 

dt ^ dx dt 

corresponds to 

d_v _ 1 ^ 

dt^ K dx^ 
so that ^ corresponds to the elasticity e. 

In order to get a term in sound corresponding to the term El in 
(155) we need to introduce a term showing a resistance to motion propor¬ 
tional to the velocity k , such as might come from friction with the 

sides of the tube. The leakage term SV could also be introduced in 
the sound equation, in case of a porous tube. We then should have 
exact similarity. 


16. Stokes’s Curl Theorem. We find by differentiation of (60) 
that we have identically 

div curl A =» 0, 


1) On the Theory of the Electric Telegraph, Proc. Roy. Soc.^ May 1855; 
Math, and Phys. Papers, vol. II, p. 61. 
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or any vector which is the curl of another is solenoidal. Consequently, 
the flux 

//(curl A)JS 

of curl through any closed surface is zero. If then we draw a closed 
curve on such a surface^ the flux through the portion of surface on one 
side of the curve is the same as that on the other, but opposite in sign. 
We see then that the flux throiigh any unclosed piece of surface depends 
not on the surface, but only on the contour, for considering a closed 
surface of any two sheets having a common contour, the flux out through 
both is zero. 

Consider now the line integral around the contour, of the tangential 
component of a vector A. 

( 1 ^ 55 ) jA.^ds =J{A^dx + A^dy + A^dz) . 

Suppose first that the contour is a plane curve in the :rt/“plane. 
By drawing lines parallel to the axes, divide up the enclosed area into 
rectangles of sides dx ^dy. 

Then if we take the line- 
integral in turn around 
each of the infinitesimal 
meshes A BCD in the same 
direction of circulation, 

Fig. 24, the parts of the 
integral belonging to ad¬ 
jacent meshes will cancel, 
the integrand being the 
same, but the signs of ds opposite. Thus the whole integral around 
the contour is the sum of all those around the meshes. Consider one 
mesh Fig. 25. Going around in the direction of the arrow, we have 

on the side AUj A^dx and on the side CV), -- + dx. 

On the side AD we have ■— A^dy and on BC, (^Ay+ Adding 

these four we have 

(166) dx dy - (curl A), dS, 

where rfS is the area of the mesh. Consequently, we have, adding 
together the result for all the meshes, the equality of the contour in¬ 
tegral to a surface-integral, 

(167) jAJs - /y(curl A),dS, 

If the surface is not plane, let us divide it into infinitesimal strips 
by planes parallel to the rry-plane, and then divide each of these strips 
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into triangles by drawing planes parallel to the yz- and jsra:-planes Fig. 26. 
Let us then consider the integral around one triangular mesh. Consider the 

tetrahedron made by 
the mesh and three 
right triangles parallel 
to the coordinate 
planes, Fig. 27. It is 
obvious that the line- 
integral around the 
oblique triangle is the 
sum of those about the 
three right triangles, 
respectively, since the 



Pig. 26. 


Fig. 27. 


JXf 


dS, 


But if the areas of these are dSy dSj 
others are the projections of dS, we have 

(168) dS^ « dS cos (nx ), dS^ dS cos (ny), dS^ dS cos (nz ), 
and 

(169) //’(curl A)„ dS -/jt(curl A), COS (nx) + (curl A)yCOs (ny) 

+ (c\xYlA),cos(nz)]dS^fJ(cur]A)^dS^-j- //(curl A)^dS^+ff (curlA),dS,. 


Now integrating over a plane area, we have by (167) and the two 
similar formulae, the three surface-integrals equal to the line integral 
(165) around the three plane triangles. Consequently we have for the 
whole surface integral 

(170) //(curl A)^dS ^fA^ds. 

This is known as Stokeses curl theorem.^) 

The normal is to be drawn toward the side toward which a right- 
handed screw would move when turning in the direction of integration 
around the contour. 


17. Maxwell’s Equations of the Electromagnetic Field. 

In the theory of electricity we have to consider two pairs of vectors, 
the electric and magnetic field-strengths E and H, and the corresponding 
inductions D, B, connected with them by the equations, 

(171) D = £E, B^iiHy 

where e and denote physical properties of the substance in question 
and are called the electrical and magnetic inductivities respectively. The 

vector ^ is called by Maxwell the electric displacement. The diver¬ 
gence of ^ is the density of electricity p, 

(172) p-^divD. 


1) For an entirely different proof see the author’s Dynamics, p. 84. 
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This may be taken at present merely as a definition of D, though it 
will be shown in Chapter V why the density is so connected with the 
field. The corresponding magnetic density is zero, so that we are to hare 

(173) div B-0. 

If the electrical and magnetic quantities are independent of the 
time, it is found that curl E — 0, E is a lamellar vector, and we have 
£ n — grad F, where V is called the electric potential. If however, the 
magnetic field is changing, it was found by Faraday from experiments 
with closed wire circuits, that there is produced around any closed cir¬ 
cuit an dectromotive force defined by the line-integral of the electric 
field around the circuit, 

J^,ds, 

and of magnitude equal to the time-rate of diminution of the flux of 
magnetic induction through the circuit, the direction of normal and 
direction of integration being as defined above. Thus Faraday^s law is 

(174) 

The contour being fixed, we may differentiate under the integral, and 
applying Stokes’s theorem, 

(175) JJ (curl E)„ dS^-JdS. 

The equation being true for any closed contour, the integrands must 
be equal, and since n may have any direction, we must have 

(176) -|j = curlE. 

This is the first of Maxwell’s equations, and agrees with the state¬ 
ment made aboye that if B is independent of the time E is lamellar, 
since its curl vanishes. 

The second equation follows from Oersted’s discovery of electro¬ 
magnetism, namely, that a current of electricity gives rise to a magnetic 
field. This is proportional to the current, and from considerations of 
the work required to take a magnetic pole around a closed path, it is 
shown that the magneto-motive force, defined as the line-integral of 
magnetic field, around any closed curve is proportional to the total 
current flowing through the curve. If C is the current-density 

(177) fR,ds - 4»//C„dS 

the factor 43t depending on the units used. Applying Stokes s theorem, 

(178) H)« ’ 
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and by the same reasoning as above, 

(179) curlH = 4;rC. 

In case there is no current at a point of the field, curl H **■ 0, and H 
is lamellar, H = — grad SI, where SI is the magnetic potential. Before 
Oersted’s discovery, it was supposed that H was always lamellar. 

The equation (1T9) was the one used before Maxwell's ideas be¬ 
came known. It was Maxwell's brilliant suggestion, that even in insu¬ 
lators, where there is no conduction current C, a changing electric dis¬ 
placement acts like a current, and produces a magnetic field. The 
manner of introduction of this displacement current is as follows. The 
density of electricity is connected, *on the one hand, with I) (172), on 
the other with the conduction current C by (78). Comparing these 
two, we get 

1 


(180) 

Hence the vector 


div 7^ 4? + C 

4 TT (jt 

in dt ^ 


0 . 


1 eh 


is solenoidal, and Maxwell calls it the total current, -- 1 ^ being 

called the displacement current. Introducing this in (179) in place of C 

dn 


(181) 


bt 


-}- 4;r C ==* curl H . 


This is Maxwell’s second relation. We make use of (171) and the 
equivalent of (81) to express all in terms of E and 11. 

(182) D-fE, C-xE, 

when our two equations become, s, /a, x being constants , 

an 


(183) 

(184) 

Calling the operators 


+ 4:rxE 


at =curlE, 
curl H. 


f—+4jtx = i)„ eurlsiJa, 


dt —- at 

from which we obtain, as in (159) and (160), 

DiD^E = D^D^E = D\H, 

D,D,E ^ D,D,H D\E, 

80 that both vectors satisfy the same differential equation. The signi- 


these are 


(185) 
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ficance of the operator D| = curl (curl) = curl*, is easily found from the 
j;-component, 


(curl* A)^ = 



id Ay 




^A,\ 

dy 

\dx 

dy) 

dz 


Tx) 


(186) 


— , B Ay 

Bx\dx dy 



(grad div A), — AA^, 



so that we may write 


(187) curP A r:: grad div A — A A 

meaniDg by AA a vector whose components are the Laplacians of the 
corresponding components of A. 

Now we have (173) 

div B == g div H = 0, 


and by (184) taking divergence, 

(188) div + 4nx¥^ — a div E + 47tx div E =* 0, 


an equation for div E, integrating which 

0^9) divE = £-'v‘(divE),^o- 

Even if, then, E has any divergence, it dies away as the time goes on, 
or if the substance is an insulator, x =*= 0, and div E is independent of 
the time, that is, the electricity remains in place unchanged, and does 
not concern us. Let us then put div E = 0. The first term in curP 
then disappears, and changing all signs, we get for both vectors E and 
H the equation 

(190) (i£ + 4xxfi =- AA. 


If X =* 0, each of the three components of E or of H respectively satis¬ 
fies the wave-equation, and we are thus led to the idea of electro¬ 
magnetic waves in an insulator, which Maxwell identifies with light¬ 
waves. If X is not zero, (190) is the general telegraphist's equation 
(162), while if a is negligible in comparison with x, we have the same 
equation as for the flow of heat (83). 

By a celebrated experiment made by Rowland, of Baltimore, it was 
shown that a charge of electricity in motion produces a magnetic field, 
so that to the conduction and displacement currents we now add a term 
called the convection current, of density pv, where v is the velocity 
of motion of the charge. We accordingly write, instead of (181) 

(191) + 4* (C + (>v) “ curl H. 
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According to the theory of H. A. Lorentz, of Leyden, all conduction 
currents are due to the flow of electrons, or minute grains of electricity 
so that if Q and v be their electrical density and velocity respectively, 
we may include C in pv. Let us, for simplicity, consider a medium for 
which B — H. Proceeding as before, taking the time 

derivative of 

(192) + 4;t (pv) curl ^ =■ curP D «= AD — grad div D. 
Thus we obtain, since div D = 4;rp, 

(193) AD - I? = 4«jgrad p + -^(pv))- 
Taking the curl of (191) 

curl It = curl D = — | - =« curP B — 4jr curl (pv), 
dt 01 ct^ ^ 

and since div B =* 0, 

(194) A B - 4z curl (p v). 

The operator A - - -j ^ is called by Lorentz the dAlembertian (because 

in one dimension its vanishing gives the equation of the string as found 
by d'Alembert) and denoted by □. 

Accordingly when electricity (electrons) is moved about, both 
fields obey equations of the form 

(195) □ y =- A 

where /* is a given function of space and time. This is the same equa' 
tion as that for sound where there are sources (114), (115'), (117), 
and was originally given by L. V. Lorenz of Copenhagen.^) It was 
treated by Lord Rayleigh, and later by Beltrami and Poincare. 

The equations become somewhat simpler if we assume, since 
div B « 0, 

(196) B-curl A, 

where A is a vector known as the vector-potential. Introducing this 
into (191), (183) 

(197) ^ + 4:rpv =» curP A =* grad div A — A A, 

(198) _ _ _ curl - curl D, 

which latter being written 

(199) curl(D + |^)-0, 

1) M^moire but la th^orie de r^lasticitd des corps homogenes a ^lasticit^ 
constante. Crelle's Journal 58, pp. 328—351. Oeuvres scientifiques, t. 2, p. 3. 
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shows that the vector in parenthesis is lamellar^ and is accordingly 
derived from a potential^ 

(200) ® + I? --^ 

where V is the ordinary or scalar potential, for in the unvarying state, 
D — — grad F. 

Taking the divergence of (200) 

(201) 4jrp + div A = — AF. 

The vector A is not yet fully determined, only its curl being given. If 
we assume 

(202) divA = -|^, 

equation (201) becomes 

(203) AF-^J = -4«p. 

Differentiating (200) by t, using (202), 

,onA\ aD , a»A .dV . j. . 

(204) ^= - grad j- = grad div A, 

and subtracting this from (197), 

(205) AA-^;J = -4%pv. 

Thus both the scalar and vector-potentials satisfy the Lorenz- 
Beltrami equation. 

The equations (196) and (200) were given by Maxwell, but the 
utility of the two potentials in considering propagation was shown by 
Lienard and Wiechert. 

18. Beoapitulation of Equations. We will now collect the 
various equations that we have deduced. Laplace's equation (70) 

A^ = 0, 

satisfied by the velocity-potential of the irrotational flow of an incom¬ 
pressible fluid, and by the steady flow of heat and electricity in con¬ 
ductors. If there are sources, we have Poisson's equation, 

A^p == — e, 

where e, the source-density is a given point-function. 

The equation of heat-conduction 

(83) ^_a*A<p = 0, 

or 

(83) ^ 

if sources are present. 
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The wave-equation, 

(115, 116,117,124, 190) - o'A?) = 0, 

or 

(114, 116, 117, 124) ^ - a^A(p - o*c, 

satisfied by the motion of sound, or the displacement of a string or 
membrane, long low water-waves, and electro-magnetic waves. 

The equation 

(147, 148) + a*AA 9 - - U, or = a^e 

for the transverse motion of a bar or plate. 

The telegraphist’s equation 

(162) ^ H + = - ce, 


includes all except the last preceding, by giving appropriate values to 
a, ?>, c. 

These are the chief equations of mathematical physics, and are 
alike in all being linear, of the second order (with one exception), the 
coefficients of the derivatives being constants. A more general equation, 
containing all these, with the same exception, is 


V V j ^ 

4sLj ^ 

r -1 4=1 ^ 


r 



+ C<p =* 


where all the JB's, C, and -F are functions of the independent 
variables a:,, . ,. . In all the cases we have dealt with, n is equal 

to 2, 3 or 4. 


CHAPTER IL 

EQUATIONS OP THE FIRST ORDER. 

18. Beflnition of Partial Differential Equation. A partial 
diflferential equation is a relation between any number of independent 
variables X 2 , ... a:,., a dependent variable jg depending upon them, 
and its partial derivatives with respect to them. We shall use the 
notation 

djs dz dz 

aa:;,’ 

a*« a** av , 

dx^dx,’ “ aa:,.a'i.ax,’ 

The order of the equation is that of the derivative of highest order con¬ 
tained in it. Thus the partial differential equation of the first order is 

F{x^, a;,, ... z, ft, ... pj = 0. 



rjZ 
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We shall frequently deal with the simplest case, that of only two 
independent variables, in which case we may make use of the geome¬ 
trical interpretation in space of three dimensions, which may be repre¬ 
sented by perspective figures. All that we say may however be extended 
to space of n dimensions, and the same figures may be used by an 
effort of the imagination. Instead of 5 , jOg, we use the common 

notation x, t/, z, 

dz 

60 that 

( 1 ) = 0 

is the differential equation. We shall consider F to be an algebraic 
function. If it is satisfied by ^ --- f(x, y), or (p(x, y, z) =- 0, that is, if 
in (1) we put z = f {x, ?/), 

« = AZ ft thus reduce it 

to an identity for all values of x 
and y, we call z an integral or 
solution of the differential equation. 

Geometrically the integral is 
represented l)y a surface, and p 
and q are the slopes of the inter¬ 
section of the tangent plane to the y / 
surface with the vertical plane.'^^ ^ 
though the point x^ y, Zj parallel 
to the xz and yjS' planes respectively, Fig. 28. By § 4, 21), if we write 

(fix, y, z) s; fix, y)- z = 0 


z 



} 




Kig. 28 


the direction cosines of the normal are proportional to p, q, — 1. 

We shall see that the differential equation represents more than a 
single surface. 


20. Geometrical Interpretation. We will now contrast the 
partial differential equation (1) with the ordinary differential equation 



or 

(3) ^ = 


defining y as a function of x. At every point of the :ry-plane the 
slope ^ is given as f{Xf y) so that if we begin with an arbitrary point 

and go a small distance in the direction f{xQf yQ) to a neighboring point 
yi, and at that point we move in the new direction f{x^f yi) and so 
continue, we obtain in the limit as the points approach each other, a 
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definite curve, called the integral curve of the differential equation (3), 
Fig. 29. There is such an integral curve through every point in the 
plane, and if we draw a straight line there is one curve through each 
of its points, there are thus as many integral curves as there are points in 
a line, that is a single infinity, oo^- A particular solution is completely 
^ specified by giving a particular point 

X/ ^ through which the integral curve shall pass. 

In the case of the partical differential 
equation ( 1 ), for every point a:,y, z in space 
/ / y we have given not p and q but a relation 

between p and q, {i. e. between } the direction 
cosines of the normal to an integral sur 

—I-face through the point. Accordingly the 

normal, and with it the tangent plane, is 
not uniquely given, but may take any one of an infinite number of 
directions. If we draw all lines in these directions, any one of which 
has the equations, in running coordinates g, 17 , S, 

( 4 ) 

the y will generate a cone, which we shall call the normal cone N at z, 
y, z, whose equation is found by inserting the values of p, q from (4) 
in ( 1 ) to be 

( 6 ) 

The planes normal to these rays, any one of which is a possible tan¬ 
gent plane to an integral surface, the equation of which plane is 

( 6 ) t-e^pi^-x) + qiv-y), 

envelope a cone which we shall call the tangent cone T, The line in 
which the plane ( 6 ) touches the cone T is given by the intersection of 
the plane ( 6 ) with the neighboring plane 

(7) t-e=‘(p + dp)(^-x) +(q + dq) (fj - y), 
in which dp and dq are related by 

It will be convenient to use the abbreviations 


so that we have 

( 10 ) 


Pdp + Qdq = 0 . 
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Combining (6) and (7) 

( 11 ) rfp(| - a;) + dq{ri — y) = 0 , 


from which and ( 10 ) 


i — x 7} -- y 

P “ Q ' 


Calling this ratio k, and putting 

6 — ^ * xp, V - y ^ 

in ( 6 ) we obtain 
so that 


( 12 ) 


i — X t— z 

~P Q Pp+Qq 


are the equations of the line of contact of the plane ( 6 ) with the cone P. 

We accordingly see that the integral surface is far from being de¬ 
termined when we make it pass through a given point, but is susceptible 
of a far greater variety than in the case of the corresponding ordinary 
differential equation. We shall see that, as was shown by Cauchy, the 
integral surface may be determined by making it pass through a single 
infinity of points forming a continuum by lying on an arbitrarily given 
twisted curve in space, for instance, such that when 9 (a:, y) 0 , 9 
being a given function, then 2 ' — y) where \l> is an arbitrary func¬ 
tion^), or in other terms, when y ^ k{x), given, 2 arbitrary, or 

simultaneously, z, y, z are given in terms of a parameter u, 


a;«l(u), y^ii{u), z^v{u). 


Thus instead of a single or double infinity of surfaces, the number is 
an infinity of the order of the number of points in a linear continuum. 
This is more simply expressed by | 

saying that the solution contains 
an arbitrary function. 

21. Cauchy’s Problem. 

That an integral surface may be 
determined by passing it through 
a given twisted curve (Cauchy's 
problem) may be made plausible 
by the following geometrical con¬ 
sideration. 

On any point on the given curve C, Fig. 30, draw the tangent 
cone T. There will be at P at least one plane tangent both to the curve 



{1) We erect on the curve q>(x,y) = 0 a sort of cylindrical surface or fence 
whose height 2 « (x, y).} 
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C and to the cone T}) An infinitesimal element of this plane then 
coincides with the integral surface at P. At a neighboring point P' 
there will be another cone T', differing slightly from that at P and 
furnishing another element of the surface. Thus we get a continuous 
set of plane elements, forming a strip of infinitesimal width, and passing 
through the curve C. Passing now to one edge of this strip treat it as 
a new curve C', when we get a new strip, and thus continuing we get 
a whole surface generated. That this process is possible may be rigidly 
proved analytically. We shall however see that the process fails for 
certain important curves. 


22. Linear Equations, Oharaotsristios. The simplest differen¬ 
tial equations of any order are linear^ that is those in which the deri¬ 
vatives appear only in the first power. Thus the linear equation of the 
first order is 


^\P\ + H--PjPn ■“ 


where Pj, Pn,. • • P„, Z are functions of x,,. .. x^, z. If Z — 0 the 
equation is said to be homogeneous. In the case of two independent va¬ 
riables we shall write the non-homogeneous equation as 

(13) Fp Qq^ By 


where P, R, are functions of x, y, z. (Since we may write 
F{x, y, z, p,q) = Pp+ Qq — R 


the notation is the same as before in (9). In this case the normal cone, 
being of the first order, is a plane, and the cone T reduces to a line, 
which by (12) and (13) is 


(14) 


i — x 7} — y z 

P ' ^ Q P ‘ 


The simplest way in which z may be defined as a function of x 
and y involving one arbitrary function is by an equation between two 
given functions m(x, y, z) and v{x, z) such as, 

u ^ (p{v) or ^(w, v) — 0, 


where gp or i* is an arbitrary function. We shall see that such a rela¬ 
tion makes z the solution of a linear partial differential equation of the 
first order. For differentiating the equation ^(m, v) «« 0 totally 


(16) 




1) It may be that this tangent plane is imaginary y e. g., if the line in 
Fig. 80 should enter the cone. {In this case no real integral surface can be 
defined by the curve.} 
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and since ;; is a function of x and y, 

(16) dfr^^dx + ^^dy-pdx + qdy, 


inserting in (15) and remembering that since x and y are independent 
dx and dy are totally unrelated, and therefore their coefficients in (15) 
must yanish independently we find 


(17) 


(iu \^x dz) ' dv \dx 



( t/* . d u . 



d'^ / dv 

dv \^y ‘ ^ dz) 


0 , 


expressing the yanisliing of the partial deriyatives by x and y. 
Eliminating we get 





or collecting terms in p and g, 


d{i^) d(u^) 

y d{y,zj '^^ d{z,xj 

which is of the form 




(13) Pp+Qq^R 

where P, Q, P, are the known functions giyen by the three Jacobian 
determinants. Conyersely we shall show that the most general solution 
of (13) is giyen by ^(«, f) « 0 where t is arbitrary. 

Let us first consider the homogeneous linear equation in three inde¬ 
pendent yariables x, y, 5, 

08 ) + 2 - 1-0 

where X, Y, X, are functions of y, 2 ^ only. The geometrical meaning 
of this equation is that, if f(x, y,;?) == 0 is a solution, representing an 
integral surface, since the direction cosines of its normal are proportio- 

rif 

ai' to the integral surface is eyerywhere 

perpendicular to the yector X, Y, Z. In fact, if fix^ y, 0 we have 

(19) + 


d(x, y) 


dvk 

du 

dx ^ 

^y 

dv 

av 

dx ^ 



1) We write 
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uid if this is to be compatible with (18) for all points x, y,$ we most hare 


( 20 ) 


dx dft d» 

— mm — mm — 


But these two simultaneous ordinary differential equations are the 
equations of the lines of the vector X, Y, Z (Chap. 26) one of which 
can be drawn through any point in space. In particular a different 
one may be drawn through each of the points of a plane, so that there 
are in all oo* of these lines, and we have seen, the integral surface / — 0 
is tangent to one of these at every one of its points. 

Let two integrals of the equations (20) be 

«(«• y,«) - o 

v(x, y, e) - b, 



where a and b are arbitrary constants. Then we may show that every 
integral of (18) is of the form 9(u,v). For since f, u, v are 
solutions of (18), 


( 22 ) 




■K 

dy 




. 

dy 


■\rZ 

■¥Z 

■\-z 


K 

dz 

£« 

dz 

dv 

dz 



rom which, eliminating X, Y, Z, 


d(f, w, v) _ Q 
d{x,y,z) 


which indicates a functional relation f » 0(u, v). (See appendix). 

From this relation Lagrange obtained the general integral of the 
linear non-homogeneons equation in two variables 

(13) 


(28) 


Suppose tiiis is satisfied by f{x, y, s) — 0. 

Differentiating partially, as above (s being a function of x and y), 
dx'^^dz 


0 . + 


Multiplying by P, Q, respectively, adding, and substituting, in (13) 

Now the curves given by the equations 

xo-v dx dy dz 

P 'Q B 

have at every point the direction of the line (14) to which the cone T 
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reduces in this case, and on account of their important relations, are 
called the cha/racteristics of the dififerential equation (13). 

An integral u{x, y, a) ^ a is a surface generated by a single in¬ 
finity of characteristics. Changing the constant a, we get another sur¬ 
face, and giving a all values from — cx> to + oo we get oo^ surfaces. 
Similarly y, ir) — b represents another surface, and giving b all 
possible values gives a second oo^ of surfaces. The intersections of the 
oo’ integral surfaces 

a(a:,y,«)-o, v(x,if,e)-h 

gives ail the oo* characteristic curves forming a so-called congruence, 
Fig. 31. The functional relation 0 (m, t?) *=* 0 denotes that to every value 
of u is associated one (or more) definite 
values of v, that is we pick out in an 
arbitrary manner oo^ intersections of the 
u and V surfaces. This may be done by 
choosing an arbitrary twisted curve C at 
each of whose points the a-surface and 
the surface will define the characteristic 
and all these characteristics sweep out an 
integral surface passing through the curve. 

It is obvious that if the given curve C is 
itself a characteristic, it does not define 
an integral surface, accordingly the char¬ 
acteristics are curves of exception to the possible solution of Cauchy’s 
problem, at the same time lying on integral surfaces. 

Examples. 

Equation of Cylinders. 

If the generators are parallel to a line whose direction cosines are 
a, 5, 1 the normals are perpendicular to it, accordingly 

ap + bq ^ I. 

The equations (25) are 

dx dy dz 



of which two integrals are 

X — az ^ const., 


and an integral is 


y hz ^ V ^ const., 
0(x — aZf y — bz) ^0. 


The characteristics are the congruence of straight lines parallel to the 
given line, and any twisted curve determines a cylinder generated 
by them. 

Equation of Cones. 



62 


II. EQUATIONS OF THE FIRST ORDER 

The equation of surfaces whose tangent planes pass through a 
fixed point a, b, c, is 

(x — a)p + (y-^b)q -^0 — c. 

The equations (25) are 

dx dy dz 
X — a y — b z ~c ^ 

of which two integrals are 

= 14 «. const., ^ == t? =* const, 
z — c ^ z — c ^ 


and the desired integral, 




The characteristics are all straight rays emanating from the point a, 6, c. 
Surfaces of Revolution. 

These have the property that the normal always meets a fixed 
line. Let its equations be 

X ^ y ^ ^ 

a y 

Let the equations of the normal be 

X' —« T — y Z' — z 

---p. 

If these meet there is a point for which 

x-x', z-r, z-z; 

then 

y-f-gp' - /3p, 

« — yp 

Eliminating p, p', 

«, p j- 0 , 

y, A 2 j 
y»—1 i 

which is the required differential equation, or expanded, 

(yy — + {at — yx)q ^ fix —ay. 


dx dy dt 

yy~p»““at — jx“‘px—ay 

dy — (at — yx)dt, 
dt — {fix —ay)dt, 


Put 
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from which we deduce the integrable combinations 
xdx + ydy + zdz 0, 
adx + fidy + ydz — 0, 

giying 

^* + y* + ^ ti const., 

fzx+^y+yz^v^ const., 

+ y* + «a: + /3y + yjgf) « 0. 

The characteristics are all the circles in planes jjerpendicular to the 
giyen axis, and with their centers on it, and cut out by the spheres u 
and the planes v. 

23. Ol —aiflcat tim of Zntograla. It was proved by C'auchy, 
and by Mme. Koyaleyski, that a partial differential equation of the first 
order can always be solyed by a function which, for a particular value 
of one of the independent variables Xy becomes an arbitrary function 
of all the others, that is when 

Xj-X®, ... xj. 

In the case of two independent variables for 

x^x^y z^tp{y). 

This represents a plane curve, and the case of a twisted curve, mentioned 
in § 20 can be reduced to this by a suitable transformation. Such an 
integral is called the general solution, and every solution obtained 
therefrom by giving the arbitrary function a particular form is called 
a particular solution or integral. A solution which contaii_s, not an 
arbitrary function, but as many arbitrary constants as there are inde¬ 
pendent variables, was called by Lagrange a complete integral. 

Consider the equation 

(26) V{x,y,z,a,li) = 0, 

where a and b are arbitrary constants. This determines as a function 
of Xy y, and we may show that this is a complete integral of an equa¬ 
tion of the first order. Let us indicate partial derivatives under the 
circumstances that jsr is a function of x and y by brackets. Then from 
the equation 

+g?) + f. 


we get 
(27) 
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From the three equations (26), (27) containing x, y, 0 ,p, 9 , a, b, we may 
eliminate a, b obtaining an equation 

(28) F(x,y,M,p,q)~-0. 

Lagrange sought from a complete integral to deduce the general 
integral Since the equation (28) is obtained by eliminating a, h bet¬ 
ween (26), (27) it expresses the condition that (26) and (27) define 
three functions 

a~f,(x,y), b’-f,(x,y) 

satisfying (26) and (27). Let us differentiate (26) on the assumption 
that a, b are so defined. 

( 29 ) %dx^^^dy + ^^{pdx^qdy) + fja + %dh^O, 


and by reason of equations (27) which we have already used, this 
reduces to 


(30) 




0 . 


This is satisfied as follows: 

iMf a and b are constants; this gives the complete integral, represen¬ 
ting any one of a double infinity of surfaces. 


2 ® If 



dV 

~dh 


0 . 


If we eliminate a and h from these two equations and (26) we obtain 
a relation between x, y, 0 , without arbitrary constants or functions, and 
therefore not derivable from the general integral. It is called the singtdar 
integral, and represents a surface which is the envelope of the cx>* surfaces 
given by the complete integral. 

3^ More generally, since the equation (30) can be written, 


we have, dx and dy being independent, 

IZ li 0 

da dx ' db dx ““ 

n 

da dy db dy “ ' 


dV 


which by elimination of ^ 


dr 

db 


give 


(31) 


3(0, b) 
d(x,y) 


0 
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Ehowing a functional relation between a and h, saj b — g>(a), dh’^ 
q>'(a)da, and substituting in (30) 

( 32 ) +-^9(a)=‘0. 

Eliminating a between (32) and (26) gives a solution, containing no 
arbitrary constant, but an arbitrary function — it is accordingly the 
general integral. Of course, the elimination cannot be practically effected 
until the arbitrary function has been determined. 

Geometrically, when we determine 6 as a function of a, we select 
a single infinity out of the double infinity of surfaces 6) *»0 

and eliminating between 

(33) V(Xj y, z, a, qp(aj)*= 0 
and its derivative according to a 

(34) cV{x,y,z, a ,y(a) ) 

^ da 

we obtain the envelope of these cx>^ surfaces, representing the general 
solution. It is to be noticed how this differs from the singular solution, 
which is the envelope of oo* surfaces, while the general solution is the 
envelope of oo^ surfaces, arbitrarily selected. 

Consider an example. 

V ax hy z — ^ 0. 

The complete integral gives us a set of planes. Equations (27) are 

a p Of & + 0 , 

and the equation (28) is 

px + qij — z + p- + _ 0, 

which is not linear. The singular solution is obtained from 

^ X — 2a ^ Of = V — 2o =* 0 
ca ’ CO ^ 

and eliminating a, h 

+ y^ + 4£f =« 0, 

a paraboloid of revolution, enveloping all the planes. The general solu¬ 
tion is given by 

ax + (p(a)y + z — a- -- (<p(a))* = 0, 

X + <p'(o,)y •— 2a — 2(p{a) (p'(a) = 0. 

In certain cases of the equation (28), the complete integral can be 
found by inspection. For instance, 

pq~> 1. 
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Eyidently 

— a* -f - + 6 

41 

is 8 complete mtegral. More gwsenttj, if x, y, m, do not appeer in F, 

3 “ fip)> 

p ^ a, gives a complete init^pnal 

s — o* + f(a)f + b. 

94. Mniltod of OharaotortotioB. We shall now consider the 

method developed bj Ganohy and Lie, which introduces us to the im¬ 
portance of the nature of the characteristics of a non-linear equation of 
the first order. We define as an element of space a point x, y, $ and a 
plane passing through it with slopes p, q. Thus the set of values x, y, e, 
p, q defines an element, and there are so* elements in space, for at each 
of the oo* points there are oo* directions possible for normals to the 
planes. Suppose we consider a continuous multiidicity of elements givmi by 

(36) «-/;(«), y-/;(«), <-/«(••), P-fi(»)f 3-/»(*»), 
where u is a variable parameter. 

This represents a curve, and each point we nsay oonstmet a de¬ 
finite plane element (Fig. 32). In general the consecutive planes will 

intersset in lines that do not 
pan throng tiie curve. If they 
do, we shall call the ekments 
united and they have an envriop- 
ing surface, which does pass through the curve. The condition for this is 

(36) 3-|f > 

or the single equation 

(37) di - pdx + qdy^ 
necessitating the relation 

rs(«) - fMfM + 

Suppose (36) denotes a particular integral of 

(38) F{x,y,t,p,q)~~0. 

Let us begin with any element y,, |^, satisfying (38), md let 

us leave the point x^, y«, in such a direction that projeeted on the 
X y-plane, 

(89) T-f'-*'' 

where u is a variable which, {we will sappose,] vanishes for ar — 

y-y«- 



m*. s*. 
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Since P and Q are known functions (defined in 9) of x, y, ss, p, 
and, making use of (36), of x, y alone, x y will take on a definite 
series of values, and for each of these z, p, q will be known, so that we 
obtain a united continuum of elements, represented by a curve in space, 
and a strip of surface containing it, Fig. 33. This succession of elements 
is called a characteristic, in¬ 
cluding both the curve aiul 
the strip of surface. Through 
every point of the integral 
surface there goes a charac¬ 
teristic, there are therefore in the surface cx>' characteristics, and the 
surface is known if we know all its characteristics. 

Let Xj y, Zj p, q be an element, 

X + dx, y -I- dy, z + dz, p + 6p, q + dq 



any infinitely near element not on the same characteristic. If we write 

* ^19 ^ 

^ ^ dxdy^ cy^ ^ 

we have by definition, 

dz ^pdx -f qdy^ 

(40) 6p * rdx + sdy, 

dq « sdx -f tdy. 

Let 

X -f dx, y + dy, z + dz, p + dp, q ^ dq 
be another element on the same characteristic as x, y, z,p, q. Then 

dz -=^pdx + Qdy, 

(41) dp^rdx + sdy, 

dq —= sdx + tdy. 

Differentiating (38) totally, by varying the characteristic, 

Xdx + Ydy -f Zdz + Pdp + Qdq ^ 0. 


Replacing P and Q by their values from (39), 


(39) 



du^ 


dz, dp and Jgr by their values from (40), 

(42) dx(^X+pZ+r-^l + + + 


or by the last two of (41) 

dx(X+j9Z + ^) + Jy(F+gZ + |^)-0, 
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and since ix, Sy are independent, 

0 , 


(43) 


x+rz+l!. 


0 . 


Now differentiating (38) along the characteristic, 

Xdz + Ydy + Xde -t- Pdp + Qdq — 0, 

and replacing dz by Pdu, dy by Qdu, dp by — (X + pZ)du, dq by 
— (F + qZ)du from (43), we obtain 

{PX+QY-P(X+pZ)-Q{Y + qZ)]du + Zdz^O, 

or on dividing by Z, 

(44) de — (Pp + Qq)dU. 

We have accordingly the differential equations (39), (43), (44), 

dx dy dz _ dp _ dq 

T+qZ' 


(45) 


du. 


"P Q Pp + Qq X-fjpZ" 

of which the first two have already been given in (25) for the linear 
equation^ (13). These simultaneous equations, whose denominators are 
all given functions of js,p, q, and nothing else, on being integrated, 
will give, together with the initial element Xq. Po, q^y perfectly de¬ 
finite values for the variables, Xy y, z, p, q. 

x = f^{u,x^y^,Zo>Po>i<i), 

y “/*(**; Pot 9o)t 

(46) (u, x„, yo, ^o, Pot ?o) > 

p=‘fi(u,^otyot^otPotQo)t 
9=fii»t^otyot^otPotQo)- 


These are independent of (P, hence we have the remarkable result; 
every integral which contains the element x^y y^, z^yp^, q^y contains all 
the elements of the characteristic through it. Or, two surfaces represent¬ 
ing integrals {and tangent at one point,) are tangent to each other along 
a characteristic. 

Equations (46) represent a solution if 

(47) F(x^yo,ea,Po,qo)~0. 

Tbe values of x, y, z, p, q corresponding to the various elements of tbe 
different integrals, are accordingly expressed in terms of the six para¬ 
meters u,x^,y„ z„p^q„ of which the last five satisfy (47). Leaving 
these constant, and varying u, we obtain all the elements of one cha¬ 
racteristic, which thus form what is called a continuous group of one 
parameter. By varying % y^ Pg, q^ we pass from one characteristic 
to another, making an infinitraimal or finite transformation of the group. 
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Let 

(48) q^-~ 

be any integral. In order that it may contain a given element x, y, Sy 
Py g, it need only contain the initial element ^o,PofQo 

the same characteristic, that is, 

(49) ^0 = <^*(^ 0 . !/o), Po = —, 3o “ • 

These three equations, with (47) and (4()) characterize all the elements 
of .the integral. Hence by the elimination from these nine of ic, Xi,, y©, 
Poj ^0 6®^ three equations, giving z, p, q in terms of Xy y, that 

is the integral. 

The number of possible characteristics may be considered as 
follows. From (47) we may express g^,, and from x«= tw, yo> S'©) 
we may express w, thus we get 

y^M^y^OfVoy^ojPol 

^ Voy ^QyPo)y 

(OO) , . 

P--%{P^y^oyyoyhyPo\ 

y--^A{^y^oyyoy^oyPo)y 

and since for a given Xq we may take arbitrarily y^, we have 

00 ^ characteristics. 

Geometrically speaking, as we have seen that at every point we 
have a single infinity of directions, and as each determines a character¬ 
istic, there are at each point 00 ^ characteristics which are generators of 
a surface representing a particular solution, having a singular {or conical} 
point. As there are 00 ^ points in space, we might then expect 00 ^ 
characteristics, but as in each there are 00 '" points there are only 00 ^ 
characteristics, composing what is called a complex of curves. In the 
case of a linear equation, we have seen that there are only 00 * character¬ 
istics, for at each point there is but one direction of a characteristic. 

Suppose we represent the initial element in terms of a single 
parameter v, 

(51) (v ), ijo = <Piiv) , - 9),(v), Po = > ?o“ 9^5(») • 

How shall we choose the five functions (p so that the surfaces generated 
by the characteristics shall be an integral? 

The equations 

X •= f^(u, (p^{v), ?),(»), q>iiv), (pi(v) 

y - /■»(«, sPiH <P4(®); 9>5(»))» 

“ fM 9i(v), 9iiv)), 

P - /iCw, 9>i(®)> SP»(»)> 9’4(«’)> <Ps(v)\ 

i - /&(“> 9»i(»)> ?’*(»)» 9’4(»)> SPsC^)), 


(52) 
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in which u and t; are independent parameters, represent a surface (by 
X, y, z) and a set of elements (by Pj q) and for them to be united we 
must have 


(53) 


d* 


ST -P 


a* 

du 




du' 


(54) 


if « 

dv““^ 




dv 


Bv 


(55) F(x,y,t,p,q)-0. 

As the five functions /i, /i, fs are integrals of the equations 

(45) we have 

y, z,p, q)~~F y^, p^, q^), 


hence we need have only 

■^(aro, yo> ^o.P«, «o) - • 


Equation (53) is satisfied, by the difEerential equations (45) (in which 
t' is constant). In order to satisfy (54) put 


(56) 

Differentiating by w, 


dv ^ dv 



(57) 


dH ^ _ ^ d*y dp dx dg dy 

du ^ dudv ^ dudv ^ dudv du dv du dv 


Differentiating (53) by v, 


(58) 


0 - 


iif. 

BuBv 


P 


B'x 

BuBv 


qjy- 

® BmBv 


dp dx 
dv du 


dq dy^ 
dv du 


Subtracting we obtain 


(59) 


dx dp dx dq dy dg dy 

du ** dv du du dv ' dv du du dv ^ 


and replacing derivatives by u by their values from (46) 


Now since 


we have 
(61) 


- X If +^ 0 +p I +e If +^ (j If +« I?) ■ 
* 0 + 5 ' 0 +^lf+i’lf+e 0 -»> 


subtracting which from (60) giras 

BM /_9* , ^By Bt 
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(63) 


fl - ir,c “• 


Zdu 


If Z is a holomorpbic function of u, the exponential function 
cannot Tanisfa^ so that for H to be zero, we must have Hq * 0, that is 


(64) 


dv 


-o 
Po dv 


a ^ 
dv 


0 . 


Conaeqnentiy for an integral surface we need only put x^, Po, 8o 
functions of a variable v satisfying (47) and (64). We may thus solve 
Cauchy's problem, putting in terms of v so as to lie on the 

given curve, when (64) and (47) determine and Cauchy obtained 
the general integral by putting 

-> const., 

ffo- 9>'(yo) 

In this case v -» and (64) is satisfied. The determining curve is plane.^) 
We have then the practical rule: to integrate an equation of the 
first order F{Xf y, z, p, q) «» 0, integrate the simultaneous equations (45), 
obtaining (46) giving initial values that satisfy 

“O, 

and putting 

yo-y'Cyo)- 

Eliminating from these eight equations in eleven variables u, yo, 
q^ we obtain the three 

z-(p{x,y), p-il>{x,y\ q-x{x,y). 

Examples. 

As a very simple example consider the equation 

(13’+ - 1. » ?’ + 9’ - 1. -f = iO-’ + 9’ - I J - 0 

p«p, Q^q, 


Our equations (45) then are 

dx dy dz dp dq 
p ^ q 1 0 0 

From the last two terms we must have dp ^ dq ^ 0, p ^Pot 
accordingly ^ 

- mm, ~y- ^ dz ^ 

_ Po 

{1) By a suitable transformation a twisted curve may always be reduced 
to a plane curve.} 
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from which we obtain the integrals 

2o(® - *o) - -Vo), « - a;# - l>o(« - «o) 

which are the equations of a straight line inclined at an angle of 45^ 
to the icy-plane, (as may be seen since dx^ + rfy* — (|>J + =» dz^). 

The complex of characteristics is composed of all such lines. Those 
passing through a given point x^^y^, form a circular cone 

a-^o)*»(S-^o)* + (y-yo)’ 


as can at once be shown by finding the envelope of the tangent plane 
S - — ®o) + 9o(y - yo) 

by differentiating by after putting < 7 , — — pi, and eliminating 

The general integral is found from the equations 

?o(a;-*o)=l>o(y-yo), 2=“2o 

^>o + 9S“•l> ^o-9»(yo), 2o”y’'(yo)- 


Consider the equation 


dx dy 


or jP= x? —JP 3 — 0 . 


We have 

X=r-0, Z=l, P=-g, Q-^-p, 


and equations (45) are 
dx 

T 


il. 

P 


dz _ dp dq 

2 M ““ y "* T ’ 


from which we deduce the integrals 

y-Po-P-Po, 

using which in 

dz — 2pdx “ 2 — qdx -= 2~{x — ar^ + q^dx 
leads to the further integral 

J(«-a:o + 2o)’ 

which with the three above and 

l>o2o-«0» ■fo-9>(yo)» ffo-V'Cy#); 

give the general integral. The characteristics are parabolas in vertical 
planes, those through a point x^^y^^z^^ having the equations 

i>o(»-»»)-2o(y-ys)» + J>o2#-'s- 
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Consider the equation 

dz dz 

F = xy-pi^Q, 

X —y, r—a:, Z —0, P = —g, Q^-p^ 

dx dy dz dp dq 

q p ““ ipq y ~ X ' 


Multiplying by xy = pq, 

pdx - qdy - ^ = xdp ■= ydq, 

and integrating, 


X 

Xn 


)1 

Po' 


Vo 


3o’ 


:2pdx = 2 xdx. 


The characteristics are twisted curves. 

Multiplying together the two values of z •— since XqIJq =“jPo3o 
we obtain the complete integral 

(z - ZoY = (X* - X*) (y* - y*) 


and the general integral 

[«- 9iyo)V “ (^‘ - 4) (y* - y?) 

from which is to be eliminated. 

Cauchymethod may be extended!to equations in any number of 
independent variables. Suppose equation is 

(38') P(x,, X, • ■ • x„, ZypuPi • • -Pj “ 0 


where we make use of the extended notation, 


Pr 


cz y __ dj[_ 
dx/ 



z 


a_F 

c>z 


Then proceeding exactly as 
the equations 

dx^ dXf 


(45') 


Pi 


beibre we shall find corresponding to (45) 

(Ixn dz 

^ ~ d\l\ + d\Pt • • + ^nPn 


dp, 

^1 -^Pi^' 


dPn 


du, 


and the characteristics are defined as before by means of a continuous 
group of elements in the hyperspace. We shall need these character¬ 
istics in Chapter VI. 
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GHAPTEB IIL 


WAVE EQUATION. VIBRATIONS AND NORMAL FUNCTIONS. 

SB. Bator’s Bqaatton. Vhro# Tjpmm. 

The solution of equations of orders higher than the first is reduced 
to the study of particular equations — of these the equations of ma¬ 
thematical physics are the most important^ and will now be studied. They 
are linear and the simplest ones hare constant coefficients. 

The simplest equation in two independent rariables of order higher 
than the first is 


(1) 


2r*’‘z 


0 . 


Its general integral is easily found, 
liable^ 


( 2 ) 

then our equation is 

(3) 



a*. 

dar 


- 0 , 


whose solution is 


Introduce m an auxiliary ra- 


(4) M - A + ^1* + ■ • • + S 

where the are independent of a:, i. e., are arbitrary functions of y. 
Let 







A. 


dy" 


Integrating n times we obtain 

(5) - r, + Y,x + r,x*. •. + 


as a particular solution. Let 
then we have 


^ 


( 6 ) 

and therefore, since 


J. ^11 

ay"" ^y" ■^ay" 


whose integral is 


ay" 


oy" 


0 , 


(7) 


5 — Xj + X^y + Xjjf* • •' -f 




1 

j 


where the X’s are arbitrary functions of x. Consequently we hare for 
our general solution 

(8) ir - r, + r,® + r,®* + • • ■ + 

+ •Xo + + X,y* 4-1- 

Introducing m + w arbitrary functions. 
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d*t 
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(9) 


0 


dxdy 

has the general integral 

( 10 ) + 

A more general equation is that treated by Euler: 
where a, 6, c, are constants. 

Let us change the independent variables, by the linear transformation 


( 12 ) 


ax + 5 , yx + 6 y 


dx 
rz 
^' 


dz dz dll 

di ex dri dx 

dz dj j dz dri 

dy dn dy ' 


dz dz 

' «-5i + r 


es 

> dt 


Sv’ 


( 13 ) 


dx* 

d*z 


( 


d , a 


d 


dr\) 

d 


d2± 

dy* 

.dz 


[fit 


dn) 


so that the transfonned equation is 


( 14 ) 


( 0 «> + 2 ha(i + c^») 1 ^, + (oy* + 26 yd + cd*) 


+ 2 [aay + 6 (ad + /Jy) + c/ 3 d] — 0 . 


We may make the first two terms disappear by a suitable choice 
of a, fi, y, d. 

Put 

a ^ y ^ If ^ d -= Aj, 
where A, are the roots of the quadratic 

( 15 ) a+ 26 A + cA*« 0 . 

According as we have 

/r‘ — ac> 0 , roots real, 

( 16 ) ^ ac ^ 0 , roots equal, 

— acd 0 , roots imaginary, 


we characterize the differential equations as hyperbolic, parabolic, or 
elliptic. The importance of this classification will appear in Chapter VI. 
We have then 
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or since 



(18) 

If then 

(19) 


di drj 


ac + h', 

0, 9>(l) + I^'(1^). 


Accordingly we have 

( 20 ) e — q)(x + X^y) + il;{x + lty)- 

This is the case for the hyperbolic and elliptic equations. 

If ac * 6*, the roots A, are equal, and S “ Therefore we 
must proceed otherwise. 

In that case put 

a *» 1, /J — A, with y, d 


arbitrary. The third coefficient now becomes 

ay -f" &(d “|- yA) -f" cX6 (d -f- bA)y “f" (ft "f* cA)d *** 0, 


since 



b 


The second coefficient does not vanish, and we therefore have 

( 21 ) = 0 , 

(22) e -= g)(|) + 7?V'(I) “ tpix + Ay) + (yx + 6y) \l){x + Ay), 
the general integral of the parabolic differential equation. 


26. Equation of String. Waves. Thi^ method applies to the 
differential equation of a stretched string, Chap. 1,(116) or of plane waves 
of sound (without impressed forces) 


(23) 

Putting 

where 
we obtain 


(24) 


3’u 




dx* ' Q 

— a* =« 0, Aj «« a, A, — a, 


u «“ <p(x + dt) + ^{x — at). 


This solution was given by d’Alembert in 1747. 

Let us consider the meaning of the two terms separately. 

«i — I^'(i?)— !('(« —»0- 
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For each value of « has a definite value. If we represent the values 
of in terms of by a surface, we have, along the line ri^x — at»^ 
consLy Uj constant, so that the surface is a cylinder, with generators pa¬ 
rallel to the line a; «= a<, w 0, Pig. 34. 

To find the values of at any time ty pass a plane at a distance t 
from and parallel to the plane ^ 0. The section is the same as that 

by the plane ^ 0, moved a distance at io the right. 

Thus the initial form of the string is preserved, but travels to the 
right with velocity a in the form of a wave. The other term represents 
a wave travelling to the left with the same velocity. 

We have now to determine the arbitrary functions arising in the 
solution. Suppose that for a given instant we give the displacement of 




every particle of the string or of the air, and also its velocity. For in¬ 
stance, suppose for 

^ — 0; w — F(x)y 

w - «(">• 

and let us suppose that F and G are zero except between Xq < x < Xj 
This is a particular ease of Cauchy’s problem for the equation of 
the second order, in which we give along the support^) (Fig. 35), 

the value not only of u but also of the derivative the slope of the 

integral surface, so that we have not only a curve but a strip given, 
for the surface to coincide with. 

Then since for all t and x, 

u = (p{x + oO + 

(25) |« a[(p'ix + at) - f'ix - at)], 


1) The curve which “supports” the data in Cauchy's problem will be so 
called. 
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patting / — 0 we hare 

F(x) — ip{x) + i>{x) 
G(x)-a[fp'(x)-ii,'(x)]. 

Integrating with respect to x from the value x^, 

Z 

<jp(a:) - ^(.(*) - G{x)dx 


and from this and the value of 9 + ^ > 

X 

<pix)~\[F(x) + ^fGix)dx] 


(26) 


z 


for all values of x. Inserting the values x + at and x — at respectively 
we have 

x-^ at X —at 


u = } F{x + at) + F(x — at) + ^ J' G(x)dx — ~ J* (7 (x)tia:J 


(27) 


Xo 

X + at 


^ |^J’(x + at) + F(x - at) + ^ f G{x)dx^. 


We thus have an instance of Stokeses rule: The terms depending 
on the initial configuration are obtained from those depending on the 
initial velocity by differentiating according to the time and replacing 
the function giving the velocity by that giving the displacement. (The 
reason for this will appear later.) 

Suppose the string distorted and let go without velocity, then 
G{x) 0 and 

u = + ckt) + F{x — at)] 


or the two waves are alike, and each one has half the original displace¬ 
ment. On the other hand suppose the string is started from zero dis' 
placement with arbitrary velocities. 

F(x) - 0, 

and supposing 

G(x) 


Jl 

dx 


1 

2a 


{g(x + at) — gix — at)] 


so that in this case the two waves are opposite to each other. In the 
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gwoend case the displacement is dspeadeiit on botii the original vdo- 
city and displacement. 

From the symmetry of the diffsroitial equation with respect to % 
and ai, it is sTidmit that for any Taloe of « we might gire, say for 

*- 0 ; 

Thof we have two conditions for a point of time, or for a point of 
space, in either case mvolving two arbitrarj functions. 

27s Btriaff with TixmA Bate. The string or air has so far been 
supposed unlimited. Suppose we consider it to haTe an end at a point 
:r — Z, we may there impose conditions of a difierent kind. Suppose 
that the end is fixed, a — 0. Such a point is called a node. This is 
easily realised in the case of sound by bounding the air by a wall 
perpendicular to the :r-axis, as in a closed pipe. Then for 

*-.1, w-O, 



l+«l 

0 - ^(1 + at) + F{1 - at) + if 

l^at 

0 - aF\l + a£)- aJFQ - at) + a{l + ai) + G{1 - at). 

This is an ordinary differential equation in t connecting the functions 
F and G, and may be written 

aF\l + at) + G{1 + ai) - aF\l - at) - G{1 ~ at). 

One way in which this may be solved for all values of t is by F\l + at) 
being an even, G{1 + at) an odd function of t, (By an even function 




of X we mean one in which /*(- x) - f(x), by an odd function one in 
which x) — — f(x). The graph of an even function is mirrored in 
the y-axis, Fig. 36, that of an odd ftmction in the jf and the x*axes, 
Fig, 37. The cosine and sine are fiuniliar examples. Derivatives of 
even and odd functions are odd and even respectivriy.) 
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Suppose G{x) «« 0. Then if we carry the values of F(x) between 
0 and I to the plane x hj means of the cylindrical generators 
parallel to x^at, m = 0 , Fig, 38 ^ we get the values of F{l — at) from the 

wave going to the 
right. These must be 
counteracted by the 
values of the wave 
going to the left, which 
are found by carrying 
the negative values to 
the plane t^O by 
the generators of the 
other cylinder parallel 
to X ^ — aty so that 
F{l + x)=^-F{l-x). 
Thus the form of the 
curve is wtrrorerf about 
both axes at the point 
X so that a wave running towards a fixed point is reflected with 
its sign changed. Thus an echo is explained. At the end *» 0 we 
have a similar reflection. The wave due to initial velocity may be 
similarly dealt with. 

Accordingly the motion of a string with two fixed ends is com¬ 
posed of two waves continually travelling along it in opposite directions, 
the whole displacement being the resultant of the two waves and their 
reflections in the ends. 



The motion is accordingly periodic, for after either wave has been 
reflected at both ends, that is after travelling a distance 2 ly the string 
has resumed its original form, and the motion is repeated over and over 
again. 

Let us return to the air vibration. Since the dilatation s « 

ex 

satisfies the same equation as u, 


(28) 


dt* 


dx^ 


(29) s = (*^ + 

and is likewise propagated in waves. At a wall normal to the direction 
of propagation, we have « 0, but not s « 0, 

(p{x + at) 4- — at) 

^ at) - {x - at) 

— fp\x + at) + M>{x — at) — s. 
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Comparing with (29) 

If a; » {is a node, u » 0, 

<p(l + a^) = — ii;(l — at) 

(30) (p'{l + at) «« ii/{l — at) 

x{l + at) (o(l — at) for all values of so that 
X{1 + x)^ (o{l — x). 

Consequently the dilatation is reflected, without change of sign. This 
is what happens at a closed end of an organ-pipe. Consequently the 
change in pressure at a node is doubled. At an open end, on the con¬ 
trary, the condition is, since p = jp^, s « 0, so that there the dilatation 
s is reflected with sign changed, that is, as a compression, while the 
displacement is reflected without change of sign. 

In the case of the telegraphist’s equation, if we put the resistance 
U = 0, we have the same equation as for the string. If we have a pair 
of parallel wires, or a single wire such as a 'wireless’ antenna, with a 
break in the circuit at the end, then the current 7, is zero and is 
reflected with change of sign. On the contrary, if the circuit of parallel 
wires is closed, the potential difierence F, is zero, and V is reflected 
with change in sign. In the first case, V is reflected without, and in 
the second I without change of sign. 

Suppose we consider such a motion that at any point x we have u 
a periodic function of the time 

u(t + T)^u{t). 

Such a motion will be given by 

± {^iiher function) 


the period being given by 

(31) kaT^2x, T^ll, 


but any multiple of a period is also a period, therefore whatever intcfger n 
may be, terms like 


C08 

sin 


nK{x ±at) 


whose period is ~, have also the period T. 

Thus a periodic solution in t will be given by 


(32) M COB nk{x + at) + jB, sin nk\x + at) 

* = > -f- (7, cos nk(x — at) sin nk{x — o<) 1. 

if the series is conrergent. 
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Suppose we have nodes at a: •-> 0, x^l. Then putting a: 0, 

nmm 

^+ CJ cos nkat + — PJ sin nkat)^ 0 . 

n ol 

Now it will be shown later that if such a series vanishes identically the 
coefficient of the sine or cosine of every multiple of t must vanish. 
Therefore 

C, — — A^, P, — P„, n — 1 , 2, 3 ... 
and ... 

M —{^,(co 8 nk{x + at) — cos nk{x — at)) 

n a 1 

(33) + nk(x + at) -f sin nk{x — at ))} 

w «eo 

=« 2^ {— A^ sin nkat + P, cos nkat } sin nkx. 

n = 1 

Since a: —> i! is a node, we must have 


(34) ^ sin nkat + cos nkat] sin nkl ^0. 


As before we must have the coefficients of each term vanish, therefore 
either the A^s and B^s vanish, or 

(35) sinnkl^O. 


This is a transcendental equation to determine k, and its roots are 
given by 


nkl 


inn 


where m is any integer. 

(36) nk^'^, 



11 

ma 


Putting m 1 we obtain the longest period of the vibration, which is 
thus twice the length of the string or pipe divided by the velocity of 
sound, or of the transverse motion of the string. 

The term 


sin mn 
cos I 


(x ± 


is periodic not only in t but in Xj so that when we increase x by the 
amount X given by 

mnl ck 

the ordinates are repeated. The length 

(87) ■!. - S 

is called the wave-length of this vibration, and it is equal to the die- 
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tance travelled by the wave daring the time T^. Thus the longest 
wave-length of a possible vibration is given by X ^ 21. 

The term 

(38) sin - j cos -j - + If„ sm —j—] 

has nodes at , «, , 


or divides the string into m ventral segments. The extreme positions of 
the string are shown in Fig. 39. Its period and wavelength are of 

those of the slowest vibration, or fundamental^ and its frequency m times 
as great. These various vibrations are called the 
harmonics^ or overtones of the fundamental. The 
existence of music thus depends on the equation 
(35). i bus the most general motion of a 
string consists of the resultant of an infinite 
number of harmonics. 

m = « 

/onN • “ninx ( . mnat , 7. . mnnt\ 

(39) y=^sin - -j—+ ]• 

m ss 1 

The method of building up from particular 
solutions is due to Daniel Bernoulli, 1775. 

In order that the string may take a given form u * f{x) when 
t 0^ we must take an infinite series of terms like the above, and 
putting t = 0 

(40) f{x) = V Bin ^ • 

m ~ I 

Thus we are brought into contact with the question of development of 
functions in trigonometric series. 



28. Theory of Small Yibratioiui. Before proceeding with the 
question of trigonometric series let us consider another way of looking 
at the matter of vibrations of a string. To that end we shall consider 
the small vibrations of any system, after the method of Lagrange (see 
chapter 1,11). 

Suppose a system is defined by n paj-ameters Its 

kinetic energy will be a quadratic function of their time-derivatives 

iv - inf 


r « » #a= n 




rwl 


(41) 
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where the a’s are functions of the coordinates q alone. The potential 
energy will depend only on the and developing by Taylor’s theorem 


(42) W-W, +2 fS 2 J-felS, 


+ • 


where Wq is the value when all the q's are zero. The forces acting are 
obtained by differentiation of W, so that 

air 

dqr 

Suppose that there is a configuration of equilibrium, for which every 
then TF is a minimum, and every 0, if we take this 

as the zero configuroption Thus, neglecting the constant TFq, which 
does not affect the motion, W begins with a quadratic function of the 
g s. If the motion is small enough, we may neglect the terms of higher 
orders — we shall accordingly put W a homogeneous quadratic 
function of the g’s, with constant coefficients. 



(44) 


TT. 


5 j 




Developing the functions a^, in series, the term 


Or.2r?. 


5r [ttr 


V, 


t = 1 




and since the q's are small together with the g’s, we may neglect all but 
the term of lowest order, so that we may consider the a’s as constants. 
We thus have the two quadratic functions or forms. 


(45) 


r n * sc « 


r =s 1 *=; 1 

r ss n « -= n 

2^rAr<l. 


both of which are positive for all values of their variables, and from 
which we are to form the differential equations of motion. 


(46) 


with 


dT 

Zir' 


0 and 


rfp, _dT p _ dW 
dt dir’ 


Pr” 


(47') 


d T f 

^ “Orl9j + * * • + 
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In the case of a single coordinate we hare 

T^\aq^\ W^\cq\ 

(48) p^aq\ p^^cq, 

d^q 

where a is the inertia, and c the coefficient of stiffness that is the force 
of restitution per unit of displacement. Thus in general we may call 
the a*s coefficients of inertia, the c’s coefficients of stiffness. 

The integral of the equation is found by putting 

(49) q =« q' —= 

and inserting in the differential equation 

arn} + c =* 0, 

(50) 


Now 


m == ± t 

• V"' 

p ro. 




and e 


r‘V- 

' a 


being particular solutions, so are their sum and difference, multiplied 
by any constant, or 

cos]/j.<, sm]/|.<. 

We therefore have the general solution 


(51) 




q ^ A cos 

« C cos “ • t — ccj, 6^ =» YA^ + a = tan~ ^ ^ , 

which represents a harmonic vibration of period 
(52) 

and frequency 
(63) 


1 , 

T 




but of arbitrary amplitude C, and phase oc. 

If the motion in the last case is resisted by a force proportional 
to Idle Telocity, 

(64) 



86 ni. WAVE EQUATION. VIBRATIONS AND NORMAL FUNCTIONS 
the equation for m is 

(55) aw* + xm -f ^ 0, 


la — r 4 a* a 


If x*<4ac, the radicand is negative, and both roots are complex, say 
w *-• /i dz ir. 

Then the solution is 


q = Cc“ 2 a cos 




denoting a harmonic oscillation with logarithmic decrement. 

Return now to the general problem. We have the linear differential 
equations with constant coefficients 

(57) +®r* + • -t- -f Criil +frs9J^-—0, 


for r — 1, 2,. . . M. 
Let us put 

(58) 


q, == A^e”“, 


m being the same for all the q's, and substituting, dividing by e™', 
+ c„) + + c„) + • • • + ^,(»n*Oi, + Cj J - 0, 

A + c*i) + + C„) + • • • + ^,(»»*as„ + C,J - 0, 

(59). 


A + C„i) + A + C,s) + ■ • • + J 0. 

These are linear equations in the .^’s, and in order that they shall 
hold their determinant must vanish, namely 

w^Uii + Ci,, ... j»»a,, + ci„ -0. 

(60) . 


+CnU ■■■ + I 

This is Lagrange's determinantal equation for w. It is of degree n 
in w* Thus we have the roots w =«* ± Wj, Wg, . . . w^. 

We have to prove that every root is a pure imaginary. After the 
roots are found, substituting a root, say w,., in the linear equations (59) 
we get a set of values for the ratios of the A's. Call them 

For — we get the same ratios in the -4’s as for w^. 
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Substituting different roots we get n different sets of ratios. The 
genend solution is the sum of the particular solutions 

e"*' + -+ .d'"’ e”.', 

(61) 3 , - + ... + viy” e”»‘, 


It is to be observed that it is the ratios of the A*b in the same column 
that are determined, those in the same row being arbitrary. 

If we multiply our equations (59), having substituted respect^ 
ively by 

^ Ain j(n Ain 

AX-y , ./X 2 , . . . , 

and add, we obtain 

«sct|f=|| «=^n<3Sl| 

(62) 2 +2 - 0. 

#=-1 


jLj 

si < * 1 


But the term multiplying and the one independent of it are respect¬ 
ively what we get if we substitute for the variables i, in r, 3 , in W, 
the values say and WA^^'l 


Thus 

(63) 


•m. 


X^irf 


But the functions T and W are from their physical properties 
essentially positive, whatever the values of the variables. 

Therefore every is negative, and all the roots are purely 
imaginary. If we put mr ^ — ly 

(64) ~ « iv^ — iVK} 

we may then substitute trigonometric for exponential solutions, putting, 
with other constants, a, a, 

(65) cos {v^ ^ — a^) -f af cos(v^t — a,) H-h cos(i/„<~-aj. 


where 


We see that this is possible, since for the solution 

we may substitute cosvj or sinv,^, multiplied by constants, 

. 4 ?’COB vj + jBr^sin vj, 

that it the S’s satisfy the same equations (59) as the A’b. 

Then 

3 i — + 5*1 ’ siixvyt + .4j*’ cost's^ + sinv,f -|- 

(66) g,. A!^^ QOBv^i -f sinvi^ + A^^^ cosi/j^ + sinvj^ 4- 
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It is to be noticed that the ratios of A’b and B’s in any column, or the 
relative amplitudes and phases of the harmonic terms of different ^’s 
of the same period are determined by the nature of the system, whereas 
the relative amplitudes of the terms of different period in a single co¬ 
ordinate are arbitrary. To determine the .d’s and JB>s suppose we have 
the initial values of the g’s given, = g,, = h. 

Then 




Thus the sums of in a row, and the ratios of those in a column 
being given, all are determined. 

29. Normal Coordinates. There is one set of coordinates of 
peculiar importance. Suppose we make a linear transformation with 
constant coefficients, 

?S «21 V'l + «22^2 -r • • • + ^ 

( 68 ) . 


“ "nlV'l + «ii2^2 H-+ 

of such a nature that the two functions T and W are simultaneously 
transformed to sums of squares. It may be shown by algebra that this 
may be done in om way (see Chapter IX). 

( 69 ') ^ + • • • + 0 , 0 > 

^=“ + CfXi)\ + • • • + 

Then our equations (57) are 

(70) 

(71) cos — «,) • 

In other words each coordinate peiibrms a harmonic vibration inde¬ 
pendent of the others, with its own period. The ^’s are called normal 
coordinates, and the ^'s being linear functions of the V^’s perform com¬ 
pound harmonic vibrations (65). A normal vibration is one where all 
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but one are zero. The effect of this on the g*s is, if every ^ vanishes 
except to make 

(72) g, = g, = 

that is, in a normal vibration all the coordinates keep time, being in 
constant ratios with one another throughout the motion, as the solutions 
(65) reduce to a single column. Thus the general solution is the resul¬ 
tant of n normal vibrations. The normal coordinates have the property 
that the energy of any vibration is the sum of the energies of the separate 
normal vibrations, that is the mutual energies vanish. 

(73) T + = |(c,af + CgO* + - h 


30. Inverse Method. It will be advantageous for certain pur¬ 
poses to modify our treatment of equations (57). We have the equa¬ 
tions for the force acting upon any particle in terms of the displace¬ 
ments of all the particles, 


(74) 


J = /I 



Jt= 1 


Let us solve these equations of the in terms of the P’s and let 
the solutions be 

tssiH 

(75) = 

(-1 


As we have called the coefficients coefficients of stiffness so we 
may call the coefficients (7^, coefficient of yielding or of influence. Any 
coefficient C,., is the displacement a coordinate will take when acted 
upon by an external force of amount unity, applied to another coor¬ 
dinate q^. Since we have it is evident that we have 

so that we get the theorem due to Maxwell that a force applied to one 
coordinate produces a displacement in a second equal to the displacement 
produced in the first by the application of the same force to the second. 

Since by Euler’s theorem on homogeneous functions, or from (74) 


W 




using To) we have 


r — n .V ~ n 




r—n 



r= 1 


This last equation expresses Castigliano’s theorem. 
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If we substitute in (74) the values of from (75) we obtain an 
identity, and by comparing the coefficients on both sides, we obtain the 
relations 


(76) 




0,rJrt, 
1, r - 


or 


rsB n 

r = l 


0, S + < , 
1, S ^ tj 


which are well known relations concerning the minors of a determinant. 
If we now substitute for in (75) its value from the dynamical 

equation, that is, if we multiply the /th equation (59) by the constant 
and sum for all values of r we obtain in virtue of the identities (76), 
the equations 


rsn tfssn 


av + cJA, ^ m‘^2!Cr.ar.A + A-0 


r =51 * = 1 


If we put 

rscn 


(78) 

r - t 

»W* = — A , 

we finally have the equations 


(1- 

— X — 


(79) 

+ (1 - 

...-XK,,A„^0 

with the determinant 


(i(A)- 

1 1 • • 




— XK^^ , 

(80) 


1 

. . . . i 
■ ‘-■‘JT..! 


As the equations (79) are equivalent to the equations (59), it is 
evident that the determinants 1)(A) and d(A) differ only by a constant 
factor, and consequently have the same roots in X. The determinant 
d(X) is simpler for computation. 

If the coordinates are normal, we have 


(81) 


— 0, r + s, 



and both determinants reduce to their diagonal columns, so that 


2)(Ir) AOji + Cii)(— Xa22 + C 22 ) • • • (— 


( 82 ) 
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whose roots are 


91 


and we see that both have the same roots^ which are directly visible, 
those for the different normal coordinates separating from each other. 

81. Tibration of String of Beads. Let us now consider, after 
Lagrange, the motion of a massless string on which are fastened a number 
of massive equal and equidistant beads. Let their number be n and 
the mass of each m, and 
let the length of the 
string be L Let the ends 
be fastened, and the 
distance of each bead from 
the next or from an end 

be a » {/(n -f !)• Let the lateral displacements, all in the same plane, 
be y, ... y,. 

Then 

(83) 2’“|(y;‘ + y;* + --+y;*)- 

The displacements being so small that the tension may be consi¬ 
dered constant, say t, the force on any particle r is, resolving parallel 
tory, Fig. 40, 





_ -- 

yr 





a 

a 



V r — Vr-l 
a 




(84) .(■ 
from which 

(85) ir»2^(yf + (ys-y0* + (y, 


dW 

dVr' 


+ --- + yn- 


We neglect the action of gravity. 

We accordingly have the equations of motion 




( 86 ) 


m 


d*y. 


+ ^'ys-yi + ys-ys) 


0 , 

-0 


It* + 5(y« -y«-i y« -0) - 0. 

Now putting we obtain 

_ + [_ 4 i ^ - 0 


(87) 
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or dividiog tliroagh by - aad patting 2 — ma- C, 


( 88 ) 

The determinantal equation is 
(89) 


CA,—J, + 0-- 
— + OAg — - 4 ^ + 0 + • • • 

0 — + CA^ — ^4 + 0 + 


0 , 

Oy 

0, 



C, 

-1, 

0, 

0, 

0 


-1, 

C, 

-1, 

0, 

0 


0, 

-1, 

C, 

-1, 

0 


0, 

0, 

-1, 

C, 

-1 


n rows 


But expanding in terms of first minors 

If we put non 

^ (7 — 2 cos 0, 

the equation will be satisfied by 

c sin (w + 1)®- 

For^ the c dividing out, 

sin (n + 1) 0 *= 2 cos $ sin nd — sin (n — 1)0, 
To find c put w 1, 

7^ n o n SID 2 0 

2)j =B C ** 2 cos 0 **** - 7 1 - TT » C 


Thus 

(90) 


D. 


sin0 ^ 

sin (n 4 - 1)6 
sin 6 ’ 


sin 6 


and if this is to vanish we must have 

(n + 1)0 »= 53r, s 1, 2, 3 ... n, 


giving 

(91) 


2 — ma - 

X 


2 cos 0 « 2 cos 


n-f i ' 



A,cos-?*-,) 
* * ma \ n+1/ 

. 21/^ sin - 
V ma n 


+1 2 

Thus we obtain n different frequencies, varying 
as the ordinates of points dividing a quadrant into 
n + 1 parts, Fig. 41. 

We may reach the same result by observing 
that the linear equations for the As, 


(92) 




Fig. 41. 




(93) 
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are satisfied by 

-4, *» P sin sfl with P constant, since 
— sin (r — 1)6 + 2 cos 0 sin rO — sin (r + 1)0 «*- 0. 
Accordingly let us substitute in the differential equation 

(94) - ^ - 0, 

the solution 

(95) t/f. « Psinrflcos(i/^ — a). 

Every term will contain the same cosine, so that dividing out, 

(96) — 8in(r — 1)0 + 2^1 —^^|^^sinr0 — sin(r + 1)0 »■ 0, 
which is an identity if 

(97) 
giving 


as before. 


may* 

Tr 

2r 

ma 


l-^r=C 08 d, 
-(1 — COB0), 


If we put for 0,’ 




w 4“ 1 ^ 


?t/ 

r ma 


sin- 


sn 


(98) 


2(n -I- 1) 

t - n 

sin;^ cos {v,t - a,). 


■ 

# a 

If X is the distance of the r’th particle from the end of the string, 

rl 


x^ra 


from which 

so that 
(99) 


V+i)’ 


n + 1 


X 


yW = 2 -P,8‘“-t-cos(v,< - a,). 


4=1 


32, Oontinuons String. Bayleigh’s Principle. We shall now 
show that, according to the principle known by the name of Lord Ray¬ 
leigh, all the properties here enumerated for discrete systems, particu¬ 
larly the properties of normal coordinates, persist when we allow n to 
increase without limit, so that we have a continuous distribution of 
mass, in this case the continuous string with which we began the chapter. 
The mass is distributed so that, q being the line-density, 


( 100 ) 


(»+!)' 


ma 


po* 


9l' 

(«■+1')” 


m «= pa 
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and introducing this into the value of v, 

( 101 ) 

As n increases without limit y preserves its form^ while v^, approaches 
the limit 



( 102 ) 



We have therefore for the continuous stringy 
(103) y - ^P,am^ cos • - «.)' 


which is the form already found, (39). 

The frequencies of the various components are now all integral 
multiples of the lowest. In order to show how nearly this is the case 
for finite values of n, we may compare, after Lord Rayleigh, the values 

of with unity. 

n 1 2 3 4 9 19 39 

N -9003 -9549 -9745 -9836 9969 -9990 -9997 


This gives the ratios of the fundamental, s 1, and we see that 
the approach to unity is very rapid. 

The differential equations 


( 86 ) 


m d'yr , 

1 

T 

t 

1 

J 

Vr^l — Vr 

a dt* 

' a\ a 

a 



become in the limit, replacing a by dx, since the difference of differ¬ 
ences becomes a second derivative. 


(104) 




dx' 


0 , 


which is the same as (23). 

The kinetic energy, instead of a sum, becomes the definite integral, 


(105) 



The potential energy also becomes the integral, 


(106) 


W- 


1) Since lim ** 1. 
« «0 



dx, 


X 
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and instead of Lagrange’s equations we use Hamilton s priciple, 


(107) 




dy d$y 
^ dt dt 


d^y 
^ dx dx 



Integrating the first term partially by the time^ and the second by 



Now since Sy vanishes at and and since the ends of the string are 
fixed, dy «— 0 at the limits, so that both single integrals vanish. 
Consequently, we must have 


(104) 


c*y d*y 


-0. 


{We first obtained the force on each particle in terms of the displace¬ 
ment of all the particles.} 

The inverse method^ § 30, which consists in making the applied 
forces rather than the displacements the main subject of attention, is 
convenient in the case of the string of 
beads, and enables us to pass to the limit 
in a different manner If we apply a force 
to a point whose coordinate is ra, 
the string is displaced into a broken 
line, Fig. 42, and resolving the two 
tensions we find 

_1 

■rjaj 




Pr 

^ - 1 


* / 1 

-- (n-hija — 



(109) 


L ra 


in + l- 


Fig. 48. 

t n -f 1 
o’ r(n4-1 —7)^''’ 


from which we find for the point x $a, 

(110) y, - ~y^ if s < r; y, - if s > r, 


so that the coefficient of influence is 


( 111 ) G, 


11. 

Pr 


as(n + 1 — r) „ --- 


or(n +1 — *) 


s>r. 


Using these Takes we obtain for the equations (75) (P, is now chan¬ 
ged in sign), 
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»* "tI^T) • « Pi + 2(«- l)i’.+2(n-2)P,+-+2.1PJ 
y,-;^){3-nP, + 3(n-l)P,+3(n-2)P,+.-+3.1P.} 


+21P, +31P,+ -+nlPJ 

Since we have 

(113) T = = ni, a„ = 0, r + s, K, - mC„, 


we see that putting 


(114) K, 


mas{n 1 — r) 


r(n + 1) 


S<r; K^, 
maX 


mar(n + 1 — «) 
r(n + 1) ^ 


s > r, 


we have the determinant, {corresponding to (80)}, 


dil) = 

1 - 1 • mZ, 

— l(n- 

-1)J, - 

l(w - 

-2)1, 

... - 1 

1 

■1 


~2nl, 

1 — 2 (w - 

-1)1, - 

2(n- 

■2)1, 

..-2- 

1 

1 

(115) 

- inly 

— .3(n— 

-1)1, 1- 

3(n- 

-2)1, 

..-3 

1 

■1 


-111, 

-2-1 

■h - 

31 

■ 1 , .. 

1 — n ■ 

1 

1 


We may use this determinant for computation instead of D and 
shall obtain for n =« 1, 2, 3,... the values already found. 

The equations (79) are now 

«=gn 

(77) A^^X^K„A„ r-l,2...n, 

« = 1 


with the values of in (114). These equations take the place of (87). 
Now letting n increase without limit, putting 

I, I - so, A^ - (p{x), A, =- 9 )(g), 


ra. 


K,. 


m x(Z — i) gdi 


I 


i 








( 116 ) 


K{x,i) 
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Then passing to the limit; our linear equation (79) becomes 


97 


(117) 




which is called a homogeneous integral equation; to determine the un¬ 
known function q>. This has only the solution (p ^ 0 unless h is one of 
the characteristic numbers obtained from the roots of the determinantal 
equation 

limrf(A) = 0 or D(A) 0, 

n ss 00 

that is sin » 0 in which case the integral equation has as a solution 
the corresponding normal function; (p{x), representing a normal 
vibration or standing wave. {It will be seen that total motion of the 
string may be represented in the form y product 

n rn 

term being an independent coordinate of the function y. (See § 29).} 

33. Determination of Coefflciente. Fonrier’e Series. Let 

us now determine the 2n arbitrary constants P,, a,, (103), in the case 
of n finite. Let the initial values of y^. be denoted by 
Put 


Then 


(118) 


B, =* P.cosa.. 


A TD ’ . ^TtOr . -jn ¥l7t0l 

j/J Pj Sin -j- + ^2 sin H-+ sm y “» 

y« — Pj sin+ P, sm ^ -j-1- P,sin , 


2nxa 


yj == Pj sin—+ Pj sin ^ ^-1- 


P.sin- 


2sna 


To find i?,; multiply the first by sin -|“, the second by sin - and so 
on, and add. Put for brevity ^ ^ • 

The equations (118) are then 

t^n 

y'i.’^'^B.svatre, 


< = 1 


(119) 
from which 

rssn rag II t —n 

( 120 ) ^yjginrsfi =» ^ ^^BfSinrsfisinrfff. 


Now 


sinasinb — |[cos(a — b) — cos(a + 6)]. 
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Hence the coefficient of is 

( 121 ) |[cos(s — t)B + COB 2 (s — H h cos n{s - t)0] 

— |[co 8 (s + t)6 + cos 2{s + 4- • • • + cos n(s + t)S ]. 

We have therefore to sum two series of the form 

( 122 ) S =« cos tp + cos 2 g? + • • • + cos mp. 

Multiplying by 2 cos 

28 cos q> »» 2 (cos tp cos <p + cos 2 g) cos + • • * cos ng> cos 9 ) 

transforming which by means of the formula, 

2 cos a cos b ^ cos(a -- 6 ) + cos (a + 6 ), 

gives 

28 cos 9 -* 1 + COS 9 + cos 2 (p + * • • + cos(n — 1)9 

+ cos 29 + cos 89 + cos (n — 1)9 -f cos ntp '-f- cos {n + 1 ) 9 , 

25 cos 9 ■* 1 + <S — COS W 9 + /S -f cos (n -f 1)9 — cos 9 . 


Solving for 5, 

25(1 — cos 9) . (1 — cos 9) + cos nq) — cos(n + 1 ) 9 , 


(123) 


S 


-i+- 


siB(2n -f- 1) 


2 8m? 


2 " 


Accordingly the coefficient of is the difference 8 ^ — 82 , where 




sin (2n+ 1) (* —«) g 

_ ^ 

2 sin {s — t)- 


l n-t-1' 


sin (2n+!)(« + *)- 

- 1 , 

2sin(* + t)Y \ -r > 

The value 0:0 cannot occur, on account of the limits for s and t Put 

where h is an integer, 

sin {hn — rr— 

S, — — ^ H- - - ^ - - — — 1 + COS h«) . 

This is 0 or — 1, as h is odd, of even. But s + ^ and s — ^ are of the 
same parity, therefore 


iS,-S,-0, if s + 
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If s —< 

(Sj — cos 0 -f- cos 2 • 0 + • • • + cos n • 0 — n, 

5,-1 

5i — 5, n + 1. 

Thus we have finally, since terms in (120) vanish except where s — < 

(125) 

r=: 1 

If now n increases without limit, putting ra =* x, yj =« 

SSROO 

(126) 

S-1 

and putting for a, ^ 

I 

(127) B, ~ f(_x) sin ~ dx. 


This IS the form for the coefficients of Fourier’s trigonometric 
series (as far as sine terms go). 

Let us now approach the problem of the motion of a continuous 
string in a slightly diflferent manner from that thus far employed. Let 
us seek the condition for a so-called standing wave, or one in which 
the displacement, y, is a function of x multiplied by a function of the 
time. A so called standing wave may be described as one whose form 
remains unchanged but whose magnitude changes with the time. That 
is, let us seek a particular solution of the equation 


(23) 

of the form 


d'y 


dly 

dx*’ 


(128) 


y ^ y>{t)fp{x). 


Substituting in the diflFerential equation, we obtain 

(129) *l>''{t)<p{x) = or ^ =- ■ 

On one side we have a function of t alone, on the other one of x alone. 
These cannot be equal for all independent values of t and x, unless 
each side is constant. Put therefore the common value equal to — m\ 
so that 

(130) g + 

(ISC') + k^<p - 0, where .t - 
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Thus our partial differential equation breaks up into two ordinary 
differential equations i 130) whose solutions are 

^ -4 cos m/ + JB sin mt, 

^ ^ = C cos kx + D sin kx. 

Accordingly 

(132) y ^ {A cos mt + B sin mt) (C cos kx + D sin kx) 

is a particular solution, where Ay B, C, 2), are arbitrary constants. The 
admissible values of m are determined by the terminal conditions. If 
X ^ Oy X ^ I are to be nodes, we must have 

(133) C=0, amU==U, kl = sar, s = 1,3 • • • 

Thus 

(134) y =^\A cos ~y- + B sm - ^ j sin -- 

is a solution representing a standing wave. A sum of such solutions 
is a solution, {not representing a standing wave since the space and 
time functions do not separate), therefore 

£SOB 

>1 • x> • snat\ . snx 

(13o) y —^ cos -J- + By sm - j- j sin - , 

1=1 


if a convergent series, is a solution. For ^ 0, let 

“ “ It ” 


that is 
(136) 


F{x) 




S7tX 

1 “^ 


G{x) 


san . 

* > jB, —sm 




snx 


We thus again reach the problem of developing an arbitrary 
function in a series advancing by sines of integral multiples of a 

variable 

Let us consider the question of the development in a series of 
both sines and cosines of such multiples. Suppose (calling the variable 
X for simplicity), 

(137) f{x) =« cos a: + -4, cos 2x + • • + -4, cos sa? H- 

+ sin X + B^ sin 2x + ’•• + By sm sx ^ — • 

Proceeding as in the case of the finite series, let us multiply by 
cos sx and (instead of summing), integrate between x ^ — x and x^n. 
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+ 


Now we haye 


(139) 


The series can be integrated only if uniformly convergent, as shown in 
Appendix. If it is such, 

It It f ^ ^ 71 

(138) ^f{x) cos sxix = 2 AqJ* cos sxdx + ^,A^J cos rx cos sx dx 

— 71 —7t 

rr=« ^ 

X/ I sxdx . 

J *cos rx cos sxdx ^ Oy r + s, 

- 7t 

/ r + s, 
cos rx sill sxdx = 0, 

r = s, 

- 71 

It 

ra; sin sa; da; **= 0, r + ? 

— 71 

71 n It 

J*cos^rxdx^ I sin^ rxdx =- 3t, r + 0, ^dx^2%, 

- 7t - 7t 

In virtue of these equalities, all the terms except the one in -4, 
disappear, and we have accordingly 

71 

(140) -4, *= f{x) cos sxdx . 

- 7t 

In like manner multiplying by sin sx^ we obtain the coefficient 

71 

/• 

(141) f{x) sin sxdx, 

—^7t 

as before (127). The integrals and are called the Fourier con¬ 
stants for the function f{ 3 ^. (Instead of the limits — ;r, ;r we may take 
0 , 2 «.) 

Every term in the series is 
periodic with the period 2 it, 
consequently the whole series 
is periodic with the same period, ^ 
and if a function is represented 
by the dotted line in Fig. 43, the 
series instead of agreeing with the function, outside of the interval 
stated, repeats itself according to the full line in the figure rather 
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than the dotted. We consequently find the very interesting phenomenon 
of two functions which agree in a certain portion of a continuous 
range^ but totally disagree in the remaining portion. 

The integral relations of (139) are not accidental. We may find 
them from the properties of normal coordinates. A normal coordinate 
was one which appeared in the differential equation containing the 
time unaccompanied by other coordinates. If we put 

(128) y--- 

where 

(130) + wV =■ 0, 


is a normal coordinate, and we may take either sinm^ or cos mt. 
Substituting in the differential equation we obtained 


(ISC') 


0 + 1-9. - 0. 


The functions sinZa;, coakx which now take the place of the arbitrary 
constants in the problem of n degrees ol freedom, are called normal 
functions. We have then the question of developing a function of x in 
a series of normal functions. Thus 


(142) 

where 


y — H- 

. STt s 

q?, =“ D, sm ^ x cos —x. 


Now the other property of normal coordinates is that no product 
terms occur in the energy functions. But 


(143) 



r —00 I r-oor=soo I 

r=l 0 ralfsl 0 


Consequently we must have 
; 

(144) jp^q)^dx « 0 when r + 5* 

0 


This is the fundamental property of normal functions. Functions hav¬ 
ing it are said to be orthogondl to each other, for the reason that, since 
two vectors A, B are orthogonal if their scalar product vanishes, 

+ AyJBy + -4,13, « 0. 

If we consider two n dimensional vectors 
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they are orthogonal if 

=* 0 . 

Making n increase without limit, the scalar product becomes the defi¬ 
nite integral 

Ja{x) B{x)dx. 

If we compare with the formulae (31) of Chapter I we see that 
the set of mutually orthogonal functions are analogous to the direction 
cosines of a vector. They will be completely so if in addition they sa¬ 
tisfy equations corresponding to (30), that is if 

(145) ftpldx^l. 

b 

Since the properties of the normal functions are unaltered if they are 
multiplied by arbitrary constants, this may always be brought about. 
The functions 9 ^ are then said to be normalized. 

{The convenience of this will appear later.} 

We may now sum up the result of the limiting process of Ray- 
leigh^s Principle. Instead of the n ordinary differential equations of mo¬ 
tion, we have a single partial differential equation. Instead of the alge¬ 
braic equation for the frequencies D(l) = 0 , with n roots, we have the 
transcendental equation (35), with an infinite number of roots. The nor¬ 
mal coordinates are multiplied not by constants but by normal 
functions 9 ^ of the space variable x, and in a normal vibration the space 
factor is a normal function. There is one normal function correspon¬ 
ding to each characteristic number or root of the equation (35). 
The energy functions become, in the normal coordinates, sums of squares 
of an infinite number of variables. We shall find that the transforma¬ 
tion of a quadratic form intc normal coordinates is of fundamental 
importance for the theory of developments in infinite series, used in 
connection with partial differential equations in general. We shall see 
in the next section that the normal functions may be defined as solu¬ 
tions of the integral equation (117). The question of the validity of the 
passage to the limit involved in Rayleighs principle, which has been 
settled by Hilbert, may be left until Chapter IX. The question of the 
convergence of Fourier^s series will be treated in Chapter IV. 

Suppose that we wish a development of f(x) valid in a different 
interval. We may obtain this by a change of variable. Put 





and develop 
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by the preceding method, in sines and cosines of multiples of x'l 


« soo 


(146) 

A®)--JA+2 (^,co8 *-^ 

, T> • snx\ 

+ 5.sm-Yj, 

where 

n 

1 

(147) 

->/r - i 

j f{x) cos 


B,-~Jfix)^m^f-dx. 


-1 


As an illustration let us consider the problem of a string plucked 
at a point a: = S, so that there y ^ b, and then let go. Then we have 

/■(*) = Y from 0<x<l, 


fix) %<x<l. 

Since the ends are nodes, we have only sines, and since on the left of 
the origin we may extend f{x) by an odd function, we may integrate 
from 0 to I and multiply by two. Thus 

5 i 

(148) S', - Y [TjA + g -~lj~ ■ 


Integrating by parts, 
26 r 




l snx 

-. X cos -y- 

SJrJ I 


+ 


snx , 
cos -j-dx 


(149) 


I 


l(x — 1) snx 

-V COS -y- 


+ 




/ snxj 1 
cos-j-dxj. 


The integrated terms vanish at a? — 0, and x *= i respectively, and can¬ 
cel each other at x — while the integrals give 


Br 


2b 


(150) 


. sni 


r. 


****(g- 


. SjrJ" 


. sni 

2br 


(151) 


Accordingly we have for the initial form of the string 

S^to 

261 * 


fix) 


which is symmetrical in x and 


1 sni . snx 

^^sm-j^sm—, 
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For the subsequent motion we have 


(152) 


2 &Z* 1 . . STtx snat 


I 


I 


I 


We see that the amplitude of the harmonics falls off very rapidly 
as the order increases, being of the order All the amplitudes increase 
as the plucked point is nearer an end of the string. Any particular har¬ 
monic vanishes if sin-y =* 0, that is, if the plucked point is a node 
for that harmonic. This was first stated by Thomas Young. 

As a contrast to this problem, let us consider the case of a string 
initially straight, and struck at a certain point, or in a short region, 
in such a way as to receive there a constant velocity, while elsewhere 
the velocity is zero. Such would be the case in a string struck by a 
perfectly hard hammer. Let it extend from S — £ to S + ^, and impart 
a velocity v. Then if y = 0 for Z = 0, 


(153) 


S = 00 

-n • STTjr. . snat 

^ sin- 

4 5 = 00 


I 


/ ^y\ T) 

4 = 1 


and we are to determine B^ so that 
/ieA\ T> 2 / . snx 

(154) B,-^~ = jJvsi 


, iv sni sne 

Sin —ax = — sin—sin- - 7 — 

l sn I I 


Consequently we have 
(155) y 


4 = OP 

4vZ 1 

-2 7a 

4 = 1 


sn^ , sns . snx snat 
y sin— Sin —^ sin ^ . 


We see that the higher harmonics do not fall off as rapidly as in the 
case of the plucked string, a phenomenon which is accentuated as e is 
smaller, since in the limit for f = 0 we have s only in the first power 
in the denominator. Young’s theorem still holds. The theory of the 
string struck by a hammer has been extended by Helmholtz to cover 
the case of a soft hammer, which will be in contact with the string for 
a finite length of time depending on its mass and elasticity. 

34. Forced Vibrations. Besonanoe. We shall now consider 
the case of a system executing forced vibrations, i. e., those caused by 
the action of periodically varying forces. It will be simplest to consider 
the system referred to normal coordinates, 

(166) T - ^ 
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and we hare for each q, 


(157) 


*>• dt* 




F^cospt. Then we find the particular 


Let us suppose that 

solution . ^ 

q, — ^,cos^<, if 

(158) 

Cf. —^ 

giying a definite amplitude for each normal coordinate. Such a vibra- 

2 

tion is called a forced vibration, since it has its period — imposed 

upon it by the force from without, instead of having it determined by 
the constitution of the system, as in the case of the free vibration. The 

free vibration has cosr^^, where (71)^ bo that ifjp*—»vj, that 

is, if the period of the force agrees with that of the free vibration the 
corresponding amplitude is infinite.M This is called resonance. We see 
that there are as many possible resonances as there are normal coordi¬ 
nates, that is, the 
number of degrees 
of freedom of the 
system. If we should 
neglect tbe inertia of 
the system, putting 
the a^'s equal to zero, 
we should have, 

(159) 

This is called the 
equilibrium theory , 
because it assumes 
that each displace¬ 
ment is related to the force as in the case of equilibrium. If we 
call the ratio of the amplitude in the true dynamical theory to that 
in the equilibrium theory the dynamical magnification we have 

(1«0) c, - 

‘ ^ 

In the case of resonance the djuamical magnification is infinite. The 

manner of its variation as a function of p is shown in Fig. 44). For 

small enough values of p the equilibrium theory is approximately true. 

i) In reality the occurrence of an infinite amplitude is prerented by damping 
forces, as in (64), but for simplicity we shall neglect them. 











— 

4_ 






:: 
















t: 




B 

B 

IB 



— 




■ 

■ 

:■ 







TI 




B 

a 

i 

IB 

B 

B 

1 

IB 









■ 

IH 

M 

B 

B 

B 

B 

1 

i 

IB 

B 

■ 

i 

IB 










If! 

M 




B 

i 

i 

IB 

B 

i 

B 

B 

_ 







1 

■ 

in 

!■ 





B 

i 

IB 

B 

i 

i 

B 




r 



■ 

■ 

■i 

'H 

n 





B 

a 

B 

B 

i 

B 

B 




■ 

i 

■ 

m 

■ 

m 

ii 

IB 




1 






i 

i 




■ 

i 

i 

m 


mm 

IIB 



B 

B 




B 

B 

i 

B 








■ 

Wi\ 

M 

IB 







B 

B 


' 












IB 

_ 


B 

B 

B 

B 

B 





■ 

■ 

■ 

■ 



m 


■1 

1 

IB 

B 

B 

B 

a 

a 

B 

B 





■ 

■ 

■ 

■ 

■ 

■ 

■ 

■ 

m 

■ 

f 

a 

■ 


3 

—1 

_ 

— 

K 

B 

B 


S= 

B: 

B 

B 

B 

- 


— 


Fig. 44. 


91 ] 


RESONANCE EQUILIBRIUM THEORY 
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Let us now consider the forced vibrations of a string. The force 
due to the tension has been found to be^ on an element dx, 


Suppose that in addition we have the force tY(x,t)dXf and suppose 
at first for simplicity that this is rf{x) cos ptdx^ the equation of 
motion will be 


(161) P - T (1^, + /“(x) cos 1J<) • 


As before (128) we may put, for a standing wave, 

y « 9)(a;) cosp^, 

obtaining 

(162) — p* qr “ «* I + fix )} > where o‘ 

or with the usual notation, ^ i, 


(163) 


0 + **9’ 


■m. 


t 

Q 


This equation may be solved for any value of k and for any form 
of the function f(x). It will be convenient to consider two extreme 
cases of distribution of load^ as we may call the force per unit of length 
xf{z), borrowing a word from the case of equilibrium, Jt = 0. First 
let the load be constant, f{x) = Jti, Then we may write 

(164) = + = 


so that we get a solution vanishing at 0 and I by putting 

(165) 9 — {sin A;x + sin hi} — x) — sin hi }, 


which is composed of the superposition of two waves each of the wave¬ 
length corresponding to the forced frequency, each with a node at one 
end, and the proper compensating constant. We find the maximum value 
of qp for varying x, to be 

kX 

(166) 9>m ” • 

C08- 

We have resonance when sin kl * 0. 

On the equilibrium theory, i «■ 0, we should have 


(167) 




+ if 


9-49., 


Jx(l-x), 

x{l — x) 


( 168 ) 


Bl* 
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Although the parabolic form of the equilibrium theory imitates the 
actual form well only for small values of p, it was shown by Lord 
Rayleigh that if we assume a free vibration having a distribution of 
amplitude like that of the equilibrium theory instead of a normal func- 
tion, we shall get a period differing but slightly from that of the lowest 
normal vibration. This principle is often of value, enabling us to make 
an approximation without solving a differential equation. Let us 
then put 

4a;(2 —a;) . dp , 

y -— y>, ^ = — TT—t, 


(169) 


I 

T -^ fX\l - xydx = j;, 


w 




i 16 

Y'TT- 


If then = 0 we find 

(170) Po - 1/10 f = 3.1623 I • 

while the true value is « y. The ratio of the period of this quasi-equi- 
librium theory to the true one is 1 to • 9936. The work done by the load is 

Pdij) xJRSydx « g zltld ^. 

0 

For the forced vibration on this quasi-equilibrium theory we have 

. 16 t , 2 


16 

30 


(171) 

from which we obtain 

(172) 




;tRl cos pt, 


6 tE C08 pt 


From this we get the value of the maximum amplitude 

5 22 

4 


(173) y, 
as compared with (166) in the dynamical theory. If we put 

(174) + 

When e is small, 

(175) ,,, 


kl 

n , el 


2 + 2, cos 

2 

_6 Bl 

‘ bV 

lint' 


kl 


Sin 


bJ 
2 • 


These two values are related to each other as • 2026 to • 1989. The 
values of from (166) and from (173) are plotted in Kg. 46. 
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Fig. 45 


3S. Point-sonroe. Green’s Function. We shall now consider 
the other extreme of distribution of load, namely concentration in a 
single point. We have to put f{x)^Q except in 
a very short region from — e tofl:=*i + £ 
in which f(x) increases in such a way that the 

integral lim / f{x)dx is finite, say unity. Such 

a region we may call a point load, or point 
source of sound. The function, represented by 
the full line, Fig. 43, may be called the jag- 
function, and may be considered as the limit 

of a continuous function, such as e represented by the dotted 

line, Fig. 43. (See Appendix). 

We shall show that in the case of a string a point source will 
cause a discontinuity in the first derivative For integrating (163), 



$-« 


dx. 


(177) 


lim 


dcp 

dx 




S' 


lim f f{x)dx 

« = 0 wt/ 


since (p is finite, and the range vanishes, the second integral vanishes. 
We shall call the strength of the source the value of the integral on 
the right. Accordingly in passing a source of value unity, the derivative 
falls off by the amount unity, 

- 1 

dx !$-o 



This we also see by considering the resultant of the vertical components 
of the tension on the two sides, a unit point-source being produced by 
an applied force equal to the tension r. See page 114. 

Let us first consider the case where fc = 0. This is the case »» 0, 
of zero frequency, or equilibrium. 

Let us call the function satisfying the equation =» 0, vanishing 

at a? = 0, a: Z, and having a unit source at a: =« 5, the Green’s func¬ 
tion for our equation and denote it by K(x, 5). {Mechanically this will 
denote the displacement of the string, under the influence of a unit 
force applied at 6.) We have 

K^A^x + B,, x<l, 

K^A^x + B^, x>i 
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and evidentlj by the end conditions » 0 , ^1,2 + .B, — 0, by the 
condition at the source .4, — jij — — 1, •- .4j|, so that 

as we found in (116). We may call this the 
tnfiuence-fnnction, corresponding by Rayleigh’s 
Principle to the influence coefficients (111). We 
have X(S,6) — |(? — S)/i which is a maximum for 

- S — The function is evidently symmetrical in x 

and g, Fig. 46, and is represented by two hyperbolic 
paraboloids, intersecting in a parabola in the plane :r — If we have 
a difiEerent source at 2 ; » 17 , 


K{x, 1 ]) 

x{l- 
” 1 

1 ) 

9 

^<Vy 

K(z,ii) 

nil- 

*“ 1 

a?) 

9 

0 

x>rj. 

m, n) 

HI- 

1 

n) 

9 

i<n, 

Kin, 1) 

S(l- 
” 1 

n) 

9 

n>^, 

m, i) 

v(i~ 

l 

i) 

9 

l>n, 

K{ri, 1) 

v(i- 

1 

9 



so that in either case 
(182) 




This symmetry of the Green’s function is a theorem of great impor¬ 
tance in mechanics and mathematical physics. Here it means that a 
source at a point | produces the same displacement at a point rj that 
the same source at 97 produces at and corresponds to the fact that 
for a discrete system C,., — (7,^. 

Let us deduce the same result from the differential equation. Put 
K(x,^)-u, K{x,i})-v. 


dx* dx* 


a-u ^ 


from which 
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and integrating over the fundamental interval 


111 


(188) 




The integrand is the derivative ^ ^ ^ ? which has two discon- 

tinuitieS; at a; *■ 6, a; — In order to consider the effect of discontinui¬ 
ties, let us suppose that f{x) has a discontinuity at a;Then 

h 

Jf\x)dx -« /*(6) —* /*(a), if 5 is not in the range. If it is we may remove 

a 

from the field of integration a small region of width 2 c containing the 
point of discontinuity. 


b r- I —, 

(184) ff{x)dx - lim ff'(x)dx +frix) dx 




+f(i)-m+o). 


o 

Jf'ix)dx^fib)-fia)+nx)\ 


£-0 

^+0 


Suppose i <rj. Then we must take the integral (183) over the succes¬ 
sive ranges of continuity, so that 


1^-0 


(185] (tto' —vtt')|^ ’+ 

Now at a; ** 0, x =“ J both u and v are zero. They are continuous 
throughout, but their derivatives have discontinuities at | and respec¬ 
tively. We thus obtain 


M 


1^-0 


iS-o 


(186) M(|)c'|*"’-i;(|)u'jj^;+M(i?)v'|’^J-t;(»j)u'j’^;;=0. 

Only the second and third terms are different from zero, and considering 
the definitions of the discontinuities, we have 

(187) «(,)-«(g)-0, or Kir},i)-Ka,r,)^0, 

the result directly obtained. 

3uppoBe we have the equation 
d^y 




(188) 


dx* 


fix) 


representing the equilibrium of the string with a distribution of sources 
of density f(x). We will suppose f{x) is piecewise continuous, that is 
that in the fundamental interval it has only a finite number of points 
of discontinuity, and approaches a definite finite limit on both sides of 
each of these. Evidently since a unit source at a: | produces the dis¬ 
placement y » K(Xf S) and since the equation is linear, the effect of 
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each of the sources is added to that of the others^ {i. e. the sum of 
solutions is a solution}, so that a source of strength f(^d^ produces 
the displacement at x, equal to K{Xf 5) /"(S), and the whole effect is 

(189j y(x)-fK{x,l)f{l)dl. 

0 

A function y{x) that may be thus represented is said to be repre¬ 
sentable source-wise. 

Let us verify that the above definite integral satisfies the equation 
(188). Since A* is a continuous function of x, we have 

I 

(190) 

0 

o 

Now ^ is discontinuous at a; =• 
ox 

If we write 

X t 

(W‘) S-./ItVo-'s+/§«»<'«. 


we have, at points where /’($) is continuous (differentiating according to 
the limits), 


(192) 


dx^ 


u 

I 


and since 


d K 

md ^ (XjX — 0) represents the slope just on the right of the source, 


d^K ^ dK 
C ^ ' dx 


e-o 
l-f 0 


dK 


dx 


{Xj a; -f 0) the slope just on the left, we have 

( 188 ) g = -A^)- 


This process is true if f{x) is only piece-wise continuous, but will be 
undetermined at the points of discontinuity. 

36. Forced Tlbration. Oaneral Bonroe. Integral Equation. 

Let us now return to the equation (163) where % + 0, and consider a 
forced vibration from a unit point-source at x On each side we 
have 

(130) = 
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Since g)( 0 ) 
(194) 


POINT SOURCE AND GENERAL SOURCE 
q>(l) — 0 , we have 

<p(x) » 95(g)a;<g, 

■X) 


113 


(p{x) - (p{i) 


sinki ^ 
sink {I - 


(? ^ 5^ S* 


flinty —- £) ’ 

If the motion is presc ibed at iP = that is, if 9 (g) is giyen, we 
see that if either sinfcg or sinfc(Z — |) is zero, the motion is infinite 
(on one side) that is, if motion^ is applied at what would be a node for 
a motion with the prescribed period, there will be resonance. 

On the contrary, if not the motion, but the strength of the source 
is given, since 


(195) 


= '^< 1 , 


,p'(x) -9>(g) 


A:co8 A:(/ — x) 


sink {I — I) ’ 
and by the definition of a unit source, 

cos A: 5 COB A: (A —J) 
sinki ' sin A; (A —g), 




fc<)p(S)[ 




(196) 


sinAg 8inA:(A — g) 


(197) 


(p(x) 

<p(x) 


sin A; x sin A: (A — g) 
k sin A: A 

sinA:g sinA;(A — x) 


r(x,|), 


k sinArA 


- r(^,l), 


x>^. 


{ We shall call F^x, S) the Greenes function for the equation (130) while 
K{Xjl) is for the case h =^0,] 

We now have resonance only if sin kl = 0 (that is, if p and k 
correspond to one of the natural frequencies and wave-lengths re¬ 
spectively), no matter where the force be applied, while if the source 
be applied at a node for this period, i.e. if sinki =« 0 when a: ~ 5 , no 
motion is produced, beyond the node. 

Suppose we have a continuous distribution of sources of density f(x) 

(163) ^+h^g,^-f(x). 


Then as before, considering all sources, taking the values both for 
® < I and x> i, 

X I 

(198) »(*) - 

0 X 

This solution could also be obtained by the method of ‘Variation of 
the con 8 tants’^ 
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Let us make use of the Gh^een’s function K{x^ |). We liaTe 0. 

Multiply our equation for tp by K, that for Khj g> and take the differ¬ 
ence. Then 

(199) + - Kf. 

Integrating, and considering the discontinuity, as before 

I I 

(200) {K^ - y If) **^ K(x,i)g>ix)dx - JK[,xMx)dx, 

I I 

(201) -q>m + Jc*f K(x, I) ip(x) dx - -/ K(x, l)f{x)dx. 

0 0 

The last integral contains only giyen functions, and is therefore a given 
function of say — -F( 6 ), we may then write 


( 202 ) 


9 >(g) - vfK{x, k) 9 (x) dx - F(^). 


This equation, in which the unknown function 9 appears both outside 
and under the integral sign is known as an integral equation of the se¬ 
cond kind. We have found its solution, (198) by means of the diffe¬ 
rential equation, in case jF(S) can be represented source-wise with source- 
density /) j 

F{l)^fK{x,%)f{x)dx. 


(203) 

We find the density 


“ dx* 


{since (189) is a solution of (188)}. 

In case h is one of the characteristic numbers, that is, roots of the 
equation sinAZ — 0 , the integral equation has no solution, for we then 
have resonance. 

We get a physical notion of the genesis of the integral equation 
as follows. Since a force P applied to the string in equilibrium at the 

point a; •* I produces such a discontinuity in that 


dx 


^-0 
€ + 0 




a unit source is produced by a force r. Suppose now the string is in 
motion. Then each portion of string of length produces a reaction 

and this^force at | produces at a point x the displacement 
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beside that impressed from outside. Accordingly the effect of the whole 
string is to produce at x the displacement 

I I 

(204) y(®)- - ifK(x,i )+ /a:(*,i)/-(i)co8(p0d|. 

0 * 0 

If we put y ^ (p{x) cospt, this reduces to 

t 

(205) (P(x) » klf s:(x, l)^(S) + if’(a;) 

0 

which is the integral equation (202) (with x and 6 interchanged, which 
does not affect X). This corresponds to the inverse method of freating 
vibrations. 


37. Normal Funotioiis. Bilinear Formula. Let us now return 
to the equation for the general source 


(161) 


^ dt* 




and consider the effect of putting in the normal functions, 

r see 

(206) y=^y,(«)V’r(<)- 

r^~l 


We must find the expreseions for the kinetic and potential energies, 
as in (156), and of the forces belonging to each normal coordinate, 
in order to lind a differential equation like (157) for each Vr- 
using the definitions (105) and (106), and the properties expressed by 
(144)‘) and (145), we find 


T 

W 


It fir-l r~lA 


dx. 


The expression for W may be transformed by an integration by parts, 

I I 



dx •^(p 


^ dx 



dx, 


0 


1) The function W, like T, can contain no product terms if the ^'s are 
normal coordinates. 
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and since both ends of the string are fixed the integrated terms disap¬ 
pear, and we have, replacing by — fc* by (130), 

For the work of the sources in an arbitrary displacement we find 

jxYSydx^x^'^StrJ Yq>Jx^'^FMr, 

0 *”-10 

which gives the value of the force, 

t 

(207) P,-xfY<p,dx. 

0 

{This corresponds to developing the function Y in the manner of 
Fourier, as in (140).} 

Accordingly we find by Lagrange’s method the equation for 

I 

(208) (, + xk^tl;, -Pr-rf Y<p,dx, 

0 

which is of the same form as (157), and reduces to (130) when P^*=0. 
Let us, as before, begin with the equilibrium theory 
Then 


(209) 

0 

(210) 

y-2‘^-fY9rdx. 

r = l 0 


Let us now reduce the sources to a point-source at a; =» |, when y 
becomes K{x, I) and if ^ ^ 

lim / Ydx « 1, 

we have 

( 211 ) 

r = l 

This is called Hilbert’s bilinear formula. | This formula is of first class 
importance, since it implies all the properties of normal functions as 
shown in the next section. On account of these properties we can obtain 
the developement of any function in a series of normal functions as 
shown in (229).) 
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It will be convenient to use the letter A, for i*. Thus A,. —-*,*’• 

Also it is assumed that the normal functions are multiplied by such 
constants that the integrated squares equal unity. 


* l 

(212) tpXx) - ^^sin’’”* , J fldx = 1 - sin* dx=^\Al, 


=]/y sin 


0 

rnx 
I ~ 


Then 

(213) 


. 

r= 1 


This is the same as (152), and shows the symmetry in x and ^It is 
to be noticed that a unit source makes h = 

38. Solution of Integral Equation. If we multiply the func¬ 
tion K{x,%) (211), by a normal function 9^(|) and integrate term 
by term, 

(214) f K(x, -2^1’^riD'P.mdi - ff, 

0 r=l '* 0 * 


and we have ^ 

(215) «P.(x) = xjKix, I) (p.(|)d|, 

0 

which is the same as (117). 

Thus although the integral equation 

I 

(202) q>(x) - ifKix, l)f |)d| = F{x) 

0 

has no solution when ^ is a characteristic number A,, (i. e. sin ]/A^Z==0), 
the homogeneous equation (117) with F(x) =» 0, has as a solution the 
normal function g?,. The Green’s function K(x,^) is called the kernel 
of the integral equation. It will be shown in Chapter IX that every 
symmetrical kernel has normal functions, defined by the integral equa¬ 
tion (117). 

The equation (215), as has been previously stated, suffices to define 
the properties of the normal functions. For suppose that we have two 
functions belonging to two characteristic numbers X^, 

0 

9, («) - S)9»*(l) • 


(216) 
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Multiplying the first by the second by subtracting 

and integrating, 

(217) (i, - x;)J(p^(x)(p,(x)dx - X^X, r ffK(x, 


-ffK{x,l)^,($)<Pr(^)^idx], 


which TaiuBhes because the second integral is the same as the first with 
X and i interchanged^ and ^K{l^z). Consequently unless 

mm we must have 

(144) fipXx)<p»io^)dx - 0, 

0 

or the two normal functions are orthogonal. 

Suppose that one of the normal functions belonged to a complex 
characteristic number ** then changing i to — i we should 

find a number and hence the two conjugate functions 

tp^wm iip^ and 9^^ *- -- ig> 2 f must be orthogonal, that is, 

I / 

(218) f(<p^ + i(pt)i<Pt - i<P ,)-/(yj + - 0, 

0 0 


which is impossible (the integrand being positive). Consequently the 
characteristic numbers X are all real. It will be seen that this corre> 
spends exactly to the proof given (62) that the roots of Lagrange’s 
determinant are all real. 


Suppose now that the force Y(x^ t) contains a single harmonic 
term tf{x) cos pt, then 

t 

(219) — cos pt J‘^f{x)qi^{x)dx ^ 

0 


and as above (158) we have 

(« 0 ) 





r as aa ^ 

(221) y - cos pt ^ J*F(x)g),(x)dx. 


Let us call the space factor il^(x), {not to be confused with ^r(t )}, patting 
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We have to prove that this is a solution of the integral equation (201) 
If we put, as above, 

(223) F{x)~jK{x,l)mdi, 

0 

and use the bilinear formula, (210), 

r ssao ^ 

(224) F{x) -2 HrfvrW l)rfl • 

rss 1 0 

Subtracting this from we have 

rss 00 ^ 

(226) t(*) - F{x) -2[i;-"T - i] ) vrimm ■ 


r = 1 
r = 00 

k 


'V /*_ 


imw- 


But multiplying t('(S) hj K(x, |) and integfrating, 

I I 

‘ r = «/ir(*. t)Vr(i)‘*t/’9>r({)A{)dS 

(226) jK{x,^)i,im-2- - 


—1 

__ I 

rel 0 

which has been above proved equal to 

— F( x) 

X 

Consequently , 

(227) ^(x) - Fix) + kjKix, |)^(|)dS, 

0 

or ilf(x) satisfies our integral equation. 

If we develop F(x) in series of normal functions 

J^(») - + •■■ 

we find, on multiplying by and integrating, by (144) 


(228) 
«o that 
(229) 


A, — fF{x)^,{x)dx 


Fix)^2!^X‘»)Jm<Prim- 

r«l 0 

Sueh a development is said to be in the Fourier manner. 


(225) 
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Comparing with the previous expression, (224). 


(230) 




and inserting the integral on the right in t(^)} (222) 




(231) 


fXDmdi 

r=l S r = l 0 

r = oo < 

■ F(*) + fXi)F{m, 


and this is Schmidt’s solution of the integral equation.^) 


39. Other Bonndary Conditions. So far we have considered 
the example of a string with fixed ends <p 0. It will be of interest, 
both physically and mathematically, to consider other conditions at the 
ends of the fundamental interval. If the string, instead of being fastened 
to a fixed point, were attached to a ring without mass sliding without 
friction on a wire at right angles to the string, since there can be no 
force parallel to the wire, the string must end at right angles to the 

wire, or 

If we consider, on the other hand, u as the longitudinal displace- 
ment of air in a pipe, the compression is ^ ^ 

end of a tube where the pressure must be that of the atmosphere, we 
have 5 ^ 0. In either of these cases, if the condition is — 0 

at both ends, the normal functions must be not sinArrr but cosA;^:. 
If we put 

(232) (p ^ cos kx, ^ sin kx 


we must have to determine ft, by sin ft i ~ 0, as before (35). Thus the cha¬ 
racteristic numbers are the same as before, and the harmonics of an 
open pipe are the same as of a closed one. On the other hand, suppose 
the pipe is closed at one end, a;» 0, and open at the other, a;»2. Then 

putting q) ^ A cobJcx + B sin kx , 

^ « ft {— sin ftx + cos fto; ) 


1) E. Schmidt, Math, Ann, Bd. 63, p. 464, 1907. 
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we must have, as before, -4 — 0, but instead of (35), 
coBkl = 0 , 


(234) 


2 n -j- 1 7t 

T” y ^ 


w - 0, 1, 2, 3 
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and the frequencies are proportional to the odd integers, so that a pipe 
open and closed lacks the even harmonics. It is obvious that for either 
of these cases, where the normal functions are cosines, we must have 
a new Green’s function. 

The source of the sort previously described in which the displace¬ 
ment u is continuous at 5, but or the compression is discontinuous. 


would be realized by placing a piston at :r ==» producing a compression 
in front and a rarefaction behind. In order, however to have an example 
which will be comparable with the more practical problems of sound 
in three dimensions, which will be considered in Chapter V, let us con¬ 
sider a source that is symmetrical with reference to the compression 
on both sides of and producing a discontinuity in w, the displacement. 
Such a source will be produced if we introduce or withdraw air from 
outside at say through a side tube, or if we move bvo pistons si¬ 
multaneously in opposite directions. It wiU be convenient if we fix our 
attention, not upon the displacement w, but upon the displacement po* 


tential tp defined by the equation u = 


equation as before, 




which satisfies the same 


The compression is 

(285) s--3;T-iV. 


Consequently we have for an open end g? — 0, and for a closed one 

^-0. 

dx 

We will define a unit symmetrical source as before (178) 


(178) 


d(p ^ + 0_ 

dx ;-o 


which means physically that the velocity u on the left is greater than 
that on the right by unity, or in other words, a unit volume of air is 
withdrawn from a tube of unit cross-section in unit time. We will as 
before assume that (p is continuous at the source. 

If the end conditions are ^ == 0, we can no longer define the 
Green’s function as a solution of the equation 


d'K 

dx* 


0 , 
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d jsr 

because ^ being constant would haye to be zero throughout^ and K 
would be constant, which would be useless. Let us then put 


representing a constant compression, which may be got by suitably 
moving the two pistons in opposite directions. 

We have then 


A--„ +C, 






x>|, 

and for continuity at x = |, 


d K 1 

and for the discontinuity of , a = y. Accordingly if we put 
^ ^ I we obtain the more symmetrical form. 


^ obtain the more symmetrical form, 

2r(x,|)=.*-^^‘-S + ft, x<i, 


S + 6, X < I, 




2/ 


x + fc, x>g. 


The constant & remains undetermined, and we may, if we chose, deter¬ 
mine it so as to make 

I 

(239) J* K(Xf i)dx =« 0 , by taking h ^ j- 
0 

The symmetry of the Green's function is proved as before, for if 

v^K{x,ri), 

we have instead of (183) 

I i I 

(240) f =• ajudx - ajvdx, 

0 0 0 


which vanishes by (239). Also any continuous function which satisfies 

g+i-.-o, li-o, ;;;• 


( I 

**JVrfx- f^dx 


must have 
(241) 
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or its mean value in the fundamental interval vanishes. This is the 
case for the normal functions 

rnx 

9r““C0S -j-, 

and only such functions can be developed in a cosine series. If on the 
other hand q> satisfies (163) 

(163) g + 


we have instead of (199) 

(242) + lc*Kq> ^-a^p-Kf 

I 

and instead of (202) we have the constant term ajqxix added to F. 

0 

If however, the mean lvalue of q> vanishes, the integral equation is 
the same as before. The bilinear formula is then 


(243) 




■ r» ' 

r=l 


as may be verified by the Fourier development, 
for the equation 




0 , 


The Greenes function 


will be in this case 


(244) 


r(x,6)- 


cos kx C 09 k{l — I) 
k sinkl 




coaifcS C08<fe(I — x) 
k sinkl 


X>^. 


But we have by no means exhausted the possible, or practical, bound* 
ary conditions. Suppose that at the end of a pipe there is a piston 
without mass, acted upon by a spring so that it has a force exerted on 
it proportional to the displacement. Then the displacement will be pro¬ 
portional to the pressure, or to the compression, and if it is at the 
end X 

hu » s ■ 


dx 


so that we have the condition 


(245) 


du 

dx 


-f- Aw === 0. 


The same condition answers for a string fastened to a springy or 
yielding support The preceding cases are obtained by putting A « 0, or 
A »» cx). More generally let the piston or string be attached to a point 
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of any system having a finite number of degrees of freedom^ and having 
energy functions 

I grit jfasn t’gfl yarn 

(246) 

15 X 1 > 5 X 1 1*1 >*1 

Then the force required on the coordinate g,. will be 

./ 3 =n 

(247) + 

Now let the piston be connected with a point whose coordinate is q^, 
so that u ^ qi, and the force is proportional to 5, so that Cs, 
and let there be no other forces impressed on the terminal system. Then 

«n«r + + • • • + Cu?i + Cis?* • • • = Cs, 

®ji3i + ^*2s + • • • + + <tj3s • • • = 0, 

(248) . 


“nlS/ + ®n!9s +- ^ * • • = 0 , 

These equations are satisfied by putting 

u ^ q) cospt, 5 = —^C082>^, A^. eospt, giving 

(249) ^ _|-- 0 


Solving for which is equal to the value of y at the end in question, 
we obtain 


(250) 




jD(— 

^ dx A(— p*'} ^ 


where A is the determinant of (60), and D is its first minor, a poly- 
nomial in p\ Writing as before A =* A:***^!» we may write the condition 

(251) 

where /(A) is the quotient of two polynomials in A. Two such end con* 
ditions will determine the values of A. In the present case of the uni¬ 
form string, if we put 

(32) q A cos Ax + B sin Ax 


this becomes 

(252) AcosJcl + B sin M ^ {A sia Jcl-B cosifeZ) 
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Suppose that at the end 0 we haye a similar condition, with 
the suffixes 0 . 


(253) 




-BCk 


F*) 


Eliminating A and B between these two equations, we obtain the 
equation for the frequencies 


(254) 


tan%2 = 




-TO, 


which is a transcendental equation in F(k) being the quotient of 
two polynomials in A:. We may find the real roots of this equation L; 
drawing two graphs, one of y —tanftZ, the other of y^F(Jc), th^ 

points of intersection satisfying the equation (254). We then find ^ 

from (252), so that there remains only one arbitrary constant multi¬ 
plying each (p^. 

Now for two normal functions, 


dx^' 






0 , 


we have as in (239) 

I I 

(255) J{9r^ - = i9r9.- 9.9r) ; = - K)f9r9.d^ 

In the two elementary cases which we have treated, we had at both 
ends either qp = 0 or 9 ' = 0 , consequently the normal functions were 
orthogonal. The same is true if we have the condition (245) 

(245) fp' -f hq) = 0, 

as we see at once. It is not true for the general case 

(261) 9r-9rm, 

I 

where we have instead 


(256) J9r9,^^=‘—i-z:^i~’'-9r9, 

(The functions f may be difierent at the two ends). 

The normal functions are now not orthogonal, and we cannot 
develop an arbitrary function in terms of them in the Fourier manner. 
Nevertheless, the fundamental properties of normal coordinates enable 
us to find the development, as shown by Lord Rayleigh for a particular 
case.^) The reason why the integral above does not vanish is that it is 
not the whole of the mutual energy of two coordinates, but we must 
take account of the energy in the terminal apparatus as well. 


1) Theory of Sound, Vol. I, p. 202. 
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Consider now any normal Tibrations in which all quantities are 
proportional to a normal coordinate which varies as cos — a^). 
We then have, solving the equations (249) for one end 


(257) ^ 




A” Pi{K)9rQ’) > 




where P,. is as before the quotient of two polynomials depending on the 
constitution of the terminal apparatus. 

We may now most conveniently express the ener^ of the terminal 
apparatus, if we make use instead of the of normal coordinates for 
that apparatus. Let us make a transformation 

(2^®) Xi H - H «2n^n > 


such that the energy functions for one end are 

r = n r = n 

(259) r= 

r = J. r - 1 

we then obtain for any coordinate Xy 

%<= QiiK)9rQ)^r- 

Let us now suppose that the general motion of the whole system 
is expressed in normal coordinates 

r = 1 r tr j. 

rssco 

(260) 

r~l 
r :=oo 

Xi=^2Qi(K)V>rW^'r ■ 

r=: 1 


We now have for the whole kinetic energy, including the terminal 
apparatus, 


(261) T - I / p dx + 

Jr 'r=l / \r = l 


\0,l 


By the property of normal functions, the mutual energy term in 
must vanish, giving 


(262) Q J (p,tp,dx +2^i Qi (^r) QiiK)fPr9>, 


Otl 


0 , 
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where it is understood that the arrangements at the two ends may be 
totally different^ and that we take the sum for both. The equation (262) 
is a more convenient form to deal with than (256), although in both 
cases the term not the integral is evidently a symmetric function of 
and 

If now y is the initial value of u, and the initial value of 
and the initial value of to find the coefficients in the development 

(263) y = 

let us form the expression for the mutual energy of this motion and a 
normal vibration 


k n 

9fyvrdx +2 I o,i 


* = CB , I t — n 


« = 1 ^ 0 


But by equation (262) aU the terms vanish except the one for 
which r — 5, consequently we have 


tfyv, dz+^at x^iQi(.K)V, I 0 » 

_ 

I f’ «= n 

«f<pldx+^a,(Qta.)y<pi\o,i 


This development of coarse includes the Fourier development as a par¬ 
ticular case, and we have not yet proved that the development is pos¬ 
sible. In this connection we may quote the words of Lord Rayleigh, 
written in 1877. ^'So much stress is often laid on special proofs of Fou¬ 
rier’s and Laplace’s series, that the 
student is apt to acquire too con¬ 
tracted a view of the nature of those 
important results of analysis.” 

As a practical example, let us 
consider the case of a phonometer 
used by the author (Fig. 47), in which a pipe communicates at one end 
with a chamber of volume F, having on the other side a diaphragm, 
which we may consider as a piston of mass m, area S and stiffness fy 
so that a displacement ^ requires a force /*|. If u be the displacement 
of the air at the end of the tube, e the cross-section of the tube, there 
enters the chamber the volume ou, while if the diaphragm moves in a 
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distance there enters the chamber the volume The compression 
in the chamber is then the ratio of the volume forced in to F, 

xju + Si 
^ V ^ 


and the pressure p « es, which is the same as that at the end of tube 
X ^l. This pressure acting on the area S produces the force 


X^pS 


€S(6U + SS) 
V 


resisting the entrance of the diaphragm. But the motion of the dia¬ 
phragm is given by ^ 


If we neglect the kinetic energy of the air in the chamber, we may put 

T = I mV, TT - i (ff « + SV + I n\ 


for this win give the motion of the diaphragm by 


d 

dt 


Var/ ^ ai 


dw 


dW 

and —will give 6 times the pressure at the end of the tube. 
We may now use as normal coordinates, 
li = au 4- Sg, X. = g, 

SO that with 

«1 = 0, o, =-w, Ci=f 


we have 


T^\a,V, W: 




2 ^2 * 


The equations (248) are 



6U + 


and putting 

we find 
(266) 


0 = mS'' + /'S + + >^'5) 


tl =« cos pty S .^3 cospt, 

dx V ^ ^ V ^ 

0-^1 ^ [f— mp^ + 


(267) 




T^- 


■tnp*) 


d(p eS 
dx mp^y 
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Thus equation (251) is 
(268) 


f —mjj’ 

y-*) 


It is to be observed that the above acoustical problem is exactly 
like the electrical one of a pair of /, 

wires whose ends are directly connected_ ^ ^ 

to a condenser and indirectly to A\ «_j 

another JE, through a coil of inductance _ 

L (Fig. 48). 

The arriving current 1 is to be put e.qual to u ^ and we have 

where , , 

T _ii / — 

dt ^ -^2 - fil'y 

and being the charges of the condensers and Zg, and 

If the second wire be absent, and both condensers be connected to earth 
instead of to it, we have the case of a wireless '^antenna’^ or receiving 
wire. The other end of the antenna makes the current equal to zero, 

and corresponds to a closed pipe u ^ 0. Let us rather consider an open 

pipe 0, and let this be at the end a? =* 0. We must then put 
<p == cos kXj ^ 


and (268) gives 
(269) 


tmkl = = F{k). 


The curve y = f’(/c) is of the fourth order, crossing the i-axis for 

^ ±|/“« having vertical asymptotes at it ** 0, A: — ±^/ 

We see that^ F being an odd function, we need consider only po« 
sitive values of k, and that the higher overtones are nearly given by 
tan kl Of that is are those of a pipe open at both ends. If V is infinite, 
this is true for all periods. If either m or f is infinite, that is if we have 

an immovable wall, we have and if F==0 we have 

cos fcZ « 0, as for a closed-open pipe. 

Let us examine the forced oscillation, supposing that we have at 
the open end a? *» 0, a sound entering from outside, providing the com- 
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pression $ ^ Sq cos pt The value of ifc ajp is now prescribed. We 
must put 

q) ^ A cos kx + B sin kx 
^ ^ k {— A smkx + B cos kx) 


and the above condition gives 5^ while (269) gives 


k{— A sin kl B cos kl) ^ {A cos kl B sin kl) ~ 
from which we obtain A, We may conveniently put 


mp* 


Iv 


f—mp^ 




eS^ 


tan ka 


when we obtain 




eS^ 


A^ B ctn k{l — a), 

and with the value found for B 

___ Sq COB k(x — 2 + a) dtp Bin A; (a; — Z + a) 

^ k sin k {l — a) ^ dx’^ smk{l — cc) 


The equations (267) then give for A^y 

SqcS sin kot 

* sin k(t — a)(f — mp^) 

which is the amplitude of the vibration of fche diaphragm. Measuring 
this we find s^y the condensation of the sound entering the tube, giving 
the intensity of the sound. By altering the length of the tube, we may 
by resonance make the instrument as sensitive as desired. (We have 
omitted the damping, which will in practice set a limit.) The amplitude 
A^ will be infinite not only when sin k (I — a) ^ 0, but also when 
f 

^ —j that is when the terminal apparatus is tuned to resonance. 

In all these cases, the integral equation will contain, as we see by 
comparing with (200), an additional term for each end, so that we have 
ip' » tpf{X\ K' = Kf{0) at the ends, and 

(270) <pK{m - m 1,; + y (gj - A }k{x, I) (P (X )dx = m. 

0 


Accordingly the normal functions will not be orthogonal, as we have al¬ 
ready seen. 


40. More general Differential and Integral Equation. In 

the deduction of the equation of the string, we have assumed the ten¬ 
sion r to be constant. Suppose that it is a function of Xy then we have 
the equation 


(271) 




dx V dx)’ 
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and introducing the normal function y = y (a;) cob pt, 

(272) 

and we have the equation of the normal functions 

rx S) + A = gpK 

In the case of a heavy chain hanging vertically from one end, we have 
t = ggx, where x is measured from the free end. We will then put 




It is easy to show that the general linear equation of order two, 


can be put in the form 


for differentiating, 


- “• 


consequently we must have 

p dx P* p P ^ 

and integrating, 

v-cJ>’, 

Let us call the operator L, 

(276) 

and let PfP',q be continuous functions in a fundamental interval ab. Let 
u, v, with their first two derivatives, be continuous in the fundamental 
interval. Then we have 

(277) vL{u) - uL{v) = (p^) - a^(j) ~) 

d / du d v\ 


and integrating 


>L(ii) - uL{v))dx 


This is Green’s theorem for one dimension. 
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Let us define the Green’s function for the operator L as the func- 
tion satisfying the equation L{ti) — 0, and representing the shape of 
the string when drawn aside by a unit force at a: == 5* 


(279) 




1 + 0 1 

P(|) 


As before we prove K{Xy^) ==« a:). We may have various Green’s 

functions for various end conditions, such as Ar= 0, or 0 for an end. 
In the case of a heavy chain, 

(280) p^x, 3 = 0, L(M) = ^(xg, 
and if 

(281) i(M) = 0, :c^“ = c, g = ^-, u^cio^x + h. 


In order not to become infinite when j = 0 we must have c =* 0, 
X <1, so that we must use the terminal condition = 0. At the 

end X = if K{1) = 0, we have 

c log I + h ^ 0 , h ^ — c log I 


(282) «-clog;, M' = i, u'(|)-| = -i. 
Consequently 

and we have 

(283) 


1 , 


i 


K{x, I) = — log Y, X < g, 
jr(x,g)--iogf, i>x>s. 


For any sources f{x} we obtain as before for the solution of 
d t du\ 


dx 




(284) 
the integral 

I X 

(285) u-JK{x, Drndl - Jr($) log I d 


I 

-/log|/-(6)d(l). 
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Consider now the operator, 

(286) = i + +(, + »)(), 

and let F be the Green’s function for A Then as before we have for 
the forced oscillation 

(.287) - fix) 

with the solution 

I 

(288) q>(x)^Jrix,mi)di. 

b 

If q)(x) is given, and f{x) is be found, equation (288) is called an 
integral equation of the first kind, and f(x) is found by applying the 
operation A to 9 , as shown by (287), always supposing the kernel of the 
integral equation is the Green’s function for A. 

As before since 

(289) i(g;) + 19 = - f(x), 
gives as before 

^ (pL{K) + KL((p) + kK(p « ~ Kf{x) 

I I 

(290) ■“ 9^) ^jEfpdx Kf{x)dXy 

0 0 

and the discontinuity of pK again gives 

I I 

(291) - (p(|) + kfK{xAMx)dx = - fK{x,%)f{x)dx =- - F{1) 

0 0 

the solution of which we have above. Changing x and |, 

I 

<p{x) - xfKixMi)di - F(a:). 


Let us now put in Green’s theorem 


Then since 
(292) 


M = JC(x,|), V==r(x,1)). 

L(K)^o, L(r) + xr-o, 

rL(K) - KLin = XKT, 


and integrating, 

(293) p{rK - xr) p(rz' - xr) 


7-0 
ij + 0 


I 



I 

r{i,v) - K(v,i) - A f X(x,^)r(x,v)dx. 


(294) 
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'Phis equation is symmetrical in K and JT and is called the resolvent. 
Consequently the function r(5, satisfies the integral equation with 
kernel K, j 

(295) r(|. 7]) - kfK{x, S) r(x, 7])dx = K{i, rt), 

0 

whatever the value of ry. But in like manner the function satis¬ 

fies the integral equation 

I 

(296) -f iri\rj,x)K{xr^)dx =« 

K.' 

0 

with kernel F. These two kernels have the property that either is a 
solving function for the otber» that is if 

/ 

(202) Fix) = (fix) — k fK(x,l)ip{%)dl, 

0 

then we have the solution, ^ 

(297) <f{x) = Fix) + k fnx.^)F{^)d^ . 

0 

This we find by inserting the latter in (202), 

9(g) =i’’(l) + ^ / r(g,»y)F()j)<7?/, 

0 

/ 

(298) Fix) = Fix) + kf Fix, g) F(|)dg 

U 

I I 

- k f Kix, 1) l>(|) + kfru 7^Fiyi)dn]d %, 

which is an identity, as we see by integrating the resolvent, {equation 
294}, after multiplying by jF(^), 

I I 

(299) frix, %)F{l)dl - f Kii,l) Fii)dl 

0 0 
/ / 

- kj'Fi^)d^J^K(x, g) Fix, r))dx = 0, 

0 0 

which by the symmetry of the kernels is the equivalent of the above. 
Comparing with Schmidt's solution we find 


(300) 


r — Qfc 


Fix,%) 

r = 1 


- K 


The solving function F for the kernel K of (179) is the tp of (197). 
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Putting (300) and (211) in the equation of the resolrent (294) we 
find that it is identically satisfied. Now F is, by definition (292), a 
function of A, and by (300) we see that while it has the same normal 
functions as £, its characteristic numbers are those of K each di¬ 
minished by A. 

Returning to the equation for the heavy chain, we had 

We win change the variable by putting x == Then 

c\ H d dz d Id 

^ dx ^ dx^ dxdz iz dz 

^ = -L A (^\ ^y\ — .L ^ 

dx\ dx) "iz dz\tz dz) izdzydz}^ 


and our equation becomes 


(301) 


I 

rf/* z rfz 


+ C*i/ = 0, 


c* = 4A, 


and if we put cn ^ ^ 

(302) 




0 . 


This is Bessel’s equation, (Chapter VI). 

We thus have the solution 

(303) y = Jo(cS) = Jo(2V^)- 
As the point rr *= Z is to be a node, we must have 

(304) J»(2V^0 = 0, 

which is the transcendental equation for the characteristic numbers A. 
Calling a root A^ we have for the normal functions, 

(305) q>r{x) = aJ^(2V}~x) 

and the general solution for our equation for the chain is 


r = «o 

( 306 ) y — ®08 {Prt — ar)Jo{^V~Kx), 

r = 1 

where the A's are determined by (304). The proof of the orthogonality 
of the different normal functions has been given for the general case, 
but may be repeated for this as follows. We have by (274) 

d\r I 
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Multiply the first by 9 ,, the second by and subtract, giving 

A “ ^r^)] + (K - K)V>r% == 0 . 

Integrating from 0 to Z, ^ 

(308) x(9.9'r - 9r9'.) l = (K- K)J9r9,flx. 

0 

At 0, X vanishes, and at Z, and qp, vanish. Accordingly if 
the integral vanishes, and the functions are orthogonal. 

The above equation (308) is true for any values of X, whether or 
not characteristic values. Let us make and A, approach equality. Put 

I 

(309) A, = A, + £, X ( 9 )^^ (p\^= tffp,<p,dx. 

0 

Now we have 

(310) - 9r + * 9=V + ‘ = 9'r + ^ V/, 

and the equation (308) becomes, since 9 )/ = 


Vd'x aT 'f’r ^Xdx)\o~J 


At the lower limit, x vanishes, and at the upper (p^. vanishes if a 
normal function. Consequently the integrated square is equal merely to 
the product, 

7 (hr 

a;,., 

But introducing the value 

(305) <p,^aJ,{2Vi;i), 

which is a symmetrical function of x and A, we have 


and finally 
(313) 


jip\dx ~ 


If the functions are to be normalized this must equal unity, so that 

1 

” yr/,'(syi70 


a 
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and the normal function is 
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(314) 

The bilinear formula is accordingly 

(315) 


Kir «^0 (2 V^r «^o 

2;> 


2^ 

r=l 


As a third example let us take the case of a massive chain revolving 
about an axis at right angles to its length with angular velocity o. If 
X be measured from the axis, the centrifugal force on an element of 
mass gdx is o^xgdx, and accordingly the tension due to the centrifugal 
force at Xy due to the chain from x to ly is 


(316) 


T = QGi^Jxdx = I pO* (p — 


Accordingly the differential equation for the vibrations of the chain is 


(317) 

or, putting 

(318) 




r 

' "iTl’ 


X 

i 




We shall suppose the units so taken, and drop the accents. Putting 

y = (p{x) cos pi, 

we have 
(319) 


This is Legendre’s equation, and if A has the proper values, it has as a 
solution the Legendre Polynomial I^,^(x) (Chapter VI). 

The Green’s function for 

(320) = 

is given by integrating 

(321) ^((»-^w|-0- 

o ^ dx 


js:-|iog^ + 6 . ifir(0)-o,6-o. 
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Consequently, for 


(322) 

and to make 

(323) 

we must have 


so that 
(324) 


*<5, 


a:>|, ;iog^5 


S' 


K' 


4 + 0 
^-0 

C 


_ 1 

1 


1-1* 

A'=^logf±-|, (r<|, 

A'=^logIli“, x>l 

The solution of the equation 

J (m) = 0, 

is a Legendre’s polynomial if we take — r(r -f* 1) and if it is to va¬ 
nish for X ^ 0, r must be odd. 


41. Transverse Vibrations of a Bar. We shall consider as a 
final example an equation of the fourth order, that for the transverse 
vibrations of a bar, (147) Chapter 1. 


(325) 




We have no solution of this equation of the form of d’Alembert's 
solution for the string, but we may consider the propagation of a simple 
harmonic wave. If we put 

'-9 



we find 


d'u 

Ft* 


9 d*u 


P* , 


u. 


so that we must take 

-9Sp^ + EI^^,^0, 


(326) 



The velocity of propagation is not constant, as in the case of the string, 
but varies as the square root of the frequency. Accordingly a disturb¬ 
ance represented by a Fourier’s series has all the terms propagated 
with diflPerent velocities, so that the form is at once distorted. 
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We may however treat the case of standing waves. To find the 
normal vibrations, put u »» qp cos jp^, giving 

( 327 ) = = 


The general solution of (327) is 

(328) 9 === -4 cos hx + B sin hx G cosh lix -f D sinh kx . 


The usual terminal conditions are either, if the end of the bar is free, 
that it has neither shearing force T nor moment G applied, bv Chapter I, 
(140), (144) 

d*<P ^ d*q) 
dx' > dx- 


(329) 


= 0 , 


or if the end is clamped, so that its tangent is invariable 
(330) g>^0, §? = 0. 


Suppose first the bar is free at both ends. Then since 

\ — A cos hx — B sin kx + C cosh kx + I) sinh kx j 

the first condition for = 0 makes C ^ A. 

Since 


i = A:® {^ sin kx — B cos kx + A sinh kx + D cosh kx } 

the second condition makes I) ^ B, 

For X == /, the conditions are 

^(cosh kl — cos kl) + B(sinh kl — sin kl) ^ 0, 
^(sinh kl + sin kl) + JBicosh kl — cos kl) == 0, 


(331) 


or eliminating A and B 

(332) (cosh kl — cos kiy = sinh- kl — sin- kl. 

But since we have the identical relation 

cosh* kl — sinh* kl = 

this reduces to 

(333) cos kl cosh kl = 1. 

This is the equation for the frequencies, whose roots in k give us 
the normal functions 


(334) q« A^ (cos k^x + cosh \x) + B^ (sin k^x + sinh kj.x). 


The equation (333) may be easily solved with the help of a table of 
trigonometric and hyperbolic cosines, or by means of the graphical con¬ 
struction of the curves 


(335) 


1 

cosh X 


y ^ cos X, y =* 
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whose inter¬ 
sections give 
by their ab¬ 
scissas the 
values of Iz^l. 
Inspection of 
Fig. 49 shows 
that the values 
approach the 
roots of the 
equation Qoshl 

0. The frequencies ^ are proportional to k^. The values of the 
roots of (333) are given by Lord Rayleigh, 

j:, =- 4.7300408, 

7.8532046, 

0:3 == 10.9956078, 

= 14.1371655, 

17.2787596, 

after which == v^ith an accuracy of seven decimal places. 

If the bar is clamped at both ends we obtain the same frequencies, 
being thus reminded of the open and closed pipe. But if the bar is free 
at one end and clamped at the other, a: J, we have as before 
tp ^ A (cos kx + cosh kx) -f B (sin kx + sinh kx), 

(336) ^ ^ {-‘I (~~ sin kx -f sinh kx) + B (cos kx -j- cosh kx )) 

while instead of the conditions (329) we have (330), 

- J.(cos kl -f- cosh kl) + jB( 8 in kl -f sinh kl) = 0 , 

^ ^ A{— sin kl -f sinh kl) -f- .B(cos kl -f cosh kl) ^ 0, 

and eliminating A and B, 

(338) (cos kl -|- cosh kl)“ =- sinh* kl — sin* kl, 
or as before 

(339) cos kl cosh JkZ =* ■— 1 . 

By consulting the figure, we see that all roots after the two lowest are 
nearly the same as before. Lord Rayleigh gives 

a:, = 1.875104, 
a:, « 4.694098, 
x^ = 7.854757, 
x^ ** 10.995541, 
a ?6 « 14.137168, 

Xe == 17.278759. 



Fig. 49. 







41] TRANSVERSE VIBRATIONS OF BAR 141 

Any two normal functions may be proved orthogonal by means of 


the differential equation (327), for since 

(327) 

d*tp^ 1 

dx* ““ ^rVr9 ^^4 “ 

we have 

1 t 

(340) 

i.K - ^.) /( 9 . - <Pr - 


0 0 


1 /r /r. d«qp, dip,. 

■“ dx^ dx 


dtps d^q>^ 
dx dx 


hi;- 


Now whether the ends be clamped or free, every term vanishes at the 
limits, so that if A, the functions are orthogonal. We may use the 
same formula to find the values of the integrated squares for norma¬ 
lization. 

As in (309) et seq. let approach A,. Then we have 


I 

(341) 

0 


dtp d^(p , d^q> 

dk dx^ ' dkdxdx* 


d^fp ^qpj 
dkdx*dx] 'o 


Now since qp is a function of kx^ denoting derivatives by accents, 

dtp y, dtp d^tp g ,, d^tp ,3 

, 




affe = 2 ^- 9 ,"+ 


dlh = 3AV"'+ i*ar«p”'= 3A-V'"+ 


I 

(p^dx = 

{ i^k^g)(p'"-i-k^x(p^—k^xq)'(p*"+k^(p"(p'+k^xq)'''^—2k^(p'(p"—k^x<p'<p '"} . 

Now the terms in x vanish at one end, and whether the ends be free 
or clamped, both and (p'tp" vanish, accordingly for all conditions 



(342) 


J<pldx 9>V"+ 

0 


which simplifies on specifying the end conditions. 
Let us now treat the forced vibrations, putting 

(343) P ^ 15 “ ^ > 


which gives as before 

(344) ^.-Ag) = /-(a;). 
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Let DB first consider the case of equilibrium A 0, 
(345) 


and consider a point-load by making f{x) the jag-function. Consider the 
ends clamped and a unit load at We thus define the Green’s 

function K{Xy S) as a solution of 


(346) 


d*K 

dx* 


-0, ir(0,6) 




0-, 


with a discontinuity in the third derivative defined by 

dx’ U-o 



We have then from (344) and (346) 

(348) - «p - AlTg) = Krix) 
and integrating 

I I I 

(349) - f dx-kjK{x,l)(p(x)dx K{x, l)f\x)dx, 
0 0 0 


and since the first integral is the derivative of 

_ d^K d<p d*K dKd*tp 

dx^ ^ dx^ dx dx* dx dx"^ 


of which every term vanishes at the limits, we have only to consider 
the discontinuity in d^Kjdx^ at x = so that finally we obtain 

I I 


(350) <pm-kfK(x, ^)^{x)dx %)f{x)dx = i^’(5), 


the integral equation of the usual sort. By means of it we may treat 
the question of development in normal functions of the sort in question. 


CHAPTER IV. 

FOURIER’S SERIES AND INTEGRAL. CAUCHY’S METHOD. 

INITIAL DATA. 

42. Convergence of Fourier’s Series. In the preceding chapter 
we have determined the coefficients in the trigonometric series by passing 
to the limit from the case of systems of a finite number of degrees of 
freedom. Although this process seems satisfactory to the intuition of 
the physicist, it by no means satisfies the mathematician, who demands 
proof of the possibility of thus passing to the limit. In all the cases of 
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developments in normal functions, we have had to assume that the series, 
on being multiplied by the function to be developed, can be integrated 
term by term. The question of the possibility of this will be taken up 
in Chapter IX, in the meantime we shall give Dirichlet's celebrated 
treatment of the question for Fourier’s series, which has had a most 
extraordinary influence on all modem mathematics. 

Suppose that we consider the series 

00 

S{x) ** cosrx + sinrx) 

where the A's and J5*s have the values 


( 2 ) 


A 




sin radcc. 


Let us introduce these values into the series, and write for the first m 
terms, putting the functions of x under the integral sign 


(3) 


m 

S^^(x) I 2 + ^(cosrjgcosrtt -f sinra:sinra) 


f(a)da 



cos r (a — x) \ f(cc)da. 


We require the limit approached by as m increases without limit. 
Now by Chapter III (123), 

m sin (2 m + ! ^ 

2 + V COS r (a - a-) =- 

2 sin 

* o 


so that we have 

(5) - 


j /‘sin(2m+1)-- 

n f « . a — X 

J 2sin-~ - 


a— X 
2 ~ 


f{a)du 


or putting 

(n — T} 

( 6 ) s.,»- 

-(^+5) 

_ .. . ‘ '2 


1) CreUe's Journal, Bd. IV., Sur la convergence des series trigonometriques, 
qui servent a xepr^senter une fonction arbitraire entre des limites donates. 
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If we suppose that x lies within the fundamental interval, 

-- 7C <X 

the limits in (6) lie between — « and n. 

We shall make the limit of depend on the following, known as 
Dirichlet’s integral, 

(7) 0<h<\. 

0 


In our case k is an odd integer which is to increase indefinitely. All 
that we have to say will apply equally well if we have x instead of sin x 
in the denominator, 

( 8 ) J'~f<p(x)^dx. 

0 

Consider first the integral 

ft n 

\ "2 

(9) dx^2 j *(^4 + cos2a?*fcos4a:H- cos^ins^dx^—j 

0 0 


since the integral of every term but the first vanishes. Suppose that 
in J the function (p{x) is finite, continuous, positive, and never increases 
with Xf it is then said to be monotonicaUy decreasing. The integrand 

vanishes when ^ = y; where r is any integer, let us accordingly divide 
the range of integration into parts 


0 , 


7t 2 jr 

Ic^ k ’ 


pit 

T ' 




n 2rr S/r 

( 10 , ,+/+/•+...+/ 

0 n 2/r pjt 

It T k 

The terms are alternately positive and negative, and decrease in absolute 
value. For sin a? (or x in J'') is continually increasing, and ^>{p^ is not 
increasing, whereas sin repeats its values in successive intervals with 
alternating signs. Thus we may write, 


(11) 

J = Mj — Mj + j - 

where 


(12) 

ir/i’W'",*;-'. 


rn 


A; 
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In like manner^ calling K the integral with fp{x) replaced by 1. 
and J-Y 

(13) jK:— Po— pl -h P,-=y, 


(••+ 1 ) 




rn 

It 


Now in a series where the terms alternate in sign^ and each is less in 
absolute value than the preceding, if we stop at any term the error 
committed is of the same sign as the last term. Therefore 

(14) Mo-«l^--|-«»r> 


(15) Po—(>i+- < Po- Pj + ••• + P,,- 

Nonr in replacing q){x) by the greatest and least values it has in the 
interval, makes 

( 16 ) > “r > ■ 

In (14) replace on the left the even terms by smaller and the odd by 
larger, on the right the opposite, so that the inequality is emphasized. 

(17) 9>{|)(Po-Pi) + 9>(x)( 9*~P») - +-9>f-^“)(P»r-*-p*r-i)<«7, 

(18) j< ^(0)p,- p,)... - g>(--;-)(p,._. - P*,.). 

Since is the smallest % we have a fortiori^ 

J< 9(0)po - (p, - Ps + Pa • • • + P,,_, - P,,) 

or, adding and subtracting 

(■19) J< [9)(0) - <p (—)] 9o+9 (^{*)(po- Pi + ■ • ■ + Ps,-)• 

In like manner (17) gives, adding and subtracting 

(20) J > _ pj 4-... -I- pj _ 

But since the two sums Po • * • Po • • • Psr-i respectively 
greater and less than ~ 

m 

(21) 
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(also subtracting and adding (19) 

(22) J< [()p(0) - 9>(-r)](>o + ^(-F) Y + 


Now if h increase without limits we may calculate the limit ap¬ 
proached by p2r> 


(r + l)^ (r-fl)^ 


(23) 


^ I Binx . rn § . rn k 

J ““ kJ 


I . fc 2 

I TTCTIt ' 

8 in 


Now let A increase without limit, and at the same time let r in¬ 
crease without limit, but so that lira [ =* 0 (e. g. let r be the greatest 

*=« ^ 

integer in yA). Then and also tend toward 0. Moreover is 
finite, since 

Po Pi ^ 'Y ^ 

Tt 

^ 7t , ^ ^ 2 

^'o < Y "r-«*» < 2 +~^Y' 

Bin 


Thus J remains between two quantities tending both toward the 
same limit 

Accordingly 

6 

(24) limj (p (a:) dx ^ 0) 

0 

for no matter what value of 6, if 0 < 6 < “ • 

We may now remove the restrictions we have made as to the na¬ 
ture of q>{x). We have supposed it positive. If it is not, let us add to 
it* a positive constant C large enough to make <p{x) + C positive in 
the field of integration. Then the theorem is true for this function, and 
being true for a constant, it is also true for (p(x). 

Secondly, we have supposed (p is monotonically decreasing. If it is 
monotonically increasing, apply the theorem to — 9 (a:) which is mono¬ 
tonically decreasing. 
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Further consider the integral 

6 

0<a<6<;. 

a 

If qp is monotonic from a to h the limit for k cx> is zero, for taking 
a function q>i{x) which has the constant value qp(a) from 0 to a and 
qpj =* qp from a to fe, we have as before 

>,(+0), 

* = 00,7 A =00,/ 

0 0 

consequently taking the difi’erence, 

h 

(25) lim I q)(x) ^ • 


Now we may remove the restriction of monotonic variation. For 
if the function has a iinite number of maxima and minima from a to & 
it is monotonic between any two adjacent ones, and the integral accor¬ 
dingly vanishes, except for the first integral, which equals ■”qp(+0) 
(such functions as sin-^-, ^'sin -^- are excluded). 

We have then proved that 

b 

(24) lim I ~ 9 >(+ 0) 

0 


if qp is continuous from 0 to h, and has only a finite number of maxima 
and minima. 

Suppose now 


<h<7t. 


Put 


b 2 b 


0 0 ft 

2 

and in the second integral put x ^ tc — x. 

n 

n — b 2 

T m sinAj (jf ic) f '\ j * t 81 X 1 Ajx ✓ r-v j t 
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whose limit is zero. But if 6 =* ;r, 


lim ^2 

* = 00 


n 

Y 

^ (>r - 0) 

0 


and we have 

(26) Im 


n 


/*tn^=Tt‘!^^+ 0) + 9>(« - 0)]. 


It may be that (p{x)y supposed continuous from 0 to fc, is discon* 
tinuous at 0, that is l\m(p(£) is not equal to g>(0) or to limg5(— t). 

tszO s=0 

Then we must use instead of q>(0) the value limg)(£), or as we write 

# = o 

q>{+0). Also if 6 = ;r we must use in case of a discontinuity there 

lim — £) = (p(7C *— 0). 

« = o 


It is also evident that q){x) may have a Snite number of discontinuities 
of the nature of sudden jumps. 

The conditions that we have found, which are sicfficievt (though 
not necessary) for the behavior of the limit, are known as Dirichlefs 
conditions, viz.: 

The function remains finite in the interval, is in general continu¬ 
ous, but may have a finite number of sudden discontinuities, and a finite 
number of maxima and minima. 

We may now find the limit approached by the Fourier's series. 
We had 


in—x) 
2 


( 6 ) + 


2 ' 


Supposing that f{x) satisfies Dirichlet’s conditions from — ;r to ;r. 
Suppose X is neither — n nor tc. 


in — x) 


(27) 




-(n-x) 
2 


The second integral has as limit for w =* (X> the value + 0). In 
the first put — /3, and inverting the limits of integration we have 


(n+z) 

2 

•sin(2m-f 1)^' 


- 0). 


(28) 
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Consequently 

(29) 


DIRICHLET’S CONDITIONS 
lim = \[f{x + 0) -f- f{x - 0)] 

m-oo 


and for every point where f{x) is continuous 

(30) 

' m = 00 

If a; — ;r, by (26), 

n 

(31) lim S„i- f ^ 2^)^^ 

wj = oo nj smfi ^ rj r 

0 

= ^m-:r + 0) + fin-0')]. 

If a: = ;r, 

(32) lim S„(») = 1 + 2^)dfi 

mss 00 n^J omp 

— jt 
7t 

”/---- 2/J')d^'=|[/'(5r-0) + /•(-« + 0)]. 

0 

Thus whether the function is discontinuous or not the limit ap¬ 
proached by S^(x) is the mean of values on both sides of the point. 

It is interesting to form an idea of the magnitude of the coefficients. 
We have 

~^{f{x) cosrar) =« f*{x)cosrx — minrxfix), 

(33) 

^~{fKX) sin rx) = f (x) sinrx -f r(^o%rxf{x). 


If we integrate these equations, and f becomes discontinuous for x-=^Oj 
we have on the left 


(34) 


\f(a — 0) — f{a + Oj] cosro, 
[f{a — 0) — f{a 4- 0)] sin ra, 


and as r increases without limit these oscillate,, but remain between 
finite limits. Also since 

n 

jr{x)dz 


is finite, so are the integrals 

n n 

J f{oc) cosrx dx and j f {x) sinra? dx, 

— n —n 


But the integrals of the last terms in (33), are — arBr and icrAr. 
Consequently when f{x) is finite in the interval, rAr and rBr remain 
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finite as r increases. This decrease like — is not sufficient to make 

r 

the series converge — the convergence is therefore generally due to the 
changes of sign of the terms. 

If fix) is continuous in the whole interval, the bracketed terms (34) 
vanish, and (if fix) = /'(— x)) 


— n 

n 

rBr = ^ j f\x) sinrjr dx . 


If then f[x) is continuous and f{x) finite, we can replace /*by f above 
and thus prove that under these circumstances are finite, so 

that the series is absolutely convergent. 

In case f\x) ^ f(— x), 


Jn- ) cosrxdx -= / fix) eosrx ^/.4 , 

0 

0 n 

ffix) sin rx dx = — / *f{x) sin rx dx, 


and thus 


k-IJm 


cosrxdx, ==0. 


Accordingly an even function is developable in a cosine series. It is 
evident that a cosine series is always an even function. 

If f{x) =* f{— x) we have in like manner, 


n 

'f^^dx , A,. « 0 , 


and the odd function is developed in a sine series. Conversely a sine 
series is always an odd function. 

The coefficients as written in (2) give the development, 


f{x) cos rx + B,. sin rx), 

1 


valid between x — x and x ^ x. 
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We will now consider a few simple examples of Fourier’s series. Let 
us develop a constant, say unity, in a sine series valid from 0 to jc. 
We have 

n 




sinrxdx == (1 — cosrn:) ^ , r odd, or 0, r even. 

^ Trr’ ' 


4/sina; , sinSx , sioDx 


4 /sin a: 

7C \1 


3 + ' 5 - 




Since the series represents an odd function, for — ^ < a; < 0 it repre¬ 
sents — 1, Consequently the function is discontinuous at a: = 0. The 

periodicity of the function represented - - 

by the series is shown in Fig. 50._ 

If on the contrary we attempt to n o .r 2 .1 

develop unity into a cosine series - - 

we have 


71 n 


cos rxdx = ;r ~ sin 0) *= 0, 


so that all terms vanish except the constant one. 

The function x may be represented by either a sine or a cosine 
series. In the first case 


n 


sin rxdx = “* — 

n 


X cosrx i 

r i 


_L W 

-f I cos 
0 rj 


os rxdx 


— cos rn = (— 1)'’ + ^ 
r ^ r 

fsinx sin2a: . sin.So: 8in4x 


For the value x ^ % the series 
vanishes, so that the function has a 
discontinuity, but the series represents 
the mean of the values on the two 
sides of the discontinuity, Fig, 51. 
For the cosine development we find 


/ 

.T / 

/ 


Vln 

/o n 

L 

3?r 

/ 

Fig. 51. 




xdx =* ;r, 

0 

(40) ^ 2 /* j 2 Ixsinrx 1 /* • j 1 ^ -jj 

^ Ixcosrxdx^^- - 1 — - f sin rxajr r odd, 

irj Tcj r \o rJ 

0 10' 

^ yt 4 fcosx cos.Sx cos5x 1 

^ 2 ~ jr iT*" “3* ^ ~T* ~ +•••]* 

This represents for — ;r < a: < 0 the function — a:, so that there is in 
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this case no discontinuity of the function, but the derivative is discon* 
tinuous at the points nx, and the series of derivatives is the series (38), 



which is discontinuous in the proper manner, Fig. 52. (It is to be noted 
that this is not always the case). 

We may develop the function sin a: in a cosine series, obtaining 

n ft 

sinrc cosrarrfa: = {sin(r + l)x — sin (r — l)a?) dx 
0 0 

— 1 / 4- 1)« — I_c o8(r— l)7r — 1 \ 

(41) ** r—1 M 

- I Binxdx == ^ 

“KJ 1L 

0 

_ 4 f 1 COS 2* co8 4x cob 6a; \ c\ ^ ^ ^ ^ 

- \0<x<n. 

Accordingly between — <a; <0, the same series represents — sin Xy Fig. 53. 




mmmmmnmfMmmmmmm 

mmmrAmrA^mrAmmmmm 
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In Figs. 54, 55 the curves are drawn which represent the succes¬ 
sive approximations Sj, and we see how the successive terms 

remove the curvature and cause continual approximation to the function 



represented by the series. We also see plainly how the approximation 
becomes worse as we approach a point of discontinuity, that is, the 
nearer we come to the point of discontinuity the more terms must be 
taken to secure the same degree of accuracy. This is an instance of 
lack of uniform convergence (see Appendix). 

43. Fourier’s Integral. We have already shown in Chapter III, 
(147) that if we integrate from — ltox=^lwe obtain a series 

( 42 ) fix)=^ 

1 

in which 

I I 

(43) •= J J /'(«) COS ~~da, ) f f(cc) sin da, 

convergent in the range — if f{x) sastisfies Dirichlet’s con¬ 

ditions throughout that range. 

We have now to inquire what takes place when the field of inte¬ 
gration increases indefinitely, Z ~ oo. We notice that, since the absolute 
values of the sine and cosine are less than unity, 

I 
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and accordingly if f{a) is absolutely integrable in the infinite range, 
that is if the integral 

dO 

J I /■(«) I 

— go 

is convergent, in the limit both Ay. and £r vanish on account of the 
factor j . Nevertheless, if as before we insert the values of the coeffi¬ 
cients, and take the first m terms for any given value of ?, we have 



We have now to consider the double limit, both for m = oo, and for 
I ^ oo, and as we find in the Appendix, it wiU probably make a diffe¬ 
rence in which order we pass to the limit. It is obvious that, if we 
keep m constant, and put I = oOy since each term in the sura becomes 
unity, the integrand becomes (m — 2)A^)> account of the as¬ 

sumed absolute integrability of l/*(a)|, the integral is finite, so that 
limS(Z, = 0. Let us accordingly put 

I - 00 

^ sssa d, r6 ^ Xj. y w d = = p, 

and making p the variable instead of m let us write 

/ r 

(45) S{l,p]x) = i — h + cosA^(« — z) jrta. 

L r 0 J 


Now by the definition of a definite integral we have 

pi 

.r 

/ cos A(a — x)dX « lira ^d cos X,.{cc — x), 


r 0 


and this means, reverting to the definition of a limit, that if £ be a 
positive number arbitrarily given, however small, we can find corre¬ 
sponding to it a number T, such that whenever / > / ' 


^ r* 

^d cos — x') ^ I cos A (a ~ x)dX -h s'y | «' ! < f* 


Accordingly we have 



S(l,p;z) 
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and passing to the limit, 

oo « 00 

(46) lim/S(i,^;a;) — cosA(a —a: 

^ * —00 0 —00 

Now putting a — a; =* /3 this is 
00 

(47) + 

— 00 

which may be divided into the sum of two Dirichlet’s integrals of the 
form (8), and we have therefore, 

(48) I [fix + 0) + fix - 0)] = lim ‘ J}ia)d a J cos A(a — x)dX, 

-00 0 

provided f{x) satisfies Dirichlet’s conditions in the infinite range. Accor¬ 
dingly we see that we must make I and m increase so that lim y 
and it is obvious why I must not increase first. 

If we should now assume that 

ac p 00 00 

(49) \im^^J*f(a)da J* sos A(« — x)dX == f{a)da j cos A(a — ar)dA, 

we should obtain Fourier's celebrated double integral, in the form given 
by him^), and repeated by many authors since. But unfortunately the 
integral 

I cos A(a — x)dX 
u 

has no sense, for the integral 

p 

J *cos X{a — x)dX 


sin pipL — x) 


a — X 


does not approach any limit as p increases, but merely oscillates. The 
equation (49) is then incorrect, but we find the correct limit as follows 
From the definition of the infinite integral we have 

00 |> bp 

(50) Jfia)da I COB Xia — x)dk — lim Jfia)duJ cob Xia — x)dX, 

—m 0 f = -«o 0 

6 =--00 


1) Fourier, Theorie de la Chalew, p. 408. 
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and in the iterated integral between finite limits there is no reason why 
we may not change the order of integration, obtaining 

/<<»/««) C 08 il(a — x)da, 

0 * a 

The integral with respect to a may now be diyided up into three, 

f % p « 

(51) JdXjfia) COB il(a — x)da — jdljf{a) cos l(a — x)da 

0 —00 
P 00 

eosX(a — x)da. 


0 —0 


Now if the integral, 


ao 

f\fia)\da 


is finite and determinate, the two last terms tend toward zero, for their 
absolute values are less than 


^ a a p 00 cc 

J dXf\ f(a) \ da=pf\ f{a) | da and Jdxf\f(a)\du—pf\ f{a) \ da . 


0 —0 


Consequently we shall have, in the limit for a 


oo, b oo, 


P 00 

(52) ^^[f(x + 0)-hf(x-0)]-.limlfdxff(a) COS X(a —- x)da 

* 0 — 00 
00 00 

-ipxfm COS A(a — x)day 

0 — oo 

and this is the proper form of Fourier’s integral theorem. 

If we have ati even function of X we may write, 


(53) 


00 00 

f{x) =* x)dx . 


— 00 — 00 


With regard to this theorem Kronecker^) says: ^^This so-called 
Fourier double-integral made at its discovery a tremendous impression 
on the mathematical world. It was shown for the first time how an 
almost arbitrary function, satisfying only the limitations mentioned, 
fits itself into mathematical forms. The formula (52) maintains its cor¬ 
rectness, as was shown by P. du Bois-Reymond, for various fiuctuating 
functions, inserted instead of the cosine.” One of these cases will 
appear in Chapter YIII. 


1) Eronecker, Einfaohe nnd Vielfache Integrals, S. 81. 
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The difiference between the mode of representation in Fourier’s 
series and integral can be made more vivid by means of an application 

to optics. The general term represents a simple wave of wave- 

2 1 

length and we may accordingly say that for the interval 21 the 

arbitrary function can be represented as the sum of an infinite number 
of such waves of wave-lengths propjortional to the reciprocals of the 
integers, having a spectrum of an infinite number of discrete wave-lengths. 
But if in the integral (52) we expand the cosine and write 
00 00 

(54) 9(^) = ^(a) cos Xada^ sin kada 

— 00 — oo 

we may write the integral, 

00 

(55) f{x) ^f{(p{k) cos Aa: -f (k) sin kx]dk 

0 

2 % 

and as the wave-length of the terms cos kx and sin kx is — we see 

that the function is represented as the resultant of waves of all possible 
wave-lengths from zero to infinity, forming a continuous spectrum. It is 
by such an integral that white light, containing all colors, must be re¬ 
presented. 

As an example let us undertake to find the spectrum of a damped 
vibration, which begins at a definite instant t ^ 0, and continues inde¬ 
finitely. We then have 

f (^) «» 0, ^ < 0; f\t) ^ smht, t>0 

so that 

00 00 

(56) m - sin ha cos k{a — t) da 

0 0 

00 

( 57 ) = + 

0 

00 

(68) n> (X) - 3— sin sin A«<Za = ^ 

0 

Thus we obtain the spectrum of waves, each of which Ims been in exis¬ 
tence for an infinite time, the amplitude of the waves belonging to the 
spectrum interval from k io k + dk being 

[{<p(^)}* + I^(a)}*M- 

This amplitude, as a function of A, is shovm for several values of ^ in 
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in Fig. 56, and we see that the smaller the damping a, the more con> 
centrated the spectrum about the yalue A — 5. If a force whose magni¬ 
tude is represented bj such a damped oscillation acts upon an undamped 



Fig. 56. 


resonating system, each component will produce a response, and we ac¬ 
cordingly see that eyen if there is not exact tuning, some response will 
be produced, and there will be more latitude the more the damping of 
the force, that is the wider its spectrum. This fact has an important 
application in wireless telegraphy, where in order to interfere little with 
foreign receivers, the sending oscillation must be but slightly damped. 

If in Fourier’s integral (52) we replace the cosine by the sine, the 
odd function of 1 makes the integrals vanish, accordingly since 

« cos l(a -- x) + i sin A (a — a?) 
we have « 

(59) fix) = ~fdlfria) 

— 00 —00 

An interesting form of Fourier’s theorem is arrived at bj putting 

00 

5'(y) - ^(») ^^*dx . 


(60) 
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We then have. ^ 

(61) f(x)^ 

— 00 


showing the reciprocal properties of the functions f and g. Either of 
(60), (61) is an integral equation of the first kind, like (288) Chapter III, 
of which the other is a solution. 

If f and g are even functions, 

00 00 

(62) f{x) -= yi J 7 (y) cos xydy, g{y) =yi Jr (a;) cos xydx, 

0 0 

whereas if they are odd, 

00 oo 

(63) fix) == y ® I g (y) sin xydy, g{y) =\/^J^ (^) 

0 0 

Both Fourier’s integral and series may be extended to functions of 
any number of variables. Let us represent f {x, y) by a Fourier integral. 
For a given value of y, 

(64) fix,y) = ^J 

0 

but in like manner 

e 

(65) fia,y) = ~jd(ij fia, fi) cos g(fi-y)dfi, 

0 —<*> 

and inserting in (64), 

00 00 00 00 

(66) A*,y) = ^-. J*JdXdfiJ coBX{a — x) cos-~y)dadfi. 

0 0 -«* 

In like manner the theorem can be extended to any number of variables. 
For this purpose the form with the exponential is convenient. We have 



(67) fix,y,z-) 

00 

— 00 


where it is to be understood that the integration with respect to 
takes place before that with respect to We may write either 

« — «••• ora? — «••• 
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44. Oaiiohy’s Method of Xntogratioii. WaTO-oqnatlon. Bj 

means of Fourier’s multiple double-integral Cauchy^) gave a general me* 
thod of integrating linear partial differential equations with constant 
coefficients. 

Before explaining the general method let us take as a simple 
example the equation of the string, 


with 


d*u , B^U 

a? 


t^o 


j U^F{X), 

IIt-<?(*)• 


Let us put u =« giving 


so that 


p~‘±aq, 


is a solution, where J., jB, g, are independent of x. Put -- iX and 
let A and B be functions of a and A, then, introducing the factor 


is a solution whatever a and X, Also if we multiply by dXda and if we 
add any number of such solutions, for different and continuously varying 
a and X, that is the definite integral, 

OB «0 

(68) f + Bi«y^^«—^o^]dXda 

» 00 '<-> 00 

is a solution. 

^ A(a) + J3(«) - Fia). 

when < — 0 this reduces to F{x). 

Differentiating by tf 

to to 

(69) f- tAo{^(a)c‘*(«—•*> - B(a)e«(“-+«‘))dAda, 

— 00 —00 

and when ^ » 0 this reduces to Q(x) i£ 

- iXa(A(a) - B(a)) « 0(a). 


1) Cauchy. Jour, de VEc, Polytechnique, cab. 19, 1823; p. S7t, M^moire sur 
I’ini^gration des Equations, lindaires aux differences partielles et k coefficiens 
constans. 
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From these two equations we get 

QO OD 

(70) 

~flO —oo 

OO 00 

{c«(a-(»+«<))_c<^ I «-(*-«<)) \dkda. 

— 00 — 00 

The first integral represents 

I [F (a: + at) + F{x - ai)], 

while in the second, 
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i 

« 

— 00 


i j '— =^cos A(a — x) ~ dX 

— oo 

00 

1 r 8inX(a- 

= 2 j 

— 00 

00 

/ sini (a — a? + — ®i®^ ( 

- 


; — at) — sinZ (a — x — at) 


) — sinJl (flc — X — at) 


The last integral is the difference of two, each of which is of the form 
of the integral 




which is equal to y if 6 > 0, to — y if t < 0, and to 0 if 6 *= 0. 

Accordingly our integral, being the difference of two equal terms, is 

zero when a — x + at and a — x — at are of the same sign, thatjs 

either ^ ^ ^ 

a<ix — at or u> x-{-at 

butwhen x-at<u<x->,at 

the two terms are of opposite sign, and their difference equals n. Con¬ 
sequently in the last integral in (70), the integral is zero except be¬ 
tween X -- at and x + at y so tnat we have 

x + at 

as—af 

which was given by d'Alembert’s solution, (27) Chapter III. 
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We will now consider Ganchj’s method of integration for any 
number of independent Tariables. 

Suppose that for the value t — 0, 


(71) 




We are to find a eolation in the form 




which shall satisfy the initial conditions. Now we have 


(’3) It - T^ff- ■ ■ ■: 

— 00 

also 

00 

Tx-(ArfS’"SS*^ ... iUy, .., 

— 00 

i 

consequently if we determine U b» tk function of the single variable t 
to satisfy the ordinary differential equation obtained by replacing 

|5byCa)*tr, gby(t»'I7,etc., 


the integral (72) will be a solution. The arbitrary constants are to made 
such functions of a, y... that for ^ — 0, 27 shall reduce to F{a, /}, y) 

and ^ to 0{a, §, y ...). This was the method adopted for the last 


equation. 

Let us apply this to the equation of sound for three dimensions, 
(115) Chapter I. 

(75) 


a*u 

dt*' 


I r d*u , , a*«' 

La** ay* a 


-1 

v*J' 


reducing to the previous equation when w is independent of y and e. 
We are accordingly to put 


n(i\ ^ 

(‘6) dt* 

if we put 

The solution is 


- a*(A» + (i* + v*)U - o*p* 17, 

A* + #** + V* — p*. 

U — .dcosapt + Bsiaaift, 


where A and B are to be functions of a, /J, y. 
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Since for < — 0, CT we have -4 —Also since 

dU 


putting ^ 0 

so that 


_ — op^sinapt + a^Bcosagt 

a^B- G{a,^,y), 


U — F{u, /J, y)cQBaQt + G(tt, /J, y) 


Binagt 
ag - 


giving the solution, 

(77) _ 

ffIfffF{a,fi,y)cosaQt(*i^«‘-*)+>‘(fl-») + ^ir-‘)dadfidydldiidv 
— 00 
00 

— 00 

We may call these integrals Wj, so that for 

(78) ^ = o| 


{u,^F(x,y,e). ^ = 0, 


= ^7 = (^(x,j,,.). 

Consider first the integral Wj, and let us introduce polar coordinates 
r, dj if for the point a, y with respect to an origin at x, y, z. 



and if we take for the polar axis from which to measure B\ the line 
joining x, y, z to a, y, (81) is pr cos^', Fig. 57. 

Then 


00 00 71 ;t 2.*r 27r 


(82) UffffI G(x + rcos(psinS,.. .) 


0 0 0 0 0 0 


p*sin0 sindprfrrf dtpd(p\ 




164 IV. FOURIER’S SERIES AND INTEGRAL. CAUCHY’S METHOD 

The integration with respect to 9 ' and ff may be performed, for 9 ' en¬ 
ters only as d(p\ and the integration merely multiplies by 2%. On the 
other hand 0* enters in 


(83) 


n 




^ir^oo»0‘ 

trg^ ' TQ * 


and we haye, dividing out 

m n 


(84) 


0000 

to to n %n 

6r(...) {co8p(r—C08p(r-t-a^)} r^inddQdrdOdfp. 


The integral 


00 00 


( 86 ) 


W’ 


rG{x + rcos 9 > 8 in 0 ...)co 8 p(r —a<;<ir 


i 8 in the form of a Fourier doable*integral, (52), if we put 
ff-X, r-«,/-(«)-r 6 (...r) a> 0 , 
fia)^0 «^ 0 , 


and represents a^6r(a:4‘ a^C 089 Binfl,...) (if is continuous) when ^>0. 
The second term represents — atO(^ a t) which is zero if ^ > 0, but 
which represents the solution extended back to epochs in which ^ < 0. 
Accordingly our integral becomes 


(86)fi. 


jr iJt 


0 0 


-{-a < cos 9 sin 9 , y 4 -af sin 9 sin 9 , +a^cos 0)sin0(fdd9. 


Now in i<| we have a similar integral, with the exception that instead 
of we have cosap^ which is its derivative with respect to t 


Accordingly 

(87) 


n tn 

W/^ 


F(x + afcoa^sind, ...) 8 ind<f 9 <f 9 >, 


and the complete solution is u—Ut + u,. This is an example of Stokes’s 
rule, Chapter HI, after equation (27), in that the terms from are 

deiired from those in ^ hj differentiation. 
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The above integral was given by Poisson in 1820.^) 

In these integrals we have functions of a point situated on a sphere 
of radius at with center at the point whose element of surface 

is dS = (a^)*8in ddBd(p. The mean value of a function on a certain sur¬ 


face is 



and on a sphere, ^ 2 ^ 

(88) F = iljjj Fr^ siu . 

0 0 


Consequently putting r ^ at, we find 

(89) u2 = tG(at), 

or the part is obtained at a point F and at a time t by taking the 
mean of the values for ^ = 0 of ^ at points lying on a sphere of radius 

at with P as center, and multiplying by L The part is found by 
taking the mean of the initial values of u on the same sphere, multi¬ 
plying by t, and taking the rate of change as t varies. 

(90) u,^^^{tF{at)]. 


Suppose the functions F and G are zero except in a limited re¬ 
gion V and suppose P is outside this region, Fig. 58. Then when t is 
small the sphere of radius at lies in the zero region, and nothing is 
contributed to the integral. This continues 
until at^r^ where is the distance from P 
to the nearest point of V. Then the values 
of F and G begin to come into play, but 
gradually, since at first the part of S having 
non-zero values is small. After a/ > r^, 
where is the distance to the most remote 
point of Vy the sphere is again in the zero 
region, and there is no disturbance there¬ 
after. Thus we see that disturbances are propagated with the velocity 
a in waves, and that after the wave has passed nothing remains. If the 
region V is very small, and in it G is very large, while the region 



covers an area S, 
(91) 


^ GS 

a 4nr* 


iitar 



AnaH 


or varies inversely as the distance. The function u is the velocity- 
potential or compression, not the displacement of the air. 


1) Nouveaux Memairts de VAcademie des Sciences, t. IE. 
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Suppose that initiallj there is no motion, and that in the whole 
region V the compression s is of the same sign, saj positive. It might 
be supposed that at all times the compression wodd then be positive, 
but this is not the case. Let u now stand for the velocity-poten¬ 
tial 9 Since the compression is connected with this by the equation 

(112') Chapter I, we have a*s — — |j, and the initial values of will 

be everywhere negative. Accordingly ip, which is represented by the 
term t(|, will be negative when it is not zero, that is between the times 

t — — and t = —. It will then sink from its zero value to a minimum 
a a 

and then rise again to zero. While <p is falling $ will be positive, and 
while it is rising s will be negative, so that the mean value of the com¬ 
pression s, where 

(^1 ^Jsdt ^^ (Vi 

to X 

will be zero. 

It might be expected that since in one and three dimensions we 
have wave-propagation, the same would be true in two dimensions, and 
that the integral could be obtained by replacing the spheres by circles. 
This is however not the case, as we shall see in § 49. 


45. Equation of Heat Oondnotion. The equation of Fourier 
(Chapter I, (83)) ^ where ^ differs from that of wave- 

motion only in having the first derivative by t instead of the second. 
This makes a most important difference, as we shall see. In fact we can 
give arbitrarily only the values of u for ^ 0, because the values of 

^ are determined by the equation, and are not arbitrary. 

Let us solve under tke condition, 

^-0, u-F(x,y,s). 


According to our rule we must put 


and for 

^-0, l7-A(a,Ay)-F(«,/J,y). 


Accordingly, 

— m 


/u* + + <[A(a -*) + /*(/•-y)+ ♦ (y - •)! 

dadfidydkdfkdv. 
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Let US write this in trigonometric form, 
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(93) “-(^//////'•)'co81(« - x) 

cos(i(fi — y)cosv(y — g)dadfidydXdfidv. 

In this case also we may perform the integration with respect to 
Again we need certain definite integrals. In the Appendix^ we find 



X ^ k, a aH, h ^ a — X, 

and we have 


/“ — 

(95) / c-“*‘‘’'cos>l(a - x)dk e 


Accordingly, 
(96) u 


■A- rrrm 


-i.*« -dadfidy. 


If we put 
(97) 

this becomes 


“ -L-® . H P.-ZV. „ y - ^ t 
iayi ’ %ayi ZaV't’ ’ 


OD 

(98) u - ^ r /* rF{x^ 2ayt • g, y + 2a ]/?■ n, z + 2ayh g) 

^ J J J . (f. + ,. + . 


This integral was given by Laplace. For ^« 0, 

«/-o = -T / / / A'(a;,y,s)c-<^+’'’ + f’)d|d)?rfS 


(99) 


— 00 


-F{x,y,z), 


as we see by the value of Laplace's integral, Appendix. 
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The integral, 

--L_ /* r 


where 


«-~ 4 - rrr^Afu 

— eo 

•_^ 

4* A 

- J- / —^ Fir)rh 

J t* 


r* = (a: - «)* + (y - /J)» + (« - y)‘, 


shows the nature of the distribution of temperature. The temperature 
at any point P is found by drawing about it a sphere of radius r, find¬ 
ing the mean over its surface of the initial temperatures^ reducing this 

_^ 

r* e 

in the ratio —j -and integrating from r 0 to r =* cx>. Thus 

2**a» t* 

the effect of points at a distance falls off very rapidly, but most rapidly 
at first. 

Each element of Tolume dt = dccdfidy contributes to the tempera¬ 
ture at P an amount proportional to its initial temperature Ug and its 
Tolume dr, equal to 


8»»a* t‘ 


Let us inyestigate the function, 


«>i 

«* 

For t^O, numerator and denominator vanish, but on evaluation we find 
y — 0. Also for ^ — cx>, y — Q. We have 

dy « * (a* n \ 


*• U* '2ti 


which vanishes for 


^ — OO, t' 


The second derivative. 


^ I T + ~ 4 —j 
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a* 

vanishes for ^ 0, < cx>, and the roots of the quadratic in y ^ I > 

S*-(« + 2)6 + "-^+-^ = 0, 

t w + ^± V~^'n + i 
^ “ .. 2 ’ 

for which we have points of inflexion. Since ^ we see that the 

effect of the hot point on a point at a distance r is to make its tempera¬ 
ture begin immediately to rise at first slowly, then more rapidly, reach¬ 



ing a maximum, and then falling off toward the asymptotic value zero, 
Fig. 59. Thus there is nothing in the way of wave-propagation, for the 
influence is felt at once, and lasts forever. The time of reaching the 
maximum however, depends on the distance. 

It is evident in the case of this difterential equation that the nature 
of the solution is the same whether we have one, two or three dimensions, 

n 

for the only difference is in introducing the factor in the denominator. 
The time of the maximum yj 

5a*_ r* 

n 2na*' 


depends on the distance, being proportional to its square^ and inversely 
to the number of dimensions in which the heat spreads. The maximum 
value of y, 


(103) 


a* n n 



/^*\2 / r « Y 

\ n / \2nav 


varies inversely as r**. 
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Considered as a fdnction of r, 

_ 

u^dt t 

U)' 

is zero for ^0^ for all values of except r 0. However the inte¬ 
gral which when multiplied by the product of the specific heat 

and the density^ represents the total amount of heat in the body, is 
finite and constant. In case n — 1, we find 



(105) 



and if we 




this reduces to 



“tto* 


4a* I 


The function - —^ , representing the temperature in one dimensional fiow 

from an initially hot point at a;» 0, is shown in Fig. 60. The initial 
distribution is represented by the jag-function of § 35. 



Wig. 60 . 


Suppose we consider the case of flow in one dimension, in which 
we have for ^ ^>0 

Fix)~2, x<0. 





















HEAT FLOW. JAG FUNCTION. ERROR-FUNCTION 


This will give the same distribution for ^ > 0 as if we considered only 
the positive half of a rod of infinite lengthy whose end at a; 0 is 
maintained at constant temperature^ or electrically a cable at whose end 
a constant battery is applied. We then have from (96), 

(106) - -/ e *“•> da 

ayntj 


and if we put 


this becomes 


sayt «» 


Now the definite integral, 
(108) «(«) = 




occurs in the theory of probability, and is known as Kramp’s integral 
or the error-function. We have already made use of the result 4 ^( 00 ) «1. 
We have then 


u^^fe-^c 

V^J 




as the temperature at the time ^ at a distance x from the end of an 
infinitely long rod, originally at temperature zero, whose end since the 
time ^ » 0 has been maintained at the temperature unity. By means of 
tables of the error-function, Fig. 61 is easily drawn, giving the tempe- 



Flg. 61. 
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rature distribution for times 2,3^ 4, 5 times a. We see that the dis- 
continuity in u at a;» 0 is instantly abolished. 

The solution (109) enables us to solve the problem of the dis¬ 
tribution of temperature in the rod when the temperature of the end^ 
instead of being constant, is made a given function of the time, f(t). 
Let us first suppose that 

/■(<) = 0, = forr<t<t + h. 

li>r + h, 

If we call the function of (109) V(Xyt), representing the effect at time 
t of applying a temperature unity to the end of the rod at the time t^O 
and thereafter, we may get the result of the present assumption by com¬ 
bining U{Xjt — t), which represents the effect of heating the end from 
^ = r on, and U{x, t — x — h), which represents the effect of cooling 
the end from t + h on, the result of both being to reduce the tempe¬ 
rature of the end to zero again after t ^ x + h. We thus have 

ViXy t—x')— TJ(Xyt — X — h). 

If now the interval h is made shorter, we have for an infinitely 
short interval • If Ibe temperature of the end is not unity, we 

have to multiply this value by the actual temperature. Consequently 
if during the interval from < r to r + dr the temperatnre of the end 

is f{x)y the effect at time t at other points will be /'(r)dr, and 

if we take the sum for all times we shall have 

t 

— 00 


This result was obtained by Duhamel.^) Effecting the differentiation of 
the definite integral we have 


( 111 ) 

so that our solution is 


d U _ ^ \ ^ _ xc 


“ - -dvifdrj - *>* 1 - 


1) Duhamel, Journal de VEcole Folytechnique, Tom. 14, Cah. 22, p. 20, 1883. 
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This may be confirmed by the change of yariable from t to where 

(118) ix -- *ix'ii, 

giving 

(114) 

0 

which on putting x ^ 0 becomes 

2 


(115) 






Suppose that the temperature of the end varies harmonically, 
f(t) =* sini)^ Then 

00 

(116) “ “ ^ J* 

0 

to evaluate which we expand the sine, obtaining 

I OC 00 \ 

ainpt j "- cos|?< j sin e-«’d5 |- 

The definite integrals are those given in Appendix, if we use the sub¬ 
stitution 



4o’ ™ 2 ’ o r 2 ’ 

giving 


(118) j 

0 

f\o8 px‘ ^ V'* cos* 

sinia*!**' 2 *in a 

so that we have 


(119) 


This result will be found directly. 


46. Bqnatlon of Telegraphy. The equation of telegraphy, 
§ 15 (162) 

(120) i-L|^ + (ji:ii + iS)|: + i!S»-|^“ 

when we neglect L, the self'inductance; and S, the leakage, reduces to 
Fourier^s equation, with a* =«= . The equation was treated by Lord 
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Eelyin^), in 1855; for a submarine cable, and from it be deduced bis 
so-called KB law; tbe time necessary to produce tbe maximum electrical 
effect at a distance x is proportionid to KRx\ 

Let us now consider tbe telegraphic equation in its generality, 
writing it 

(121) a + 2b -h CM «« 

We must, in tbe Fourier integral, use 

( 122 ) 


and if we put U *= we bare 

(123) ap*+ 26j, + c + A*- 0, p-—~± 


It win be convenient to remove the factor e 
We find 


(124) 


du 

Tt 




dx* 
b du' 


by putting u = 


® “ dx*> 




S*u -lt/S*u' nt> du' b* ,\ 

^ (d*u du b* A , i^r^fdu b r\ . , d*u' 


(125) 


d*u . ac — 6* , d'^u 

dt^ a dx* 


Accordingly the term in the first derivative has been removed. If we 
now divide by minus the coefficient of u, and change the units by 
putting 


(126) 




1/6*-ac 




X 




the equation simplifies into 


(127) 


d^u 

a?* 


d^u 


+ n. 


(It is be noticed that if there is neither resistance nor leakage b ^ c ^ 0, 
we cannot make this simplification, so that the results we are now to 
get depend on the presence of at least one of these properties.) 

We shall now drop the accents, and treat the equation, 


(128) 


d*u d^u 

df “ a*» 


I) On the Theory of the Electric Telegraph, Proc. Roy. Soc., May, 1855, 
Math, and Phya. Papers, Yol. Ill, p. 61. 
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for the eolation of which we hare 


d*U 

dt* 




(129) U-+ 

(- A sinV a*- 1 • < + ^ cob yi*^l • t ), 

and if for 

( 130 ) <- 0 , U’-fix), jl-g{x), 


we most pat 


A-f{a), B 


so that we have the solation, 


g(«) 

l/i* —i’ 


(131) 


OD 

u — J‘f{a)cosY^^l ■ 



yx*—i 


Again we may, though less easily than before, perform the integration 
with respect to A. Consider the definite integral. 


J{x) 

(132) 


Now we have 

(133) 






n 

C08**a? dm 


f 


n 

* 


/- 




135. 
2 •4"T 


n — 
.. n 


n 

Y 


and the same integral from y to has the same value if n is et;en^ the 
negative if n is odd. Also 


so that 

(134) 



n 

/- 


cos’^cs dm 


1.3 6 - .-25-^1 

246 .2« 


• 2n 
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and our integral is^ putting n 2 s, 

(186) A.) - 2 O’ - 1 - f! + + ■ 

This series defines the BesseFs function of order zero, (Chap. YU). 
If we call 


(131) 


I{x) — J{ix) =*^ y c“*‘=“"doj 

— 7t 

(fi!)* \2/ ^ ^ 2* ^ 2*.4* ^ 2*.4*.6* ^ 


this function increases rapidly with x, and has no real roots. 
Consider now the definite integral, 



J]r (r sin sin S) e* '* ® sin ^ d ^ 


n n 

hfj‘ 


gi r(ooi (p coi 0 4 iln <p Bin © coi ti») g J ^ ^ ^ jjjT 


7 cos@ «« COS0COS9) + sin Osin 9 COS®, 

sinOdOrf® “ dS, 
and the integral (137) becomes 

n n 

» 

(*rco,&dS 


o (138) 


iJP 


and @ will be one side of the spherical triangle of 
which the others are 0, tp, including the angle ®, 
Fig. 62. Let SI be the angle included between % 0 
and since our double integral is over the surface of 
Fig. 62 . sphere of unit radius, let us take the pole at SI 

instead of ®, when the element of area will be 

dS ** smSd&dSl, 

and our integral is 

n n 

2 *,y./ »r 


(139) 


0 — Jf 


Consequently 

(140) 7(rsin9sin0)e*’*'®®*<p®®*®sin0d0. 
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rco89 « — rsin^ « it, r* — ^*(A* — 1 ), 
cos® « 

• t 

t 

(141) = IJ dfi. 
Inserting in our second integral of (131)^ 

(142) u, - nJ^dag{a)J' 


>00 — OD — t 


If we change the order of integration, so that, after having inte¬ 
grated with respect to we integrate with respect to A before a, we 
may put the result in the form of a Fourier integral. For if in the 
Fourier integral, 

(143) ^/dAjV(/J)e‘^<*-«d^ = 9(*), 

— K> —• 00 

we make / ^ i i ,, 

(p{x) 0 when | a: | > | ^ |, 

fp{x) =* l{yt^ — x^) when | a? j < 1 ^ |, 

then the integration with respect to goes only from — t to t and our 
integral (142) becomes, replacing all the accents (even on a), 

00 

(144) «i - lfg(a'Mx- a)da - lfg{u')l(VP-{x’-ay)da. 

— 00 x‘ — t' 

From this we obtain by Stokes’s rule the other term 

(x'- ay)da 

(145) 

- i !/(*'+0+/•(*'- 0]+1//■(«') ^,I{VP-W^*)d,x. 

since 1(0) — 1. ^ 

We may now change the variables back to rr, tj u, and introduce 

the factor a \ If the initial conditions are now 
<-0, u~Fix), |^ = G(*), 



178 IV. FOURIER’S SERIES AND INTEGRAL. CAUCHY’S METHOD 
we mast pnt, according to (124), (130), 


F(x) - G(x) - g(x') - x' ± t' (x ± • 

If the relation between cc and a is the same as between x and x, we 
at once obtain as the definite solution^ 


u 





* + 


(146) -\-V~aJ F(a)± {?-(*- «)’] « 


Ka 

t 

V 'a 


+ VaJ (6?(«) +_ «).j rf«). 




The terms outside the integral signs show wave-propagation with yelo~ 

eitj the same as if the terms in c were absent. Thus the tele- 
|/a 

graphic equation is so far similar to the pure wave-equation^ but the 
wave is damped according to the exponential factor. There is however 
an entirely new phenomenon, for the integral terms show, even after 
the wave has passed on, an effect coming from all points where origi- 

t 

iially F and 6f are not zero, and within a distance from the point 

in question, that may be covered in the time t with the wave-velocity. 
This effect persists through all time, although dying away, and consti¬ 
tutes a residue or taU, like that left by a drop of dirty mercury rolling 
over a table. As an example, let u stand for the potential F, which is 
connected with the current by the equation (154), Chapter 1. Let us 
suppose that there is no leakage c » 0, and that there is initially no¬ 
where current in the line, and that the potential is zero except from 
a? — to a; =- ar,. Then we have 

for all a;, 0{x) — 0 ; F{x) — 0 , except for x^< x <x^. 
Accordingly for 

a:--fr>a?„ or a;-f< ar^, 
ya yo 

all the functions have the value zero, so that u is zero. This at once 
distinguishes the solution from that in the case of heat or of the cable, 
for instead of being felt instantaneously the disturbance does not arrive 
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until the time i — }/o(* — on the right, or t — V^a(*i — *) on the 
left (The velocity is infinite when a — 0, as we have seen). When 


we have 

and 

(147) * 


t>ya{x — Xj) or ]/a (Xj — x) 


This integral never vanishes, and represents the tail of the wave. In 
this respect the telegraphic equation resembles the Fourier equation. 

In order to give a con- ^ 

Crete idea of the solution, we 
give in Fig. 63 the result of 
permanently putting the end 
of the line at a constant 
potential, at times 1 , 2, 3, 4, 

5, times with the dotted 

lines showing the same with 
no inductance, as in Fig. 61. 

In Fig. 64 we show the propagation of a potential which was con¬ 
stant from A to B, the tail being shown after the waves have separated. 



47. Periodic Waves in 
Various Cases. Having now seen 
how the equations of heat conduction 
and of telegraphy diflFer from that of 
sound, we may look at them from a 
point of view which may bring out 
some similarities,while still showing 
the characteristic differences. Sup¬ 
pose we inquire under what circum- ‘ 
stances a solution which is a simple 
harmonic function of the time can 
be propagated according to the 
equation 

(,121) + 26^ + CM 







Fig. 64. 


a 

-X 


b 

- X 


c 


X 


d 


X 



X 


whether or not a, b, or c are zero. Let us proceed as in Chapter UI, 
where we have put u — ^ cos|?<, only in this case, it wiD be more con- 
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venient to put u and take the real part of the resulting 

complex solution. We thus obtain 

(148) + 

or 

(149) g + AV-0, 

if we put 

(150) ap^ — c — 2bpi == k^. 

Now, this is the same equation that we had for the normal func¬ 
tions of the string or pipe, but in this case /c-, and therefore /c, is com¬ 
plex. Suppose we put 

k ^ a — ifiy 


then we have, squaring, and equating real parts 

(151) - hpy 
solving which for a and /3 gives the real positive values 

/I KOX “ * (/46V + (ap^ - cf + ap^ - cj, 

(152) - - -— — 

p = K-j-(]/ 46 y :j: (^ap- — cy — (ap^ — c)). 

The solution of (149) is either 

co»kXy sinfcx, or c***, 

The two first are appropriate for standing, the two latter for running 
waves. Let us first consider the latter. We then have 




of which the real part is 

cos (pt — ax) 


which represents a damped wave progressing to the right, of period 
T — wave-length A = ^, and velocity ^ advancing a 

constant distance, the amplitude of the wave falls ofi in a constant 


i7t,9 


ratio, the ratio of decrease for one wave-length being e ® . We may 
call the distance in travelling which the amplitude decreases in the ratio 

the relaxation-distance j. We see that in general the velocity, wave¬ 


length, and relaxation-distance all depend on the frequency, or the waves 
suffer dispersion, which explains how the general disturbance composed 
of waves of all frequencies must be distorted in propagation, as the 
waves separate. This explains the difficulty of long-distance telephony, 
or of submarine telegraphy or telephony on lines of any length 
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In order to get an idea of the dependence of these quantities on 
the frequency, let us eliminate jp from equations (151), obtaining 




c, or 




I 

a* 


a 


c 



Taking cc and as coordinates, this represents a quartic curve with a 
horizontal asymptote jS « , and cutting the /3*axis at a distance |/c 

from the origin, Fig. 65. We may then plot the frequency from the 
equationp=~ 

The velocity 
r = IS pro¬ 
portional to the 
ordinate and 
the relaxation- 
distance to its 
reciprocal. It 
accordingly is 
plain that as p 
increases a in¬ 
creases , and 

that ifV'c<-~ 

ya 

the velocity in¬ 
creases with Py but if the leakage is so great that yc> the velocity 
decreases as p increases, in either case approaching the limiting velocity 
for infinite frequency. This we have found above to be the velocity 

of a discontinuity, forming the front of a wave. 

In the case of vanishing of the discriminant ft* — ac our locus be¬ 
comes a straight line /3 = ]/c, the velocity is independent of the 
frequency and there is no dispersion. This is called by Heaviside 

the distortionless case, and includes the one already dealt with when 
2) » c 0. There is still’ damping, but as it is the same for all wave¬ 
lengths all disturbances are propagated without change of shape. If 
c —• 0 the locus is a hyperbola. 

In so far periodic waves behave alike whether in heat conduction^ 
in the cable, or in the inductive telegraph line. In the two former, with 

no side loss, a««c=*0 , a = /J — Ybp and the velocity t; = |/^ispro¬ 
portional to the square root of the frequency, as in the case of waves 


Fig. 65. 
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in a bar^ § 41. In this case the loss of amplitude per wave-length is 
.001867 This is called by Lord Kelvin the case of pure 

diffusion^ for liquids and gases diffuse according to this law. An inte¬ 
resting case is that of the propagation of the annual wave of tempera¬ 
ture below the surface of the earth (considered plane) in which the 
wave-length is found to be about 15 meters, so that in this small depth 
the seasonal changes of temperature are practically obliterated. The 
appearance of either a or c, unless ap^ ^ c, tends to make a and 
variable. 

It is to be noted that equation (150) is simply one relation bet¬ 
ween p and hj and that we may take either one real. Here we have 
taken p real, making h complex, but in § 44 and the applications we 
have taken h real, which has made p complex, that is has introduced a 
damping exponential in the time, which we have removed by a change 
of variable. It is evidently indifferent for a progressive wave, whether 
we consider the damping according to time or space, since the wave 
traverses equal spaces in equal times. Cauchy’s method of the Fourier 
integral then consists in resolving the initial circumstances into a conti¬ 
nuous spectrum of waves, considering the propagation of all, and recom¬ 
bining. 

48. Standing Waves. Normal Functions. In case we deter¬ 
mine instead ofp, the frequency, the value ofiby means of certain boun¬ 
dary conditions, we obtain normal functions as in Chapter III, but we 
do not obtain undamped standing waves. Equation (150) now deter¬ 
mines the values of p, which will in general be complex^ unless = 0, 
thus denoting waves dying away in situ. In the case of heat conduction, 
a » 0, we have 

k»+c 

- ir 

and we have the solutions 

(153) e ** [Acoshx + B sin lex } 

and there is no oscillation of temperature, but every tetm dies away, 
the terms of shorter wave-length dying away most rapidly. Thus ail 
space irregularities of temperature tend to be smoothed out. If there is 
no sidewise loss, as in the case of an infinite plane slab, c 0, and the 
rate of damping is proportional to that is varies inversely as the 
square of the wave-length. By the combination of such solutions as 
(153) in series we may represent a large variety of initial and boundary 
conditions. 

We shall take up a few of the more obvious problems. We have 
already considered in Chapter UI the case of steady flow in one dimen- 
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sioii; and the Oreen’s function, due to a source of heat. If an infinite 
slab have its faces maintained at constant temperatures at 0, 

X I, or a, bar without sidewise loss have its ends thus maintained, we 
d^u 

have the solution of »» 0, 
a X 

(154) M“«o + («i - “ 0 ) 7 - 


If the bar radiates, c + 0, the solution of 


(155) 
is 

(156) 



0 


(Ui sinh Vc»gg + Up sin h j/c (I — x)) 
sinb • I 


If the flow is not steady, and the conditions at the boundary are the 
same, we may add these solutions respectively to the solution for any 
initial distribution of temperature with u »» 0 at both boundaries. But 
this solution demands values of Jc roots of sin Jcl ^ 0, and we have the 
sine series 

c t 00 r®n® 

(157) M = * sin 

r = 0 


where the B^s are determined by the distribution of w as a function of 
X when ^ ~ 0. Making use of the development of a constant, (38) and 
of Xf (39) in sines, we find the solution, for c *= 0, which keeps the 
boundaries at makes initially u = f{x), to be 

0*1 t 

(158) „ = _„,)|_l^i|M,-(-l)^„,}e‘*‘'* sin"-f* 

+ (a) sin^-doc. 

1 0 

From this solution we can find the solution when the boundary 
temperatures Wj are arbitrary functions of the time as we did in 
(110) for the infinite medium. For the elBFect of the temperatures Uq and 
maintained from ^ » 0 until t has been to cause rise of temperature 

(159) || 67*2’' ^ J 


in the time from Mo t + dt. Accordingly the effect of temperature u, 
at a time t r to r + dr is found at a later time t bj replacing t by 
t — r in (159) and thus the whole effect is 


(160) u 





r« »*(<-*) 

»»»* dr. 
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As a practical example consider the potential in a cable put to 
earth at the distant end » 0^ when the key is closed for a time a at 
the sending end, so that ^ const from 0 < t < a, and otherwise 


a 

ao /» 

rnx i 

1 0 




lie 


which applies to the time after the charging key has been released, or 
if ^ < a the limit a must be replaced by giving 




Wn —,-r > -~e 


lyi,-*rp‘sinq* 

n r I 


which, being independant of a, is the same as if the battery were per¬ 
manently connected. The value (161) tends toward 0, while (162) tends 

toward as t increases. 


The current in this case is found by differentiation by x 






At the distant end a: *= this becomes, putting e — v, 

(164) 4^, = JL + -m, 

.. a very rapidly convergent series when 

" V < 1, from which Lord Kelvin 

calculated the curves in Fig. 66 given 
in his famous paper ^‘On the Theory 
of the Electric Telegraph”, appearing 
in 1855. In the figure the scale is such 
/•—that the side of one square represents a 

3 . 2 61* 4 

Fig. 66. « for which V « -1. e., a — log, j • 

If instead of being held down indefinitely the key is held down for a time 
a, 2a, 3 a, etc. the current is found from the formulae 

f(0 -/■(<-«), 

m-/•(<-2 a), 


the effect of which is shown in the curves, 1,2, 3, etc. 
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If instead of having the temperatures given at the boundaries, the 
slab is impenetrable to heat, or the cable is insulated, the condition is 

~ = 0, and we must use a cosine series. Instead of this problem, let 

us consider the more interesting one in which the boundary faces of the 
slab radiate heat, assuming the law of Newton that the heat current 
radiated is proportional to the excess of temperature of the surface of 
the slab over that of the surrounding medium. Since the heat current 

arriving from the inside is — ^ > putting this equal to that radiated 

at the right-hand boundary, we have 

(165) 

where is the temperature of the external medium, and b is called the 
thermal emissivity of the solid. Since is constant, we may on the left 

write ^ (u — u^), and using the single letter u for this excess, and h 
for we have the condition 

(166) + 

which we have treated in § 39. At the left-hand face the current toward 
the face has the opposite sign, so that we have for the space factor. 

in the solution 

(jp =» -4 cos hx + B sin lex , 

^ sin kx -f B cos kx ), 

CL X 

Bk — hA == 0, 

A{h cos kl — k sin kl) -f B(h sin kl + k cos kl) =» 0. 
Eliminating A and B we have the equation for ifc, 

(170) tankl =. 


(367) 

Inserting 

(168) 

we have 
(169) 


If we put fci »» a; we may write this 


(171) 


2 X 

tan X hi 


a ' 


and the values of x are found from the intersections of the curves 

Q 


X hi 
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of which the 
second is an 
hyperbola(Fig. 
67). The value 
ifc « 0 is to be 
excluded, be¬ 
cause, dividing 
(170) by Icl, 
and passing 
to the limit 
it 0, we 
should have 
2== —A?, which 
is impossible, 
as h is posi¬ 
tive. Using the 
first of equations (169), we have the normal function, 

(173) cos \x + h sin k^x . 

We have shown in § 39 that for the condition (166) the normal func¬ 
tions are orthogonal, it accordingly remains only to normalize them. 
From the differential equation by integration by parts we find 


I I I 



But from the value of (173), 

(175) + + 

and integrating, 

I I 

(176) ft* f fldx + f {-0dx - *^(ft? + h»)l. 

0 0 



Adding to (174) we obtain 


(177) 


2k>Jip\ 


^dx “ — ® 

>■ dx 


+ ft»(A^ + ft*)i. 


But at either limit, since 
(167) 

we find hj (173) 


d<Pr 


dx 
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IhuB we finally obtain for the integrated square, 


(178) 


(*? + *•){ +A, 


using which in the development of the initial value u f(x), we obtain 

(179) 2*''” J{K<iOi\a + hBva.\a)f(a)da. 


48. Wawe Sqnatlon in two Dimensions. We shall conclude 
this chapter with the treatment of the wave-equation in two dimensions, 
which has already been mentioned as presenting a notable difference 
from the cases of one and three dimensions, the reasons for which will 
be gone into in Chapter VI. The equation 


(180) 
leads to 

(181) 



d^U 

dt^ 




and as in the case of three dimensions, 

(182) U » F{a, /3) cos + G(a, , 

00 

(183) «-^-.rr f f {F(«,/S)co9ap#+G(a,i8)!“^‘}c*f^<*-“>+'‘<»-'’» 

inJ JJJ I «» » dadfidXdfi. 

We have now to put in the plane, 

a — X ^ r cos 6 A—'p cos q) 

(184) /S — y «— r sin ^ q sintp 

l{a — x) + /t(/5 — y) = rp cos ff, 


where the angle O' is counted from the direction of r. Thus the second 
term is 

00 00 2nijf 

(185) G(a,fi)*^e*'0^^rdr9d(fdedff. 


Now we have by (132), 


(132) 


1 / J(r^) 
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SO that 

CO 00 S/r 

(186). j J*G{a,fi) sin aQtjQ{rQ)rdrdQd9, 

Q 0 * 0 

But we have the definite integral, Appendix 
00 


/■ 


tvaaxJf^{bx)dx 



h* < o* or 


0, 6* > o* 


using which we obtain 


00 Stt 


(187) 


G{(t,P)rdrde J'ain atgJ^irg^dQ 


0 0 
at 2/t 


1 ^ ^G(ct,^)rdrdd 


L. I. r *pi'(‘‘,P)rdrde ^ P *p G{cc,P)rdrde 

inadtj J r* 2*“,/ J V^*^’ 

0 0 0 0 

This formula, known as that of Poisson and Parseval, shows that 
at a time t the disturbance at a point depends on the initial values 
Fj 6f, not only at aU points on the circumference of a circle of radius 
at, but also at all points nearer, that is the effect persists, or the wave 
leaves a tail behind, as in the case of the damped wave, but quite dif« 
ferent from the pure wave-propagation in one and three dimensions. 


CHAPTER Vs 

METHODS OP GREEN. POTENTIALS. BOUNDARY PROBLEMS. 

50. Divergence Theorem. The methods next to be described 
are dependent on the theorem of George Green contained in his cele¬ 
brated Essay on the Application of Mathematical Analysis to the theo¬ 
ries of Electricity and Magnetism, Nottingham, 1828. The theorem has 
to do with integrations of certain volume integrals. If TF is a function 
of a point x, y, z, which, with its derivative in any direction, is uniform 
and continuous in a region of space r bounded by a closed surface 8, 
the volume integral 

( 1 ) J^jjp-^dxdydx 

d'W 

throughout t is finite, for is finite. 
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We have 



189 


Suppose we perform the summation bj taking first all the elements 


Y 



of volume dx » dxdydz contained in a prism parallel to the X-axis, 
standing on the base dydzj and cutting the surface 8 at 

■ ■ ■ ^tny (Fig. 68). 


Then 


(2) r 




w,-w, + w,-w. 


where 


so that 

( 3 ) 


F;- W{x^,y,z), 

J^ffdyd0(W,- F,... - F,._,). 


Now if dSi, rfSj,... denote the areas cut out of S by the prism where 
it cuts in to or out from x, all these areas have the same orthogonal pro> 
jection dydz . If n|,... are the normals drawn inwards to r from Sf 
wherever the prism cuts in we have 

(4) dS^ cos {n^x) — dydz , 


and where it cuts out; 

(5) ~ dS^ cos (n^x) = dydz . 


Thus 

( 6 ) 


r=%n 

COB (n^z)dS^. 
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If we now take all the prisms necessary to cover the volume t every 
element of S will also appear, and the sum will take in all elements 
of the surface. Accordingly J becomes the surface-integral 

(7) J - -ffw cos inx)d8 . 


In like manner replacing x hj y and e, 

///^7 “ “/ 


Let us apply these equalities to three separate functions of x^y^Zy 
X, Yy Z. Adding the three results^ 


-If 


-- I I [X cos (nx) + Y cos (ny) + Z cos (nz )) dS, 


This theorem is best interpreted when X, Y, Zy are the components of 
a vector function A, 

X = A,, y«Ay, Z-A.. 

Thus we see that the integrand in the surface integral is the negative 
projection of A on the internal normal, A^, or the integral is the out¬ 
ward flux of the vector A. 


If the vector A at all points of the surface By points outward, —• A„ > 0, 
and the integral on the left is positive. If we apply the theorem to any 
region however small, and this is still true, the integrand 


I I 

dx dy 




must be positive. This is therefore called divergence of the vector A. It 
is, of course, a scalar quantity. The proof just given is the proof of 
the Divergence Theorem promised in Chapter I, § 8. 


BL Newtonian Fields. Oanss's Theorem. Vectors whose di¬ 
vergence vanishes identically in a region have zero flux through any 
closed surface in that region, and are called solenoidal. Such a vector 
we have met in the steady state of temperature of a conducting body. 
Another is found in the field of force acting according to the law of 
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Newton, by which two small bodies of masses m, m' attract or repel 
each other with a force in the direction of the line joining them, of 
magnitude 

where r is their distance apart. If we make m* — 1, the vector F then 
obtained is called the field*strength at the point P, where the unit mass 
is situated, due to the mass m at Q, If the surface 5 is a sphere with 
m at the center, the flux 

( 11 ) 

since the normal is in the direction of the radius. If we divide up the 
sphere into elements dS in any manner, and draw cones with apex at 
m and bases dS,, and if the area cut by such a cone from a sphere of 
radius 1 is (feu, is called the solid angle subtended by the cone, and 

dS = r*d£D 


Consequently r’ cancels out and 



which is independent of the size of the sphere. If we consider the force 
to be repulsive, as in the case of electricity and magnetism, we take y 
positive, and F is in the direction of r 
drawn away from m, so that if the 
normal n is drawn inwards, the flux is 
negative, — If S is any surface, 

Fig. 69, and dU is the projection of 
dS on a sphere with center m, 
dU =* ± d iS cos (nr), r being drawn 
from m, and the upper sign being 
used for r cutting in, the lower for r cutting out. As before, 

dU *= r*dco 

(13) FndiS — Fcos(Pn)d/S =« F cos(rn)dS « ± ¥d2^ — ± ymdto . 

If m is outside of S, any radius from m cuts the surface an even 
number of times, Fig. 70, so that for every element dco where the radius 
cuts in there is an equd but opposite one — for cutting out, and 
thus the elements of the 
integral cancel in pairs, and 
the flux is zero. Thus the 
field F is a solenoidal vector 
in any region not containing 
in. If m is inside, any radius 
cuts the surface an odd Fig. to. 
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number of times, and there remains one uncancelled element dm for 
catting out. The sum of all these is the same as for a sphere, 4;r, so 
that for any surface the flux is* — Anym, These theorems are due to 
Gauss. 

If the point m is on the surface at a non-singular point, every 
radius from it strikes the surface an odd number of times, and the solid 
angle is that on one side of the tangent plane, or 2%, Accordingly Gauss’s 
integral 

(14) 

has two discontinuities, as the point Q passes to or from the surface 
on the inside or outside. We shall write 

(15) Sl^ - 2n, 


Let us show analytically that div F = 0. Take m for origin, then 
|l-£-.co8(rx), Ij-J»co8(ry), - i - cos(rr), 


F,- y ^co8 (rx) -J*, = y^cos(ry) - ymfi, 
F,=-y~co8(r«r) = y»«p, 


dx 


ym{p- 


8g* | 


aFy 

dy 


ym 


f ^ - IJL*! 

lr» "rM ’ 


dz 



i _ 

1*8 ,.6 9 


divP 


3 


8(®* + y’ + «*) 

r‘ 


0 . 


Where r 0, this ie oo — oo, and does not vanish, but is indeterminate. 

Let us apply the divergence theorem (10) to a lamellar vector, 
A — grad F, 




IT 

dx' 


il 

dy ’ 


II 

de> 


where F and its derivatives are continuous uniform functions. Then 
(10) becomes 

//A’'* - -//(P*! »').■*« - 

This is called the gradient theorem, and shows the relation between the 
gradient, or first (vector) differential parameter, and the Laplacian, or 
second, (scalar) differential parameter. 
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62. (H’MII’s Tlworem. Now apply tbe divei-gence theorem to 
a compound lamellar rector, (Chapter I, 65), 


A =- rrgrad V, 


A.- 


trlT 

^ dx^ 


A - U 


dv 

~dy^ 


A - ?7 


dv 

dz ^ 


where U and V are both continuous uniform functions with first fieri- 
Tatires also such. 

Forming the divergence, 


div A 


17 a. 4. a. -i- ^ 4- 

^ \dx^ ' dy* ‘ dz*]'^ dx dx^ ^ dy dy dz dz 


« t7AF+A(I7,F). 


The last term is the scalar product of the gradients of U and F and 
is called the mixed or mutual differential parameter (see § 5). 

The theorem now reads 


(17) 


JJ f{UAr+A(U,r)}dT^-ff tr(grad V)„dS . 


Transposing we have 


This result is Careen's Theorem^ (A). Since the left hand member is a 
symmetrical function of U and F, we may interchange then}, writing 


Now writing the right-hand members equal, and transposing, 

This we shall speak of as Green's Theorem, (B). 

Thus we have the volume integral converted entirely into a sur¬ 
face integral. 


53. ITewtoniaii Potential. Let us return to the theory of New¬ 
tonian fields. Let the coordinates of the repelling point be a^b,c, and 
of the point of observation P, a;, y, z, as before. Then 

r^-{^-ay + {y^by + (jz^c)\ 


dr 
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and the direction cosines of r drawn from Q to Fy are 


rc —a dr 


( 21 ) 


C08(ra;)-—-cos(ry)^ 


y-t> 


h. 

dy> 


. XT —c dr 

co8(r8)- 

The components of the field are 

- “ r -,coB(rx) = F, = rj,cos(ry) - y-,^, 


( 22 ) 

and if we call 


m / \* m dr 

P,-y-,cos(r8)-y-,^, 


(23) 


F. 


dv 

^ dx ’ 


JT _ 

~ r » 

» ^ dy’ 

F =• — y grad F. 


P. 


dv 


or 


Thus the field is a lamellar vector. The function V is called poten¬ 
tial function of the field. By differentiating as before^ we find 

(24) divF = -yAF=-0, 


or the field is solenoidal as well as lamellar; and the potential function 
satisfies Laplace’s equation. 

A function which is finite and continuous; (i. e. holomorphic) in a 
certain region; and satisfies Laplace’s equation; is said to be harmonic 
in that region. 

A function that is harmonic in a certain region can have at no 
point of the region a point of maximum or minimum. For if P be; say, 
a point of maximum; draw a small sphere enclosing it; and at each of 
its points V must be less than at P, consequently the inward normal 
derivative must be positive everywhere on this sphere, and the flux 



will be positive. But by the gradient theorem this is equal to the volume 
integral of ~ AF; which is zero. If not zerO; for the above reason — AF 
is called the concentration of F, because proportional to the excess of 
the value of F at P over its values at surrounding points. 

If we have a number of repelling points Wg.. . and call 





where rj, r,... are the distances of P from the various points Q, 
various actions have the components; 


F 





F. 


%x ' 


- r 


dx ' 


he 
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and for the resultant field, 

(25) . F,, + P*, + y A (F. + F. + ■•■), 

and if we call 

( 26 ) F=^ + ^ + ..- 

we have the resultant field derived from V, the total potential, as be¬ 
fore. The advantage of the function V is that from this one scalar 
function we obtain the whole vector field as its vector differential para¬ 
meter or gradient. 

Since every term ^ in F satisfies Laplace’s equation, (except for 

= 0), so does V their sum. Thus the potential function is harmonic, 
except at the points Qi, Q 2 - 

If instead of discontinuously distributed points we have a continuous 
distribution of gravitating matter, instead of a sum we have the definite 
integral 

»'-///¥. 


where r is the distance from the point of observation P to the point Q 
at which the mass dm is situated. 

If dm = Qdr, q is called the density of the acting matter. If the 
coordinates of Q are a, b, c, we have in rectangular coordinates, 

dm = Q{a,b,c)dadbdc, 

r* = (x — ay +(v- by + (e — c)*, 


(28) 


Fp= Vix,y,z) 


-ffj\ 


{X- 


p(a, 5, c)dadbdc 
• o)® + (y — &)* + (xf —' c)*} 


_i. 

s 


It is evident that for. each value of y, z, V has a single finite definite 
value. As P moves away from the distribution, every ^ becomes less, 

and where P is at an infinite distance Fvanishes like ^ where 

The function V has derivatives according to x, y, r, and the field 
is given by — y times its gradient. For instance (since p does not depend 
on Xy y, £ 1 ) 


-SSh 


Q X - 


■dx. 


dx^ " 


■ffU 


8 (* — «)»■ 


■-^]dT. 


(30) 
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The derivatives are all finite, as long as r is not zero, that is, as long 
as P is outside of the distribution of matter, and Laplace’s equation is 
satisfied. Thus the potential is a harmonic function outside of gravita¬ 
ting matter, and has neither maximum nor minimum. The field is a 
solenoidal, as well as a lamellar vector, like the temperature in a steady 
flow of heat. What is the analogue of a sou/rce of heat? This will be 
answered in the next section. 

54. Poisson's Equation. We have found (Gauss’s theorem) that 
the flux through a closed surface S due to a point m is zero if the point 
is outside S', and — 47rym if it is within, no matter where. In like 
manner for a number of points each contributes a flux proportional to 
its mass, so that for all we have 

(31) ffF„dS^-Y fj]ldS^-4nY2:m. 

In like manner for a continuous distribution, instead of Um we have 
JJJdniy the field of integration being all the volume within S, 

Now by the application of the gradient theorem (16) 

Take for the surface S any surface inside the distribution. The mass 
considered is only that within Sy so that both integrals are over the 
same volume. Transposing 

(34) 4nQ)dt = 0, 

and since this is true for any volume, the integrand must vanish every¬ 
where, so that 

(35) AV+ 4nQ =* 0. 

This is known as Poisson’s equation. Accordingly the concentration of 
the potential at any point is times the density at that point, and 
any point of repelling matter, producing divergence of the field, is the 
analogue of a source of heat. We may also say that the integral (28) 
is the expression of the action at a distance, while the differential equa¬ 
tion (35) expresses the action of neighboring regions. 

In the theory of electrostatics, electrical quantities act upon each 
other according to the Newtonian Law, accordingly Poisson’s equation 
is the relation between the density of electrification and the electric 
potential promised in Chapter I, § 10. 
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We haTe thus found a solution of the equation 

a*F , a*F , a*F , . , . ,, 

to bo 


-Iff. 


p(a, b,c)dadbdc 


{(x~a)*+(y~6)*+(^~c)» 
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We have seen that at all points outside of matter V and its derivatives 
are finite, and the finiteness of those of any order implies that those 
of order one less are continuous. Thus the gradient of F is a continuous 
Tector-function, and its lines have no singularities. This is always sup¬ 
posing p to be a finite function of the point Q. 

We may use Poisson’s equation to calculate the potential due to 
certain symmetrical distributions. Suppose that V depends only on the 
distance from a fixed point. Let us transform Laplace’s operator for 
this case, for any number of dimensions. Let F =* F(r) where 





(x,-o,)*+ • 

•• + (a^. -«,)*• 

Then 

we have 






— 

a‘r 1 

<x,-a;* 


dx^ 

- "V" J 

dxl "" r 

r» 


dV 

dV dr 

a»F d»F 

(IlVa. 


dx^ “ dr dx^ ' 

dxl dr* 

\dxj dr dx* 

and accordingly 




(36) 

AF 

ax* 

#=l 

d«F 

dr* ^ Wa;,/ 

$^i 

\^,dVi^,d*r 
' dr^dx* 


1 d / idF\ 
** fir* ' r dr ** r*-! dr \ dr) 


Suppose first n — 3, and let p depend only on r. Such a distri¬ 
bution we shall caU a spherical distribution, and outside of it we have 


(37) 


0. 

Integrating; 


dF 


dr 


Integrating again, 



and since F vanishes for r — cx>, c" — 0. 
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The constant — c must be equal to M, and we see that the spherical 


distribution acts as if concentrated at its center and 
consider internal points, for which 


dV 

dr 


> — Now 


(38) 


AF = 

.dV\ 


1 d 
r* dr ' 


(»■* dr) = ~ 45rp(»-). 


Integrating ^ (r* we have 

r 

r^Qdr 

0 

Let us suppose that the sphere is homogeneous, that is p is constant. 
Then 


so that the field, 


* dr '' 


dV 


4 n a 
- T 


47r 




is proportional to the distance from the center. At the boundary of 
the sphere r jR, this is continuous with the external value, 

_ M ^ 

r* 3 R* 

Integrating again, 

V^C-^{-Qr* 

and if this is to be continuous with the external value at the surface, 
we must have C = 27CqR^, 

These results enable us to examine the potential (28) and its deriva¬ 
tives at points in the substance of any acting distribution. When the 
point P is within, there is one element for which the point Q coincides 
with P, r = 0, and one element of the integrands in (27), (28), (29), 
(30) becomes infinite. In order to see whether this makes the integral 
cease to be finite, we pursue the usual course of excluding from the 
region of integration a small region about the point P^ where the dis¬ 
continuity of the integrand occurs, and finding the limit as the region 
excluded grows smaller. In this case let us exclude a small sphere about P. 
In ihe remainder of the volume, r is not zero, and the integrals are all 
finite The integrals over the small sphere are not greater in absolute 
value than if we gave p the constant value representing its greatest 
value in the small sphere. But as we have just seen, at any point of a 
dV 

sphere, F and are finite and vanish with the radius of the sphere. 

Consequently V and its first derivatives are finite at internal points of 
any distribution, for which p is finite. 
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Suppose howeyer, that in a certain region p becomes infinite in 
such a way that as the volume diminishes lim JJJQdt === m remains 
finite. Then applying Poisson's equation and the gradient theorem 


(39) 



— 45rm 


and we have the flux from a point mass, from which we started. 

Suppose the singularity of p is along an attracting line or limit 
of a cylinder of cross-section co, so that dt = dadl and dS = dlds, 
where dl is the element of length and ds is the element of the circum¬ 
ference. Then applying to an element of length dl, 

(40) ./lA Vdt - ffi dsdl = — 4:r j J gdcodl^ 

the integrals over the ends vanishing to a higher order, and dividing 
by dly and putting „ 

51 = 21im j Qdo , 

we have the integral around the belt of the cylinder, 

(41) 


As an example, consider the singular line to be straight and of infinite 
length, and take it for the Z-axis. Then V does not depend on Zj and 


d^_V 


— 4;rp. 


Using polar coordinates, consider any cylindrically symmetrical distri¬ 
bution with p = p(r) in two dimensions. Then from (36) we have 



outside the acting matter. 
Integrating 


Integrating 


V^Clogr + C. 


The field is inversely proportional to the first power of the distance 
from the center, and the potential is proportional to the logarithm, and 
is infinite at an infinite distance. Inside the distribution 

\ d { dVy 
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and if again, we pnt q constant, 

F-C"-»pr* 


If again the field is to be continuous at the boundaiy r ^ B, we must 
have C — — 2JJ* »* — 2 pco and we have the flux 

and we may now let q become infinite as the cross-section o diminishes^ 
if lim 2co() — Sy when (43) agrees with (41). 



2jc^^R d$ — « 4jcpa}, 


56. Logarithmic Potential. From the element 
F — or log r == log —, 


which may be interpreted either as above, or as the potential of a field 
due to a point of mass ^ acting on points situated in a plane with a 
force inversely proportional to the first power of the dista ce, we may 
form the logarithmic potential due to a continuous distribution in the 
plane, such that the mass on the area (fS is ^ QdS (p being now 
used in a new sense, but still a density), 

(44) Vp^Vix.y) (a, 1) logirf5. 


where 


r’«(x--a)*+(y —6)* 


For this logarithmic potential we find a series of theorems analogous 
to those already deduced for the Newtonian potential, by employment 
of the theorems of Gauss and Green for the plane. For Gauss’s theorem 

we consider the flux of a vector P = ^ through a closed contour^ (use 
Fig. 69 in the plane) 

( 45 ) ¥js =^J^Jd<p 


where dS ^rdq) and is the plane angle subtended by the arc ds. 
Consequently the integral is 2 ;e for an inside point, and 

(46) Sl^^Tc, 


Consequently for two dimensions 2n takes the place occupied by 4;r 
in three dimensional problems. The gradient theorem and Green's theo¬ 
rem become for the plane 


(47) + 

(«) IM I?+f I? 1 « 
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by means of which and Gauss’s theorem we prove Poisson’s equation 

/AQ\ AV d^V.d*V ^ 

(49) AF— * 27CQ, 

(q now has a new signification). 


56. Surflaoe Distributions. Returning now to three dimensions, 
suppose the density q becomes infinite on a certain surface S, in such 
a way that in a thin sheet of thickness n there is distributed matter of 
density q so that q increases indefinitely while n decreases indefinitely 
and that the product remains finite. If dS is the element of surface of 
the final distribution, we have dt =* ndS, and if lim (prfr) ** lim (Qn)dS 

71 = 0 71 ssO 

« adS, 6 is called the surface density. We have then 
(60) 

As the point P approaches the surface 5, one of the elements of the 
integrand becomes infinite, and the question arises whether the integral 
ceases to be finite. This we treat as before, by removing a small region 
in the form of a circular plate, and determining the limit of its attrac¬ 
tion. Before doing so let us however consider the derivative as P ap¬ 
proaches the surface. Applying Poisson’s equation and the gradient 
theorem to a tube composed of normals to the surface S and bounded 
by two caps drawn close to iS on the sides 1 and 2, say and the 
integral over the narrow ribbon connecting the caps vanishes as the 
caps approach each other, and 

-SM 


and in the limit 

(51) dS, - dS, - dS, lim (p«) _ jdS - 0. 

This being true for any portion of the surface S we have 

dv ,dr . ^ 

(52) 4- = _ 


which is Poisson’s surface equation. If we consider the derivative in the 
same direction n on the sides 1 and 2, if n is in the direction 12, 


_ /dV\ 


dni 


Van/i’ dn. 


a 


the soffixes denoting the sides of S, and 


/dr\ /3r\ 


A _ 


3V 


+ 0 
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or the derivative in the direction of the normal experiences a discon¬ 
tinuity of magnitude in times the surface density in crossing a surface 
distribution. This theorem was discovered by Coulomb for an electrified 
surface. 

As an illustration let us consider a distribution on an infinite plane, 
which we will consider as the limit of a slab of finite thickness R nor¬ 
mal to the X-axis. As the slab is infinite, its action will be independent 
of y and and we have V a one-dimensional potential function, de- 

pending on x alone. We thus have AF reducing to in agreement 
with (36) for n = 1. Accordingly outside the slab, integrating 


dx^ 


= 0 , 



F= Gx + C, 


the field, which is normal to the slab, is constant, and the potential is 
a linear function of x. Inside the slab, 


(54) 


d'V 
d X* 


— inQ 


and if, as in the case of three and two dimensions, p is constant, inte- 
grating 

X 

— 43r ^ — ijcQXf F — 2 -f C'\ 

0 


and at the surface, x ^ Ry for continuity with the external values, we 
must have C = — in qR. Suppose the slab extends from a; «» — JR to 

d V 

X == R. At the left-hand face x ^ — R, 4;rpB, so that outside 


lim (2 Rq) 


on the left we must take C = 4 p i?. The constant C' is indeterminate, 
and does not affect the result, which is, that there is a difference of 

dV 

amount 43rp 21? in the derivative on the two sides of the slab. 

If now the thickness 2R diminishes and p increases, so that 
<j we find the discontinuity ino. We thus see that a distri¬ 
bution, though infinite in amount, pro¬ 
duces a finite field, as in the case of the 
infinite columnar distribution, although 
the potential of one is a linear, the 
other a logarithmic function of the 
distance. 

In order to emphasize this example, 
and to get rid of the infinite mass let 
us calculate the potential of a circular 
plate of finite radius 1?, at a point P on the normal to its center 
at a distance x (Fig. 71). Let us divide the area into circular 
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rings of radius r', r -f- if', so that dS = 2 nr dr, r == Yx* + r' * 
and ^ 

(65) r -f f 4® - 2 ..- 2«, I- *). 

0 

We find the field, 

dV 

dx ^j' 

SO that both the potential and the field vanish at oo, as in Fig. 72. 
The field being evidently symmetrical dn both sides of the disc, we see 
the discontinuity in the 

slope As ii in¬ 
creases, although V 

becomes infinite ^ 

approaches the finite constant value already found, of magnitude — 2 n6. 

As a final example consider a spherical distribution of constant 
surface-density 6. Outside we have seen that 

Y_M ^ A ,nliU 

r r ^ dr r* 

and at the surface 


Inside we have 


AF-0, F=--h 


and since V would be infinite at the center unless (7 = 0, this must be 

dV 

the case, so that inside V is constant, and = 0. Again the discon¬ 
tinuity in is 4 716. 

57. Double Surface Layers. Let us now consider the potential 
due to a dcmhletj composed of two points of masses m and — w at a 
distance apart I where m increases and I diminishes without -limit so 
that the moment of the doublet approaches a finite limit, 

lim (ml) 31. 

If P is at distances and from the positive and negative points (Fig. 73), 


If 6 is the angle made by the line from 
— w to w with the line drawn to P. 

— cos 0, 

tt mlQOBd 
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and in the limits 

(56) r-Jcose. 


If the direction from the negative to the positive end of the doublet is Sj 

dr ^ 

ds 

1 

r M dr _ M cob $ 

r* ds r* ^ 


(57) 


dr ^ — ds cos 

a- 


V^M 


ds 


so that V depends on the direction of QP as well as on its magnitude, 
being positive on the side nearer the positive end of the doublet. Such 
a field is nearly that of a short magnet, which can be approximately 
represented by two equal and opposite poles. 

If we now form on a surface S a double layer, composed of doublets 
with axes normal to the surface such that the doublets form two sur¬ 
face layers of density 6 and — a separated by the normal distance n, 
an element dS has the moment dM » ncdS, and produces the poten¬ 
tial at P 

a A 

dW^ntJdS^-- 

dn 


The moment per unit of area lim (on) == x is called the strength of the 

ii*=0 

double-layer. Thus we have for the potential due to a double-layer 

( 68 ) 

n being drawn on the positive side. 

It is noticeable that if x is constant, 

(69) 

where A is the solid angle subtended at P by the double layer, taken 
positive on the positive side, negative on the negative side of the layer. 
If 8 is closed FT =- 0 outside, on the inside. W is accord¬ 

ingly disoofUinuous in crossing the double-layer. This is to be contrasted 

dV 

with the behavior at a single surface-layer, where V is continuous, ^ 
is discontinuoua 

Consider the normal derivatives on both sides of the surfaces — c, 
la crosBing the first increasea by in crossing the second it 
decreases by the same amount. So that in the limit it has the some 
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value on both sides of the double-layer, or is not discontinuous. Fig. 74. 
But whereas W does not change suddenly on crossing either single 

dW 

layer, and - does, the change in W between points V 2' is 

-/ lO 

and as and 2' come together, the first term vanishes, but since 
lim(orfw) =■ 3c we have 

(60) 4;tx. 

Consequently the above-mentioned phenomenon is general, and the po¬ 
tential of a double-layer has a discontinuity of 4:r times the strength 
at the point of crossing the surface, while the normal derivative is con¬ 
tinuous. 


58. Snrflace BlscontinnltieB. We may prove these theorems 
otherwise by the usual process of removing a small portion of the re- 



Fig. 74. Fig. 76. 


gion of integration where the integrand becomes infinite, in this case a 
small region surrounding the point P on the surface, small enough to 
be treated as a plane circular plate of constant strength x, producing the 
potential FT', Fig. 75. The potential and derivative due to the remainder 
of the surface are continuous, as we pass through the hole, so that any 
discontinuities must arise from the double distribution on the small 
disk. This is equal to x times the solid angle subtended by the disc, 
and is evidently, from symmetry equal and of opposite signs at sym¬ 
metrical points on the axis on opposite sides. As these points approach 
the disc, the derivative of W accordingly approaches the same value on 
both sides. As for W' itself, the solid angle subtended at P approaches 
the value 2n as P approaches the disc, so that on one side Tr'«- 23 tx. 
on the other —> 2nxy and the difference is 47rx. 

For points on the surface S, as we have seen in (46) that Sl^ is the 
mean of the limits approached on the two sides, we find the same thing 
true for the potential W. 
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We may accordingly vrrite, denoting the inside and outside limits 
by the letters i and e. 


(61) 






-ff4 


dS,- 


W.= —2xx-\-/ / x-^~dS, 
subtracting the second from the first of which giyes (60), and adding 

(62) 




-114 


dS. 


In the same way we may consider the limits of the normal deri- 
vatives of the potential of the single layer V. Differentiating the integral 




in the direction of when P is on the surface S, 


(63) 


dVp 

dup 


•f /». A fe) 


where if is the angle between the normal at P and the line P Q. Com¬ 
paring this with the potential of a double layer of the same strength 

we find that they differ only in the latter having the angle 
ff between the normal at Q and QP. When however we 
consider the small element containing the infinite element, 
that in which Q approaches P, Fig. 76, we find that as 
the two normals approach each other the ratio of 

approaches — 1, so that we may write for the small element, 

dr 



dnp 




which is the potential of a double layer, and accordingly the two limits 
approached on the inside and on the outside differ from the value on 
S by 2^6, Accordingly 

taking the difference of which gives (52), and adding 


(64) 
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While the formulae (52) and (60) are classic, the additional ones (64) 
and (61) seem to be quite recent, appearing first in a paper by Fred¬ 
holm in 1900. 

All that has been said of surface distributions both single and double 
may he extended to the logarithmic potential for distributions on a con¬ 
tour, substituting log for y and 2 it for 4 a. In particular formulae 
(61), (64) become 


(61') 


(64') 



7tX + ^ 

X —^ ds. 
dn ’ 


%x + j 

^ 1 
aiog-^ 

X - -- dSf 

on ^ 

\dn/, 

— 7C6 -f* 

« 

j ---ds, 


+ 

\ 

i acoBTb , 


59e Oreen’8 formula. We shall next prove that any potential- 
function which is discontinuous at certain surfaces or whose normal 
derivative is discontinuous, can be made up of single and double sur¬ 
face layers. 

We have seen that the solution of a partial differential equation 
always contains arbitrary functions, and that these may be determined 
by giving, for a particular value of one variable, the values of the de¬ 
pendent variable and one or more of its derivatives as functions of the 
remaining variables. For instance, in Chapter III. for the equation 

d*u ___ 2 

we can take for p 

< = 0, «==/•(«), |j== (7(a;). 

We might then expect to apply the method of Cauchy to Laplace's 
equation 

^ 0 
dx^ ay* d^x 

and require that for 

dV 

x^a, F ■= f{y, e), - g{y, e). 

Let us see whether we can determine V so that at any closed sur- 

dV 

face, instead of at the plane a: a, we may give V and ^ as arbitrary 
functions of a point on the surface. 
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We haye seen that the function 17 » y satisfies Laplace’s equation 
except for r *» 0. Also we have 

dU _ L ^ — ^^s( rn) 

5n *** r* 3n "" r* 

Let us apply Green’s theorem to two functions, one IT —y, the 

other V the potential function due to some distribution of matter. The 
theorem (B) (20) applies to a space in which both V, V are finite, with 
their derivatives. Accordingly the point P from which r is measured, must 
not be in the volume of integration. If P lies inside the closed surface 8, 
let us draw a small sphere E of radius s about P as a center, and ex¬ 
clude the space inside 2J from the integration. We must accordingly 
extend the surface integral over the surface E as well as 8. In the space 

inside 8 and outside E^ AU ^ 

d d 

On the surface of the sphere E, normals being always 

drawn into the volume r, 



As we make s approach zero as a limit, the last integral vanishes, since 
y is finite, while the first has lim « F^, and becomes 

#=s0 ““ 

(68) _Fjydc = -4*7^. 

Consequently we have 

+//-fffj 

Transposing, and dividing by An, 



GEEEN’S FORMULA 


This important formula is due to Green. It shows that a function con¬ 
tinuous in a certain space inside a dosed surface S is determined at 
every internal point P if we know 

1. The concentration — AF at every point of t. 

2. The value of V at every point of the surface S. 

3. The gradient resolved along the normal to S at every point of S. 
In particular if V is harmonic in the space t, it is determined by 

dV 

the values of V and ^ at the surface, thus solving the problem pro¬ 
posed for Laplace’s equation. 

If V is not harmonic, by Poisson’s equation, 

A F « — 

and the volume integral 


-rjmSJM 


represents the potential due to all the matter lying in the volume of 
integration, that is within S. Accordingly the potential of the matter 
outside of S is represented at all points within S by the surface integral 


ijffV-l' 


Suppose we distribute on the surface S a surface layer of density 
^ 4ir dn 

Then the second integral is ^ and represents the potential due to 
this surface layer. Let us also distribute a double layer of variable moment 

y 

% == Then the first integral represents the potential due to this 

double-layer. We’ thus get the theorem: 

The effect of matter lying outside of any closed surface 8 may be 
replaced at all interior points by the superposition of a single and a* 
double layer on S. (If the surface should be equipotential, F, =* const., 
and the effect of the double-layer vanishes by Gauss’s theorem. 

If the point P lies outside of 8, we integrate over all space outside 
of 8, and inside of the infinite sphere, and assuming that for r » oo, 

I ^ ^ easily show that the integrals over the in¬ 

finite sphere vanish. The theorem is then that the potential of inside 
matter is replaceable at outside points by surface distributions. The 
normal n in the formula is then drawn out from 8. Since if we reverse 
the sign of all densities, we reverse the sign of the action, we may by 
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the proper surface distribution^ destroy on one side of a closed surface, 
the action of all matter lying on the other. The potential in the region 
in question will be constant, say zero. Thus in crossing the surface, V 
will be discontinuous, changing from V to zero, but as we have seen 

V 

this is produced by a double layer of moment ^ directed toward 

the side having the value V. Also the normal derivative is zero on one 

dv 

side, and on the other But this discontinuity is produced by a layer 
l dV 

. It is worth while calling attention to the fact, emphasized 

by Larmor^), that the surface distributions that replace the outside masses 
are not unique, but depend on the field internal to the surface S due to 
both the outside and inside masses, and as the inside masses may be 
varied indefinitely, so may the surface distribution representing the 
same field due to the outside masses. 


60. Dlrichlet’s Problem. The formula of Green for a function 
satisfying Laplace’s equation, 


(70) 



1 ^ 
r cn 


dS 


affords us an (malytical continuation of the surface values Vs into the 

dv 

space r, provided we know both V and ^ on S. 

c V 

But it cannot be assumed that both V and may be arbitrarily 

given. In fact we can show that if V alone is given at the surface, the 
continuation within is completely determined, accordingly the gradient 

d V 

is determined at every point, and with it ^ 

For if not, let and Fj be two analytical continuations of the 
surface values. Then the difference 17 = Fj — F, is harmonic, since 
and F, are, and Us = 0, since on the surface, F^ and Fg are equal to F^*. 
Now by Green’s theorem A), putting j7 =* F, 


-If 


U^^dS 

cn 


-fIJ 


UA Udt. 


Now within S, A Z7 « 0, and on S', U ^ 0, hence both integrals on the 
right vanish. But the integrand on the left is everywhere positive (un- 


1) Larmor, On the Mathematical Expression of the Principle of Huygens. 
Proc. Lend. Math. Soc., Vol. I, p. 1, 1908. 



69, 60, 61] DIRICHLET’S PROBLEM. WAVE EQUATION 211 


lees zero); being a sum of real squares. Thus a positive integral is proved 
equal to zero, which is absurd. Therefore we must have at every point 
inside S, 

0, 


dU^ 

dx 


du 

dy 


dji 

' de ' 


U is constant, and since it is zero on S, it must be zero throughout. 
Thus and the continuation is unique for a harmonic function. 

This theorem is due to Dirichlet. By similar reasoning we establish 
the same result for the outside of S, only assuming in addition that V 
vanishes at infinity. The question whether such a continuation always 
exists we shall leave open. It was answered in the affirmative by Di¬ 
richlet, and the principle is known oy his name. His demonstration is 
faulty, but has been corrected by Hilbert. The problem of finding the 
harmonic continuation for given surface values is known as Dirichlet^s 
Problem, It is also called the first boundary problem. The second 
boundary problem is known by the name of Neumann, and differs from 

dV 

it in that the values, not of F, but of are prescribed at the bound¬ 
ary surface. The same proof will establish the uniqueness of the solution, 
the surface integral in (71) being now made to vanish by the vanishing 

of the other factor Neumann’s problem arises in hydrodynamics, 

in the problem of finding the flow of an incompressible fluid inside of 
a closed surface when the normal component of the velocity, that is, 
the normal derivative of the velocity potential is given at every point 
of the boundary. On account of the gradient theorem, the given bound- 

dS « 0. 

In addition to these two boundary problems, we may consider a 
third arising in the theory of conduction of heat. In this case neither V 
dV 

nor ^ is given but the linear combination of the two 

+ h>o. 


ary values must satisfy the condition J*J | 


We shall not treat these problems until we have generalized Green’s 
formula (70) for the wave-equation. 


61. Wave«6quation. The equation of wave-motion, § 12,15). 

(72) 

may be looked at from two points of view, already distinguished. We 
may consider the initial data, as we have done in Chapter IV, or the 
boundary data, as in the present chapter. Let us first consider once 
more the initial data, by a different method. 
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Let os apply the gradient-theorem to the ware-equation. Integrate 
thronghout the rolume of a sphere of radius r. 

since we may differentiate outside the integral, in which r is constant. 
Introducing polar coordinates on the left, and differentiating by t out¬ 
side the integral, 

“iwj fjfr^^rda, - A 

Differentiating this and the right-hand member of (73) by r, 

S !?//’'<'■» - ■ 

We now hare on both sides the integral JJtpda, which is 4 * times 
the mean value (p of 9 ) on a sphere of radius r, so that 

(750 


dt* 




or dividing by r we may write 
(76) 




at* ar* 

Bat the solution of this we know to be 

(77) ^ f^(at + r) + f^(at — r) 

where fi and are arbitrary. 

For r — 0, 


0 = /"i(a<) -1- f,{at) 
Consequently for all values of the variable 

(770 


— f{at + r) — f{at — r). 

Differentiating by r, 

(78) + r II - r(o^ + r) -F nat - r) 

and putting r — 0 , 

(79) Vr=o-2r(o0. 

Now 9 is the mean value of 9 on a sphere of radius r, and for r • 
this is the value at the point P itself. Accordingly 

(80) 
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Differentiating by r and t 


(78) 

(81) 

and adding 
(82) 


- f’{at + r) + f’{at - r ), 


1 d 


a = r(a< + r) - f\at - r), 


+ a + »■)> 


and. patting < = 0 , 


(83) 




Inserting the value of 


(84) 




Now if we suppose that when ^ 0 , 9 == F(a;, y, jgr), ~| «= 6 f (a:, y, jp), 

(85) 2r(r) - 


But by (80) when r ^ at the left-hand side is equal to (pp. Accordingly 

which is Poisson’s solution, as already found by Fourier’s method ( 86 ) 
(87) Chapter IV. This method is in principle due to Liouville. 


62. Wave-Potential. Huygens’s Principle. Let us seek now 
the analogue of the simple potential ~ satisfying Laplace’s equation. Let 
us suppose tnat 9 depends only on r and t. Then our equation becomes 


d*g> 


“•( 1 ^+ 11 ?) 


a* a 

r*arV 9rJ 


which we have already (77') shown to have a solution, 


(87) 



We may call a point, emitting such waves symmetrical in all di¬ 
rections, a source of waves. A source may be represented in practice by 
a small sphere dilating and contracting. The air alternately ejected and 
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drawn in at the mouth of an organ-pipe is perhaps the commonest 
source of this nature. Such a function q> we may call a simple wave- 


potential; corresponding to the Newtonian potential ^ It may also be 

called a retarded potential; being equal to the Newtonian potential due 
to a point of mass f{t\ but arriving at a distance r with a retardation 
due to propagation with velocity a. 

Corresponding to the Newtonian potential of a distributed mass, 


V —wave-potential, 


( 88 ) 




■ffp 


-0 

aJ 


dr . 


where r has the same meaning as before. We now need equations analo 
gous to Poisson’s. 

Let us find the flux of normal gradient. 


9 - 



4. f'\ 

dn \r* ‘ or/ dn ^ 


■-//(''+'.O'*"' 

This flux is not the same for all surfaces, because the fluid is com¬ 
pressible; but if we apply the treatment to an infinitely small sphere 
about the source, and n is the outward normal, 

- -//«' - “)■'» - - 

Thus f{t) is the analogue of m, and may be called the strength of the 
source. At the source the wave equation is not satisfied, since r 0. 

If now we consider a continuous distribuf'on of sources, p(^) being 
the strength per unit volume, and the total strength JjyQ(f)^h ©very 

elementary source produces its own flux, and we have an equation ana¬ 
logous to that of Poisson. It is not so easily found, however, for the 
flux of our point-source gradient through one surface is not the same 
as through another. We have found the flux through a surface dose to 
the source. We may apply this to a surface distribution with surface 
density of source 6(t), and we find 

(91) 

for the discontinaitj of normal gradient at the surfoce layer. 
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Consider now a doublet of strengths f(f), — f(t) and let the moment 
lim lf(t) = F{t). Then the potential is as before (57), 

leO 


(91') 



r ^ a ) ds> 


but in differentiating F is differentiated. For small values of r, we may 

neglect the second term, and put corresponding to the single 

source ^ and we have the exact analogues of the gravitation potential. 

(Such a doublet may be approximated in practice by the to and fro 
motion of a small object, compressing the air in front, and rarefying 
it behind. A tuning-fork, on the other hand, is more like two opposite 
doublets.) 

Thus if we have a sheet of doublets, they produce a discontinuity 
in 9 ?, of magnitude 4iicx{t) = 4jrjF(^).so that the largest value of tp is 
on the side towards which point the positive ends of the doublets. 

We may accordingly produce, on the inside of a surface S, the same 
potential tp as would be produced by sources inside and out, by replac¬ 
ing the outside sources by a surface layer of density ^if) ^ (In)/ 

(n pointing in) and by a double layer of strength %(t) =« which pro¬ 
duces at a point P the effect 


(92) 






where in , x is not supposed to vary except as a function of < — ~ 

That is, if X x(5, rj, S,l) where 1==^ ^t and I depends on g, iy, g, 

we must distinguish between the derivatives by i appearing explicitly 
and implicitly, which we may do as follows. Put brackets on all deri¬ 
vatives in which 5, J, I are considered independent variables, 


(93) 

dq) rd<pi , ra<p-| dl 


Then by 



we mean 

(94) 


where 


dtp 

dr 
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and we ignore . With this understanding, we have 

( 96 ) + 


or more explicitly still, if we put 
(96) G{()-^ + ^(«)-j- 


S-- 

1 dip , _r_^ djp 

r dn ^ dn ar di dn 


> 


(97) 




This is the analytical statement of Huygens’s Principle, given by Kirch- 
hofiF^), of great importance in optics, which states that if (p and ~ be 

known for all points of a closed surface at any time, the values of tp 
can be calculated for all points inside at all times. If the surface is a 

_d_ 
dr 


sphere of radius r = ai (internal normal 


dn 




dtp 

dt 


JL -I. _Lj^ 

r* dr ar dt ^ 


or putting r =» at, 

(98) = ^ 

which is Poisson’s solution. 


68. Loreni's Equation. Let us now seek the equation satisfied 
by the volume retarded potential, 


(99) 


9>j.- 9>(a;,y,«,0 


-///^ 


i) 


dr 


We know that the integrand and therefore the integral, satisfies 

(72) D^) - Aq) - - 0, 

for each point P outside the region of sources. Inside the region, let us 
remove a small sphere about P, and call the potential due to this 


1) Kirchhofff Zur Theorie der Lichtstrahlen, Sitz. d. k. Akad. d. Wissensch. 
zu Berlin vom 8^* Juni 1882, Wied. Ann. Bd. 18, p. 66S, Gee. Abb., Nacbtrag p. 22. 
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The potential of the rest satisfies the above equation, and it remains to 
find only that satisfied by q>\ 

Let us write 


( 100 ) 




In the first integral, when r vanishes, the integrand remains finite, so 
that its A is finite as well as its time derivatives, so that the integrals 
of both vanish in the limit. The second integral is an ordinary potential, 
and its Laplacian is consequently — 4:tp(^) while its second time deri- 

vative^y^|-^ “ vanishes with the radius of the sphere. Accordingly 
there appears in Og> only the new term — 45rp(^) and we have 

(101) D^P —— 

(It may be noted that the method that we have just adopted of removing 
the infinite element is in effect what we did above in dealing with 
the surface potentials.) The equation (101) was dealt with successively 
by L. Lorenz, Lord Rayleigh, H. A. Lorentz, Beltrami, and Poincare, and 
has in the last twenty years become of great importance in connection 
with the theory of electricity, for both the scalar and vector potentials, 
(Chap. I, § 17), are propagated in accordance with it. On account of its 
importance, and for the sake of variety in the proof of Poisson’s and 
similar equations, we shall give a treatment by Beltrami. 


64. Beltrami’s Theorem. Consider the integral 
(102) U{x,y, z) ^fff XU r)dT, 


where 

r*-(a:-|)* + (y-»?)* + («-£)*, 


II 


and on account of the explicit and implicit dependence on | let us write 
as before (93), 

Now as in the Newtonian potential, ^where f =» (8), 


■///(Gfl - +/j>co.(«x).s. 
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Differentiating again, the only change being due to r, 

Now we may iuterchange the order of the differentiation in brackets 
by 5 and r, so that, replacing by — ||, 


(106) 


d*u 

dx 




dr 

di 


== cos (rx). 


Now since for the total change in the direction of r at the end |,i?, 
putting for brevity il> — , 


(107) II = 4- [||] cos (rx) + [||] cos (ry) + [g] cos (rz) 

Accordingly, writing formulae similar to (106) for y and g and adding, since 
cos (rx) cos (nx) + cos (ry) cos (ny) + cos (rz) cos (nz) = cos (rn) 

(108) - ID dr - ffy, cos (rn)dS 


Now we have 
(109) 


dr 


r* "dr 


2t/j 1 d 


pi/-] raY] 1 rd*(rf)l _ pYl , 2 [dfi. 

Idr} ” Ur*J’ r L' dr*~] ~ LSr’J r Idrj 


SO that we obtain 

(110) rSfi 


( 111 ) 


dr 

7^ 


Ldrj dr ’rL dr* j r*3r\ i.dr\) 

-fSfr, ('"[sO) 

But the second volume integral may be otherwise written 

//is WrO) ^ -/A”/ Tr (’^[s]) '*’• 


( 112 ) 
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The first term is equal to the surface integral in (111), which disappears 
in subtracting, leaving 

(113; + 4«ta(r-[|r]). 

This is Beltrami’s generalization of Poisson’s equation. 


If we put rf ^ Q and suppose it holomorphic and finite, 


U 


and we have 

m 

and accordingly 




r» 




an 


A Z7= — 

furnishing a new proof of Poisson’s equation, if p is a continuous function. 
Suppose 

Then as in (94) 


_ 1 ^ r?i?i 1 ^ 
LarJ'^ a'dt^ Lar*J““a*at* 


(114) i£,-_-4»<,Tj///| 

latisfied by the 


'a’pdt , id'v 


at» r “ + o» at* 

which is the equation satisfied by the retarded potential of Lorentz, 


(116) 


dr. 


65. Helmholtz’s Equation. Let us now treat the Lorenz equa¬ 
tion in another manner. 

(101) Uip + AxQ{x,y,e,f) = 0. 

We may develop p as a function of t by Fourier’s theorem, 

OB 

(116) Q{f) 

— oo 

and if in like manner we put for tp, 

OB 

(117) ,,(0 = ^ J fip(xy^(^-«>dadl, 


■0t* 
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and inserting in the diffwential equation, 

90 

(118) j'J\j^q>(a)+A<p{a) + 4xg(a)^(^^(>-«^dttdl ~ 0. 

— flO 

The functions tp, q are both functions of Xy z. The equation will be 
satisfied if for all values of 

(119) Aqp + A*qp + 43r(>-= 0, 

This equation may be called Helmholtz's equation, being the first of 
such equations to be treated after Laplace’s, and it is a special case of 
Lorenz’s obtained by putting tp and p equal to a simple harmonic 
function of the time multiplied by a function of the point, q?== Ucospt 
as in Chapter HI for one dimension. H A 0 this reduces to Poisson's 
equation. Let us consider the case where 

(120) A?7 + FZ7«0. 

This equation is the subject of an excellent treatise by Pockels (Teubner). 

Let us seek an elementary solution, a function of r alone. We 
then have 

a linear differential equation with variable coefficients. Multiplying by 
r we may write 

i^ + VrV-O 

giving 

rU or .4 cosir + Hsinir. 


We have the particular solutions of (121), 

cosfer sinicr 
r * r ^ r ^ r 

1 

Let us consider as the analogue of j the function —— which is in¬ 
finite like it for r -= 0, and vanishes at oo. 

With this elementary solution we can form the integral of Helmholtz 


( 122 ) 




which satisfies A {7 -f 17 0 at outside points. 
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In order to find A 27 we have the same difficulty for inside points 
as before. We may apply Beltrami’s theorem with 

f- rf- - -iV'*', 

[lr] - «<•- 11, ’•’[19 - - e 

A[7«» — i*j7--4;rp. 


Accordingly we have as the general solution of Helmholtz’s equation 
(119) the integral (122). 

Putting again ^ we have the solution of (119) 

iZr 


(123) ip 

inserting which in (117), 




(124) 9) (0-2, 
and since 




we have 
(125) 


")ld«rfA = p(<±-2, 

— oo 

r r f 

. 


It was somewhat in this manner that the solution of Lorenz’s equation 
was deduced from Helmholtz’s solution by Lord Rayleigh.^) 

Ail that has been said of the wave equation may of course be ap¬ 
plied to Helmholtz’s equation as a particular case, simpler, as not in¬ 
volving the time. In particular we have corresponding to equation (95) 


(126) + 


which may be at once proved by applying Green’s theorem to U and 
'■■■■ — instead of ~ as in (69). It is to be noticed that in (126) we may 
replace by cos ftr, while if we replace it by sin A;r, the left-hand 
side will be zero instead of 27, since has no singularity for r — 0 


1) Theory of Sound, Vol. U. p. 104. 
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Is the case of two dimensions for the symmetrical case, Helmholtz’s 
equation becomes^ instead of (121) 


(127) 


d^u 1 du 

dP'^yjr 


+ k^u = 0 . 


But this is Bessel’s equation (Chap. VII)» satisfied by the two Bessel’s 
functions Jq (kr) and (kr), the first of which is finite for r « 0 like 

the second is infinite like log r. We can therefore form the po¬ 
tential analogous to the logarithmic potential 

(128) U^-ff^Y,{kT)dS 

which satisfies the equation 

(129) + * U=-2xq. 

The functions t/j, (kr) and F, (kr) are oscillatory, like — and . 
Corresponding to equation (126) we have 

(ISO) 

It is to be expressly noted that our treatment of the wave-equation 
is not to be extended to two dimensions^ as we have seen in Chapter IV^ 

for there is no analogue of the elementary solution ^ nor can 

the solution just found Y^ihr) when multiplied by be reduced to 
any simple function oi r — at, as is the case for the function in three 

^ipt^ — ikr ^ik{at—r) 

dimensions - -= — - -, denoting a progressive wave. 


66. Oreen’s Function. Let us now define the Green’s function 
for three dimensional regions. For one dimension we defined it (§ 35) 

as a solution of the equation 0, vanishing at the boundaries of a 

certain fundamental region^ and having one discontinuity in the first 
derivative. In like manner for a three dimensional fundamental region 
bounded by a surface S l^t us define the Green’s function G corresponding 
to a point Q of discontinuity with coordinates J as a solution of 
Laplace’s equation, vanishing at the surface S, and having a singularity 

at Q like — *—, 

(131) AG-0, G -^ + <0, 

where o is a harmonic function in the whole of the fundamental region. 
We may employ the notion of the ji^-function, as in § 35, as a function 
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f which is zero everywhere except in an infinitely small region, in which 
it becomes infinite in such a way that J^j^jfdr ^ 1. Then correspon¬ 
ding to equations (176), (177), § 35, we have, for a sphere of radius 6 

///a US, = -fjffi, 

'izSr»>-'ixff 


For A; =* 0 this agrees with (131). We shall from now on adopt this 
definition of a unit source, agreeing with (178) § 35, and making 4;rm, 
4 3rp, 4jr<y the strengths and densities of sources in the sections just 
preceding this. That is instead of following the analogy of mass or 
electric charge, we now follow that of flow of heat or water, unit source 
corresponding to unit outflow per unit time. 

In order to show the poZe, jag or point of discontinuity, we may 
write G{x,y,js; or briefly, The function G may be inter¬ 

preted physically as the steady state of temperature due to a source of 
heat of strength unity at Q while the surface S is maintained at temperature 

zero, or as the potential due to a charge of electricity, while the sur¬ 
face S is made conducting and maintained at potential zero. The func¬ 
tion 03 is the potential due to the charge induced by Q on the surface, 
which is called the Green’s layer. 

As for one dimension, let us first show the symmetry of the func¬ 
tion with respect to its two points. Consider two functions G with dif¬ 
ferent poles Qy Q' such that 


r* =x= — 


+ CU, = 


Now apply Green’s theorem to the two functions G, G\ integrating over 
the space inside S, but excluding the points Q and Q' by two small 
spheres enclosing, them. Then since both G’s are harmonic in the space 
considered, we have 

(133) 

On the surface S, both G and G' vanish, so that we have only the inte¬ 
grals over the small spheres. But on the sphere about dS ^ 0, 

since G' is harmonic inside, while since G behaves like , as in 
(67), —dS ^ ly consequently the limit gives us G'{q) G^^, 
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On the sphere about *■ ~ 

that the limit is — G{q') = — Accordingly we hare 
(134) 

Physically this means that the temperature at when a source is 
placed at g, is the same as that at g, when an equal source is at gj, the 
temperature of the surface S being always zero. 

Let ns now apply Oreen’s theorem to a function satisfying Poisson’s 
equation 

(136) LV~-f(x,y,g). 

We hare 

Let G have the pole P, and let the surface integral be extended to the 
small sphere about P. Consequently, we have as in (67), and since 

(187) -r,+JjTfjS—JJjQfi,. 

First let us consider 0. Then V is harmonic inside S, and we have 
(138) r^.JJrfjs, 

which gives us a solution of Dirichlet^s problem, if we can find the 
Green’s function for every position of the pole P. (Fig. 77.) 



Fig. 77. Fig. 78. 


67. Bzomples of Green’s Fnnotion for a Plane and Sphere. 

Let us consider that portion of space which lies on one side of a given 
plane. Let P be the given pole at a distance a from the plane and let 
P' be its geometrical image in the plane, Fig. 78. Let the distances of any 
point on the same side of the plane as P from P and P' be r and r' respect¬ 
ively. Now for every point on the side towards P the function — p is 
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harmonic, and for points on the plane, where r = r', it assumes the value 
— ^, and is accordingly the function Ana of equation (131). We have then 

(139) G 

__ Jl / _ C 08 (wr; C 09 (Mr')\ 1 cos qp 

Ldn'X r* / “■ 


where fp is the acute angle included between the radius r and the normal 
to the plane. Consequently the equation 


(140) 



I’cOSqp 
■ r* ~ 


dS 


JL I 


solves Dirichlet’s problem for the side of the plane on which P is situated. 
If we suppose a unit positive charge of electricity placed at P with an 
equal negative charged placed at P', the potential of the plane will be 
zero, and accordingly, if we consider it 
made electrically conducting and 
connected to the earth, the charge at P' 
may be removed and the electricity 
that will be induced on this conducting 
plane by the charge at P, will produce 
the same effect on the side of P as the 
charge at P'. The charge at P is 
called the electrical image of that at P, because exactly as in optics, 
the plane mirror produces on the side of P exactly the same effect as a 
real charge at P' would do in the absence of the mirror. 

The same method may be extended without much greater compli¬ 
cation to the case of the sphere. Let P be the given pole at a distance a 
from the center of the sphere of radius P, Fig. 79. Take the point P' 
lying on the same radius as P at a distance b from the center such that 
ab — iP. Then P and P' are said to be inverse points with respect to 
the sphere. If M be any point on the surface of the sphere, tlie triangles 
OMP and OMP' are similar, for they have a common angle at 0 and 

the sides including it are proportional, for by hypothesis ^ • Ac¬ 
cordingly if r and / are the distances from P and P' respectively, we 
have for points on the surface 



(141) 


r 1 ^ i 

r a ^ r a r' 


Therefore since \ is harmonic in the space containing P, we have the 
Green’s function for that space 


1 


1 R 1 
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^ / 1 , jB 1 1 / coB(»r) , JB coB(nr)\ 

dn^TiV^ r* a r • dn) * V r» a r * 7* 

The density of the Ghreen’s layer at potential zero induced od the sphere 

d Cr 

made conducting by unit charge at P is ^ . 

Now in the triangles OMP and OMP' we have 
a* * P* + r* — 2 Pr cos (nr), 
ft* — P* 4 - /* — 2Pr' cos (nr) 

+ B b*^{E* + r^ \ 

3n "" 4jr I 2Pr* a 2 Er* M 


(144) 

80 that 

(145) 


which by (141) and ab = R* gives ^ ^ 


(146) 



If we introduce polar coordinates d, q>, 0 being the angle measured from 
the radius OP, we have dS = R* sin ddddtp and the formula becomes 


(147) 


n 

V = fl*) r f V{e,q>)Bmededq > _ 

^ J J {«* +P*~ 2aRco80 ) V* 

0 0 


This formula was given by Poisson. 

For the logarithmic potential the formula is 

In 


(148) 


R*- 


2% 




\\e)de 


P* + a* — 2 Ea cose 


68. Forced Vibrations. Integral Equations. Let us now 

consider the case of equation (135) where f is not zero, but V vanishes 
on 8. We then have, by (137) 

(i«) 

and the function V is represented sourcewise. (Compare (189) § 35.) 
In fact, since vanishes at every point P on the surface, the integral V 
must also vanish on the surface. Since is the temperature due to 
a source unity, the integral gives the temperature due to density f. 
Suppose now we deal with the forced vibration for the wave>equation 

(150) ^ - a* {Ag? + 9{x,y,z,t)\, 
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putting 0 — fcospiy q> ^ U C 08 jp<, so that 

(151) AU + k^U^-f, 

which is the three-dimensional analogue of (163), § 36. 

Applying the same process to U and the Green’s function 

(152) fff { G£^U-UAG]dx+k*jjf9Udx = -jy/fGdx, 
and as before, (69), (133) and (137), 

(165) - [?,+ - -ffff,G„dt,. 

Calling 

(164) f-i, 

we have accordingly 

(166) V,-F, 

which is an integral equation for Uy with the symmetrical kernel 6r^^, 
corresponding to (202) § 35, and F being represented source-wise. 

If F is zero, the homogeneous integral equation 

( 166 ) 

is satisfied only for values of A corresponding to the normal functions 
for the volume in question, giving the series of vibrations possible for 
the air in the volume. 

The normal functions satisfy the equations 

(157) Au^. 

vanish on the surface S, and we will suppose them normalized so that 

(1^8) fffuldx^l. 

If we apply Green’s theorem to two normal functions w^, as in 
Chapter III, 

Au^+ 0, Au,+ 0, 

we obtain 

- M, AM,)dir + (I, - u^u,dx ■= 0, 

and since and both vanish on the surface 

(160) (K-K)fffKt*.dr^0, 

and if the il’s are unequal, the functions are orthogonal. The same thing 
may be proved from the integral equation, as in Chapter III, (217). Also 
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the characteristic numbers A,, are real. Consequently we can develop a 
continuous function in a series of normal functions^ 

rss CO 

(161) 

rs= I 

and by multiplying by u, and integrating we find as in Chapter III (228), 
(162) 

In particular if U is the kernel since, by (166), 

we find ^ and we have the bilinear formula, 

( 164 ) 

If this is uniformly convergent, we may apply the method of 
§§ 36, 38, which is in abbreviated form as follows, if f and Uj a solu¬ 
tion of the equation (151), are developable in series of normal functions, 
let us put 

(165) a,-ffjfUrdx, K^ffff\dr, c,^fffUu,dt 
and inserting in the differential equation (151), 

(166) 2 c, (Au, + Am,) a,u, = 0 
which is by (157) 

^{Cr(A-A,) + o,}m,.-.0. 


Accordingly solution 

(.67) V-2^^ 


as in § 38, (222). The work of proving this to be a solution of the in¬ 
tegral equation and converting it into* Schmidt’s solution is the same as 
there given. For by the definition of Fj the development of /) and the 
equation (156) 


(168) 
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U-F+x2ei-JffFu,^r, 


229 


which is Schmidt’s solution. 

As a matter of fact, although what we have said above is mathe- 
matically correct, the interpretation of the boundary condition JJ—O 
or u^, = 0 is physically not easy for air-vibrations, for if U represents 

the velocity-potential, it is not U but that vanishes on the surface. 

In the case of one dimension, if u is the displacement, s is the 

compression, and this vanishes at the open end of a pipe. Such a con¬ 
dition is not to be achieved all over a surface bounding a three-dimen¬ 
sional region, although it may be for the edge of a two-dimensional 
region such as the space between two parallel planes near together, in 
which the air vibrates parallel to them, and the space is open at the edge. 

If we do have the boundary condition = 0, we cannot use the 
Green’s function as just defined, nor can we define it by 


for since 




G 


4nr 


+ 



ffl^dS - fffAa>dr~0, 


which is not zero. In fact, if no heat flows out, a source emitting heat 
cannot maintain a steady temperature, for the temperature will rise. If 
however, we define G by the equations 

( 171 ) LG^a, G 


r«T + “* © 


we may satisfy all conditions. To find a, integrate A6r throughout the 
volume, excluding the sphere about the pole, 

///as* - 

and since the surface integral is equal to unity on the small sphere and 
to zero on S, we must take a equal to the reciprocal of the whole to- 
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lume. That is the source-density a must be negative and just sufficient 
to absorb all the heat emitted by the unit source at the pole, and let¬ 
ting none escape at the boundary. We still have an arbitrary constant 
in G, which we will determine presently. 

Any function satisfying the equation 
AU+IU^O 
d TJ 

with the boundary condition ^ = 0 must give 

(172) Xjjfudr - -fffxx Vdr-f - 0, 

so that 

ri73) fffvdx^O 

or the mean value of U through the volume must vanish. This must be 
the case for every normal function. 

We shall now prove the symmetry of the new Green’s function, for 
as in (133) 

//(o|? - O'5?)" -/yJfO'^O - 

This will be zero, if we define the arbitrary constant in G so that it 
shall satisfy equation (173). Now since 

AG^a, AU+ 



we have instead of (152), 

£7AS)* +lfff6Vdr- -jjfafd, - afffUd,, 

and as before, 



dS “f" A 




GUdr 



The last term is the mean value U of TJ in r and since 4— and %r- 

ovi cn 

vanish on the surface, we obtain (155) as before, except that the first 
term is f7/»— i7. But we now have, instead of (173), 



and consequently TJ will vanish if f does. But only such a function can 
be developed in normal functions of the present sort. Also a function 
can be represented source-wise if it fulfills (173). This method may be 
employed for one dimension, and gives the kernel for the normal func¬ 
tions for the open pipe. 
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When we come to the solving function F, the Greenes function for 
the operator Ay where 

(176) ^r-ir+ kr^Oy «o, 

we have no difficulty in putting ^ ^ 0 on the surface. We also have 

the obvious physical interpretation for F as the velocity-potential due 
to a unit source of sound at its pole, with the eflFect of the rigid walls. 
The symmetry of F expresses the important acoustical and optical the¬ 
orem of reciprocity that if the source and the receiving point be inter¬ 
changed, the effect is the same. 

Now, as in § 39 (252), we apply Green s theorem to two functions 

w == 17== 

= kfJjGrdr, 

and excluding the small sphere about the poles q^y 

(178) r,,,, - G,,,. = A r,,dt^ 

which is the resolvent, corresponding to (294), Chapter III, and as be¬ 
fore (300) the solving kernel is 

(1V9) 

Example. Rectangular Membrane. 

Let us now consider as an example the forced vibrations of a rec¬ 
tangular region, and for simplicity we will take the case of two dimen¬ 
sions, say a membrane, which at its edges, satisfies the condition w == 0, 
where u stands for the transverse displacement of the membrane. For 
the Greenes function G we have the simple representation by the shape 
of the membrane when pushed aside normally by a sharp point, so as 
in the neighborhood to assume a conical shape. For F we have a simi¬ 
lar representation when the pushing point is vibrating. 

Although we have deduced the equation for a membrane in Chap¬ 
ter I, § 12, we shall now give a somewhat more elegant deduction de¬ 
pending on Green’s theorem. 

If the plane of the membrane is that of Xy y, the normal displace¬ 
ment Uy the tension, or force exerted across a line of unit length r, the 
surface density p, if we consider the forces on any small area we find 
for the resolved force perpendicular to the xy plane on an element of 

boundary dSyxds^^ where n is the outward normal to the boundary. 
But in the plane 
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80 that for the equation of motion we have 


QdS 


a»u 

at* 


rAudSf 


a*M 

at* 



c* 


T 

Q 


for the transverse vibration of a membrane. For the standing waves^ 
putting u ^ U co^pt, we have 


(180) 




Let us undertake, as usual, to find solutions of the form X{x) Y{y), We 
then obtain 


(181) 


I d*X 
X dx* 


, 1 d*Y 

Ydy* 


+ k^^0 


requiring each term to be constant, say 

(182) g + g*X = 0, ^+r*r=0 , 

(183) X ^ A Gosqx + Bsinqx, Y = Ccosry -f Dsinry. 

If the rectangle is between x ^0, a; =*= a, y =* 0, y «= fe we must have 
for U ^ 0 at the boundary, 

^ r* C =« 0, singa «« sinrh 0, g «= r ^, 


consequently the normal functions and characteristic numbers are 
given by 


(184) 


. mnx nny 

M ^ sin-sm-i— 

mn ^ ^ 

Kin ** (“i + , Pjnn ^ f 


where m and n are integers. The general solution is 


mss ao n s 00 

(185) 

m=: 1 fl sr 1 


sin I co8p„,J + , 


and we are led to the problem of the development of a function 

m = « W = ao 

(186) f(x,y) =2 2 ^ 

m ~ 1 n — I 

in a double Fourier's series. 

Considering a single normal vibration of frequency we may 
take the sum for all the values of m and n for which 

a* 6* «* 


is constant. 
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We may now ask whether the various normal vibrations are har¬ 
monic, that is, their frequencies proportional to the series of integers. 
If we consider the nodal lines of the solution we find that beside 
the edges, they are given by iw I lines parallel to the y axis, w — 1 
parallel to the a?-axis, and if we put first m = w ==- 1, we find 


Ki- 



which gives the lowest frequency. 

If m and n are equal, we have 

/I" 




m L 


so that for this case we have a set of haruionics. The question arises 
whether there are any others. If so let Jc, Ic corresponding to m, n and 
m, n be in the ratios of two integers A, h\ then 

h* V “ h' Ha* ' I* / 


or otherwise 


V — h^m' * _ * — h- 

a* h'^ 


and as the numerators are integers, must be a rational number. If 

not then both sides must vanish, or 

m* /i* n* m m' 

m * K ~ n n n 


But then m', n are equal multiples of and we have the generali¬ 

zation of the ease already treated. If m and n are prime to each other, 
any other pair of prime numbers gives a set of harmonics, which are 
not harmonic to the first set. 

But if a* and are in a rational relation, the ditierent sets may 
be harmonic to one another. For example, consider a square membrane, 
a ^ b. Then we may have the equation 


satisfied for several values of m, n giving the same k. We then have 
more than one normal function to the same characteristic number. 

Consider, for instance the two terms for which m === 1, n = 2, 
m = 2, n =« 1, 

4 • • 4 ^Inx > ny 

(Ion XI -4,5 sin — sin —- + sin-sin — • 

^ ^ a a a a 

The nodal lines are given by 

. nx . nyr . . a Tftx~\ .. 

sin — sin — cos — -f A, cos — =0 
a a L a a J 




234 V. METHODS OF GREEN. POTENTIALS. BOUNDARY PROBLEMS 
giving the edges, and a curve whose equation is 

(188) cos + A„ COB ^ = 0. 

Thus the membrane may vibrate in an infinite variety of forms. If we 
call two normal functions for the same period u and it', the function 
Au + A'u has nodal lines passing through the intersections of those of 
u and It', which gives us some idea of their appearance. 

If we normalize the function 


mjtx nny 

Bin -sin - ~ 

a 0 


by making the integrated square equal to unity, we find 
(189) sill* sin* dxdy = 1, y, 


so that we have the bilinear formula, 

m 1 -- oe n s; QD 

(190) i:(,,-112’2 

m = 

The solving function becomes 

(191) r{x, y; I, ti) = 


. mnx . nny . mni . nyrn 
m oe n a: OP gin-SID —™- 8in-SID —— 

a 0 a 0 




. ninx . nny . mnk . nnj] 

« « = ” Bin - 81 IJ —~sin-sm — 

^ “ _?!_?_L- 

d l) /»»! * ^ 


m s= I n = 1 


■■(’5 + 5) 


corresponding to (300), Chapter III, for one dimension. In the same 
way we may treat the three-dimensional problem of the vibration of air 
in a rectangular chamber, leading to series in three variables. 


69. Infinite Segion. The case in which the region considered 
is infinite presents some difficulties and has been treated in detail by 
Sommerfeld.^) 

We shall deal only briefly with the matter. We have seen that 
there is a difference between Laplace’s equation and the equation 

All -f k^u = 0, 

in that, if the solution of the former vanishes at the boundary of a 
region and has no singularities within, it vanishes identically, while un* 
der similar circumstances a solution of the latter does not vanish, but 


1) A. Sommerfeld: Die Greensche Funktion der Schwingungsgleichung. 
JahreBbericht der Deutscben Mathematiker-yereinigung, Bd. 21, p. 309, 1913. 
It is to be noted that the Green's function denoted by Sommerfeld by G is our 
second Green's function T. 
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is a normal function for the space in question, provided that Tc^ is one 
of the characteristic numbers. Likewise for the solution of the equations 
with second member, for Poisson’s equation Aii the solution is 

determined by its sources by the formula (69) 



while in the case of Helmholtz’s equation this is not the case, for if 1r 
is a characteristic number the vibration becomes infinite. If the space 
is external to a given surface and extends to infinity the case is the 
same for Poisson’s equation, but for Helmholtz’s equation the question 
arises as to what is meant by normal vibrations and characteristic 
numbers. 

We may look at the matter from two points of view, apparently 
contradictory. Let us first consider the case of one dimension. We have 
seen that for a string of length I the characteristic numbers are given 

by A’, = “. (It is sometimes said that these condense at infinity, 

meaning by that that the reciprocals, which are here proportional to 
the wave-lengths, condense at zero, that is, in any region however 
small including zero there are as many of them as we please.) The dif¬ 
ference between two consecutive numbers is y, and the spectrum is dis¬ 
continuous, If now we let / increase without limit, the interval between 
consecutive characteristic numbers decreases without limit, or the num¬ 
bers become everywhere dense, or in close order, and we approach a 
continuous spectrum.\) 

Consequently it seems as if every number were a possible charac¬ 
teristic number. We might then expect the Green’s function K, repre¬ 
sented by the bilinear formula (211) Chapter HI, to be represented by 
an integral instead of a sum, in this case by a Fourier’s integral. Refer¬ 
ring to the form of the Green’s function, (116) § 32, we find that in the 
limit for Z =« cx) it becomes K{x,^) ^ x when < 5, A'’(.r, |) «= 5, when 
X > But such a function camiot be expressed as a Fourier integral, 
since a constant is not finitely integrable in the infinite region. Never¬ 
theless there is no doubt that a standing wave would be represented 
by sin hx^ no matter what the value of A*, if the string is unlimited. 

Let us however look at the matter from another point of view. 
From the above treatment of the wave-potential in three dimensions we 
have seen that the effect of sources is propagated in the form of retar¬ 
ded potentials to infinity, and that there is no sign of resonance phe- 


1) A set of points in close order is not continuous. 
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nomena, do matter what may be the period of harmonic vibrations. It 
therefore appears that there are no characteristic numbers at all. What 
is the discrepancy between these two modes of consideration? It is 
due to a very simple physical reason. For the equation 




we have the solutions 


cosTcXf Bmlcxy 6 ***, 


which are all finite^ but indeterminate at infinity. From the first two 
by multiplication with cosn< or sinn^ we form the solutions of the 
wave equation 

cosntcoskx, sinntcoskx, cosw^sinfcd:;, smntBinkx, 


which represent standing waves. On the other hand from the last two 
multiplying by we get 

of which the real part represents progressive waves running ofi* to infi¬ 
nity, or running in from infinity respectively, the combination of which 
gives the standing waves. In the case of three dimensions we have as 
solutions of the equation 

(120') Aw + 0 


the functions 


coskr ^inkr e 

r f r ^ r * r 


from which we obtain the standing waves 

cosntcoskr einn^cosA^r cos a ^ sin A: r 8in «^Bin/:r 

the first two having a singularity, that is a source at r « 0, and deno¬ 
ting forced vibrations, the last two having no source, and denoting free 
vibrations. From the other solutions we obtain the progressive waves 

^i{nt—kr) ^i[nt + kr) 

- ^ 

of which the real part of the first represents diverging, of the second 
converging waves, the combination of both being required to produce 
standing waves. Now whereas incoming waves from infinity are mathe¬ 
matically equally possible with diverging ones, physically they do not 
occur, so that we have in practice no standing waves in the infinite re¬ 
gion, and no normal functions in the same sense as for finite regions. 
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By means of an extra condition at infinity, which he calls the ^^emission 
condition” namely, 

Limrg-; + ,A:«)»0, 

for three dimensions. 

Um 4- =0, 

for two dimensions, 

Lim -f ihu^j ^ 0, 


for one dimension, Sommerfeld is able to show that there are no normal 
functions, but otherwise to give the same treatment as for finite regions. 
At the same time he is able to represent the second Green’s function 
as a definite integral, which is, however, taken with respect to a com¬ 
plex variable. 

Let us consider the case of a one-dimensional region, infinite in 
both directions. We have the solutions satisfying the emission condition 

u *= X > I, zi ~ x <Cif 


while the condition of a unit source at x == | gives 


^+0 


u 



du 

dx 




= -l, 
^-0 




i 

2~ik ‘ 


Accordingly the Green’s function is 


(192) 




2ik 




2Jk 


X > I 

x<i. 


But we may prove that this Green’s function is expressible in the 
form of the definite integral 

1 r 

( 193 ) 

where the complex variable g describes the path indicated in Fig. 80, 
that is passes from — oo to -f oo along the real axis, avoiding the 



Fig. 80. 
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(see Appendix 8) to the regions I or 11, Fig. 80, each of which contains 
a single pole. If we put s <• r (cos 0 + * sin 0) we find the modulus of 
the numerator to be which for r — (» vanishes for the upper 

half of the plane if x>I^, for the lower if x<ii. But by the residue 
theorem the integral around the path I is 2»;t times the residue for the 

pole s — — A, that is-p-, so that 

while for the path 11 the residue is for e k, and the direction of in¬ 
tegration opposite BO that 

1 -■ f) * __ • 


Accordingly the formula (193) is proved, and the bilinear formula ap¬ 
pears as a definite integral, in which the emission condition is taken 
account of by the shape of the path. 

To make farther evident the analogy with our original Green’s 
function of § 40, we will consider the region infinite on the right, but 
beginning at x — 0, with the condition that the Green’s fanction vani¬ 
shes at 2 ■> 0. This can be treated by subtracting the efFect of a simi¬ 
lar source at a; » — so that we have 


(196) 




yizrp 


with the same path of integration as before. Writing trigonometric in¬ 
stead of exponential functions, we find, on account of the symmetry of 
the path, that the sine terms vanish, and we have 


(197) 


r>/». C cot(x~i)e—co»(x + i)e 

1 r Bin (tx) 8inr{ , 

-Tj—?r:qE— 


which shows the complete analogy with the formula (300'), § 40. 
Sommerfeld also shows how we may pass to the limit 1 — oo in the 
determination of the characteristic numbers, all of which are found to 
be complex. 
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CHAPTER VL 


METHOD OP RIEMANN-VOLTERRA. CHARACTERISTICS. 

TO.Oauchy’sProblem. OharaoteristioB. We have in Chapter III 
dealt with a particular case of Cauchy’s problem for two independent 
variables, namely for the equation 

d^u _ . 

df^ ax* ” 


we have shown that u is determined if we give for the line < 0 the 

values of u and its derivative in the direction of the normal to this line 

as arbitrary functions of x, (^) ’== G{x), In Chapter V 

we have seen in § 60 that for Laplace’s equation, 


a*u 

dx* 


j a*w ^ a*tt 


d^u ^ 

ay* a-s* 


it is not possible to give both u and independently, since one alone 

determines the function In this chapter we shall examine into the 
nature of this fundamental difference in the two problems of Cauchy 
and Dirichlet, and shall at the same time make use of a great genera¬ 
lization of the methods of Green described in the last chapter, first pro¬ 
posed by Riemaiin, and developed during the last twenty years by Vol- 
terra and others so as to constitute probably the most important method 
in the theory of partial differential equations. The method is applicable 
to any number of independent variables, but for the sake of simplicity 
we shall begin with two, so that geometrically we may deal with the 
plane. All that is said for this case will be then generalized for any 
number of dimensions. 

Let us consider the equation in two independent variables, linear 
in the second derivatives. 


(1) 


?*M 


4 ^ I a Ti I /~1 ^ ^ ^ 


TyJ’ 


where A, R, C, are functions of x, y, and let us consider the possibility 
of giving the values of u and ^ along a given curve. Geometrically, 

as X, y, u are coordinates, this means giving a twisted curve, and a 
torsion strip along it, giving the tangent plane at each point. If the 
equation of the projection of this curve, which may be called the sup- 
port^ since it supports the data, is 

(2) /•(^,y) = o. 


the direction cosines of the normal to this projection are proportional 
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to 1^, Ip, while those of the tangent so that if we draw the 

normal toward the right hand side of the curve as we advance in the 


direction of positive ds, we have 


ay, .ay. 

Ts> 

cos(«y) - l^/h = - 


- 0 , 



If we express the coordinates of a point of the curve in terms of a pa¬ 
rameter t, X ^ x(t), y « y(t)y so that (2) is identically satisfied, and also 

give the boundary values in terms of ty we shall 

have along the curve, 


(4) 


du 

It 


du dx du dy 
dx dt ‘ dy dt 


ir(jt), 


du du / \ , du , V 

^^-eos(nx) + j^coBiny) 


du dy dudx 
dx ds dy ds 


G\t). 


These two equations, Uuear in and in which 

are given functions of ty determine since the determinant 


(5) 


dx 

dy 


dt* 

dt 

dy* 

dy 

dx 

dt ds 

ds* 

ds 



cannot vanish. 
the curve, 


Accordingly, we have the two derivatives given along 


du 

dx 



q(t). 


We may then proceed as for u, and differentiating we get 


( 6 ) 


d*u dx d'u dy 
dx’* di ' dxdy dt 


-/(<), 


^u dx , d^udy 
dxdy dt ‘ dy^ dt 




as two linear equations for the three derivatives |p, But 

in addition we have at all points the differential equation, 
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as a third equation, so that we have just enough to determine the se¬ 
cond derivatives, unless the determinant 


( 7 ) 


dx ^ 

"dr dr ^ 

() if 

dr dt 


A, 2B, C 



9 pdx dy 

^^di dt 



vanishes. Thus we may proceed in succession, and obtain the values 
of the derivatives of u of all orders at points on the curve. We may 
thus form a development of w in a Taylor’s series for a region inclu¬ 
ding the points in question, and thus obtain a function, analytic in a 
certain region, satisfying the given differential equation, and taking the 
given values on the boundary. It would of course be necessary to exa¬ 
mine the field of convergence of the development in order to determine 
how far the validity of the solution would extend. 

If, on the other hand, the equation {t is irrelevant) 

(8) 2Bdxdy + Ady^^ 0, 


holds for the boundary curve, the process is impossible. This is an or¬ 
dinary differential equation of the first order but of the second degree, 
which defines two families of curves in the xy-plane. These are called 
the characteristics of the differential equation (1) Accordingly if the 
given curve is a characteristic, the Cauchy boundary-problem cannot be 
solved. 

Resolving into linear factors equation (8) becomes 
(9) [Ady-{B + yB^- TC)dx} {Ady - [B - yB*~-Tc)dx)- 0. 


If the discriminant J?* — ^ (7 > 0 the factors are real, and the equation 
(1) is hyperbolic. If J?*—^C<0, the factors are imaginary, and so 
are the characteristics, the equation is elliptic, li B^— AC 0, the 
two families of characteristics coincide, and the equation is parabolic. 
This is the same classification that we have used in Chapter III, § 25, 
for the equation with constant coefficients. 

We may obtain a clearer notion of the appropriateness of the name 
characteristics in a somewhat different manner. If f{x,y) — const, is an 
integral of the differential equation (8), then by means of the relation 

y-dx + ^dy = Q 

dx dy ^ 

the equation (8) becomes 

, c%Tidf df , n/df\* /-v 
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a partial differential equation of the first order^ whose characteristics^ 
as defined in § 24, equation (45), are 


(11) 


dx _ dy dz 

Ap+Bq ~~~ Bp+Cq ** 0 


if we write the equation, 


( 10 ) 


Ap^ + 2Bpq + 0. 


But these are easily shown to give the same values for ^ by making 

use of (10) as the equation (8) or (9). Accordingly the characteristics 
of the equation (1) of the second order are the same as the projections 
on the X y-plane of the Cauchy characteristics of the equation (10) of 
the first order. 


By a change of variables suggested by the form of the characteri¬ 
stics the equation (1) may be reduced to a simpler form. If we change 
from Xy y to ^y Tj as independent variables we have 


du duds dudrj du _ du dS > dudy\ 

dx ** cS dx dri dx^ dy d~S dy dn dy ^ 

d^u d^u/dSy , o d^u dSdn d^u/dn^ dudH , dur^rj 

dx*"" ’dS*\dx/ ^ dSdrjdxdx^ drj*\dx) didx^'^ drtdx*’ 

n 9^ ^ ^ i o ^ I ^ ?*i. -i. ?A!L 

^ ^ dy*dS^\dy) ^ Hdndy dy ^ dri*\dy) di dy* dr] dy*' 

d*u ^ 1 ( dSdij i^H\ , I d*S 

dxdy ^ dS* dx dy ' dSdr] \dx dy dxdy) dri* dx dy dl dxdy 

. ^ d*i] 
df] dxdy 

substituting which in the equation (1) gives 


(13) 


4- 9 ^ 4. H ^ 4. :?1 4. ' 

cirlrj i ' [d^dy txdy)'' dy dy \ 


where F now depends on the new variables as well as on it and 
its first derivatives according to rj. 

Let the integrated equations of the characteristics be 

(p{Xyy) ^ const., "PiXyp) const. 

then q> and satisfy equation (10) and if we take I the 
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coefficieuts of and ^ both vanish, and the equation (13) reduces, 
on division by the coefficient of to the form 

cgdri^ 


04) 


^ A du dtc\ 


If the equation is hyperbolic, both <p and are real, so that (14) may 
he taken as the normal form for the hyperbolic equation in two inde- 
jiendent variables. If the equation is elliptic, let us take 

I -f it] -- q), g — /7; =- 
and substituting^ (p in (10) we find 


A 


4'S 


.roy 
fCt) dn 


4- + cfi^y^ 

cxdy KdyJ 


+ 2 / I + C^p\ = 0 . 

^ cx cx Xdxcy cj' oyj dydy^ 

Ecjuating the real and imaginary parts both to zero, we find that the 
coefficient of in (13) vanishes, while those of ^ become 

equal, so that the equation may be reduced to the form 


: 15) 


d u 

ar*’ 


I . .y/y du du\ 

,+ g- u, )■ 


drjj 

This is the normal form for the elliptic differential equation. 

If the equation is parabolic, take 

I = 

The coefficient of vanishes as before, while that of 2 ^ x- becomes 
oV don 

which, in virtue of the relation AC 0 and (10), 

is found to vanish. Accordingly, since the coefficient of does Jiot 
vanish, we have 
116) 


d^U ^y/y du du\ 


as the normal form for the parabolic differential equation. In case the 
coefficients A^ B, C are constant, this method of change of variables 
gives Euler’s transformation which we have used in § 25. We have as 
types of the elliptic equation Laplace’s equation, of the hyperbolic, tlie 

wave-equation, and of the parabolic Fourier’s equation ==* • 
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71. Linear Equation. Oroen’s Theorem. Suppose that our 
equation^ like all those of the second order with which we have become 
acquainted^ is linear, so that we may write it 

(17) i(.)«^g + 2Bj5t + cg + I,g+£|;+j.„_0, 

where all the coefficients A, JB, (7, D, £, F depend only on x, y. Let us 
multiply the expression L{u) by a function v and integrate over any 
region of the plane bounded by a closed contour C. We will iqtegrate 
by parts in Greenes manner, as in § 50 (8), n being the internal normal, 
and ds the absolute value of the element of arc. Integrating the first 
term according to a:, 

//^ IS “ -/^ ^ Tr 

and repeating tlie process for the double integral, 

so that finally, differentiating Ai\ 

(18) Jj ~ + nv^-^]coH(nx)ds 

In like manner for the third term, 

fJ -j [6-(M-g -v^)+ uv^^]cosiny)ds 

j- C C / 

+jj« 

The second term is to be divided into two. Integrating first by a, 

“ -flivl^coBinx)dsdxdy, 

and then by t/, 

Jjw fx- ^^^y =• -jM^f/cos(ny)rfs +JJu'’l^dxdy 

we obtain 

+ „„||co8(ny)]d« +fju^-^dxdy. 


( 20 ) 
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On the other hand since the term is symmetrica] in x and y, we may 
write, interchanging them, 




+ i4 V 


?_n 


cos(w:r;Jds 


( 21 ) 


\Bv) 
dx ry 


dxdy. 


For the terms in the first derivatives we integrate only once, 

J* j* Dv^^dx dy —J* T)uvcos(nx)ds — j j dxdy^ 

( 22 ) 

^J" Ev^dxdy ^ — j* Euvcos{ny)ds — J dxdy. 


Making use of these results, transposing all the double integrals 
to the left, we have finally 

(23) j f\vL{u) — u M(v)) dxdy ==J\ul)^v — vl)^{u) + uvP^ds 

in which M is called the adjoint diflFerential operator, 

c{Bv) d{Ev) 


M{v) 


cH^Av) o o^{Bv) d^iCv) 

^ dx' ?xdy dy^ 


(24) 


+c~ + 21 - rr + 

dx^ dxdy cy* dx\dx dy 


cx 
^dv /dA 


(^y 

dB 


+ F-v 


,^dv(dB,dc 1 , 9 , a»c di) dE 


Dn stands for the linear differential operator, 

(25) D^u ^ cos(«ar) + + c|J) cos(ny;, 


and P„ may be called the adjoint function 

(26) -P™ = (f“ + II - B) cos(«x) + (1^ + Yy- 


It is to be noticed that the operator M depends only on the given ope¬ 
rator L, while D„ and P„ depend on the form of the support or con¬ 
tour C as well. In case we have the relations, 


(27) 


dA dB „ _ jT 

'dx 'di “ dx dy 


we see that the two operators L, M are identical, ai;tl ^hal at 'he same 
time the adjoint function P„ vanishes. The equation (17) is then said 
to be self-adjoint. In particular if the coefficients are constant and 
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2) = JB « 0, this will be the case. In general if (27) are true, the form 
of the self-adjoint equation will be 


(28) 



+ a‘^]jrFu-0. 


The nature of the operator is of great importance. It is to be 
noticed that if we define a direction v by the equations 

A cos(na:) + Bcos(»y) = Acos{v 
(29) BcoB(nx) + Ccos(wy) =« Acos(vy)y 

co8^(nx) + 2 B( A + C)cos(nx) cos(ny) + (B^+ C^)cos^(ny). 


then (25) becomes 

(30) Z)„ (u) “ cos (vx) + cos , 


and is a derivative in the direction v. This direction has been called 

ov 

by d'Adhemar the conormal. Its relation to the normal is easily found 
from the following geometrical relations. If in the characteristic func¬ 
tion of (10), 


(31) 




df d f 

we replace by X = cos(w:r), coB(ny), the equation 


(32) a>(X, Y) - 2BXY+ 1, 


represents a central conic, and the equations (^9), which may be 
written 

C08(i/j;)_ C08(i/y) 

(33) ~ 

dX dY 

show that the direction of the conormal v at any point of the support 
is related to that of the normal n as the direction of the perpendicular 




on the tangent is to that of the radius vector of the quadric 
0 SB 1. But this conic has as asymptotes the tangents to the charac- 
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teristics at the point in question, whose equations are ®(X, Y) = 0, 
Fig. 81 and Fig. 82. 

We may then rewrite (23) in terms of the cononnal, 

(34) J*J* [vLiu) -- u3I(v))dxdy = J | + uvP^}^dSf 

and we have the generalization of Green’s theorem for two dimensions, 
corresponding to § 40, (78) for one cliinenaion. As an example, in the 
case of Laplace’s equation, 

L(h) - M[u) - Am , -1 ^ C 1, 7^ - i) = E F == 0 

(35) 

A = \ 1/ = w 

and (34^ reduces to the two dimensional case of 52, (20). 


72. Elliptic Equation. If the equation is elliptic, we will write 
the normal form for the linear equation, 

(36) /.(m) Am + + 6^^ + cu -- 0, 

when the adjoint equation will be 

(37) M{v) A. - + r. = 0. 

The characteristic function will be tli(‘ same as for Laplac(‘’s equation, 
and the cmiormal will coincide with the normal. 

In the case of Laplace’s equation we have seen that we have a 
particular solution logr, where r is the distance from a fixed point, 
also in the case of Helmholtz’s equation we have found the particular 
solution Fy(/rr), which is of the form 

(38) IJ log r + 1'^, 

where U and T are tinite and continuous functions. If we assume that 
for the elliptic. e(|nation in general there is such a fundamental solution, 
that is one having a logarithmic singularity at a single point 5, 
in addition suppose F(5,?;) = —1, and use such a solution of the 
adjoint equation for we must, as usual in applying Green’s Theorem, 
§ 59, exclude the point i] by a small circle. Then since 

^ {a cos (w./) + h cos [ny )), r = w, = 1, 


yi) == —JJ vL{ii)dxdy 


J r iw ^dn cos(w^) + b cos (wy))Mr jrfs, 
as a generalization of Green’s formula § 59, (69). 
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If then u satisfies the equation X(u) » 0, we have u for any point 
if ri inside a closed contour C expressed in terms of a contour integral 

inrolving ti and . As these values are not independent of each other, 

we cannot give both at pleasure. K we define a Green’s function as a 
solution G of the adjoint equation M(v) »> 0, which has the above pro- 
parties with regard to 17 , is continuous at other points, and vanishes 
on the contour C, we have 

(40) u(i, rj) - i-Jufjs 


as in the case of Laplace’s equation. We may also show that if 
H{Xf y, rj[) is the Green’s function for the adjoint operator Jf, then 
we obtain by (34) the relation 

(41) R {i, 7), r, 1?') = G (S', Tj', i, ij) 

corresponding to (134) § 66 . 


73. Hyperbolic Equation. Let us now consider the hyperbolic 
equation, which we will write in the normal form 


(42) 


T / \ d*u . du . ,du . ,v 

= dxdy + 


(43) 


M(v) = 


d*v 

dxdy 


djav) 

dx 


d(dv) 

dy 


+ cv. 


For the hyperbolic equation there are no solutions with point- 
singularities, but we shall see later that there are fundamental solutions 

which are singular all along the characteristics. 
/ For (42) the characteristics are given by 
® dxdy ^ 6 , which represents straight lines 
parallel to the axes of coordinates. Let us 
^ undertake to determine u by giving its 

values and those of along a supporting 

curve C that is cut only once by any 
characteristic. Let us apply Green’s theorem 
(23) to the area bounded by the contour C 
and two characteristics drawn through the 
point P whose coordinates are 17 , and cutting the contour in A 
and Bf Fig. 83. By (25), (26), (29) we have, since 

A^C^Of B^\f 

Rn (**) ” i (^Sy lx ~ («a;) + 6 cos (»y)), 

on AP, cos (nx) — 0, cos (»y) — 1, dx, 

on PB, cob(»x) —— 1, cos(My)~0, <2s — dy. 
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Inserting in (34) gives 

fj*[vL{u) — uM(v))dxdy 

(44) “ + if {vp-y - «|y + 2auv)dy 

A 

+ f\l{''*ll ~~ *’1^) ~ (® ^ (»y))ui'jds. 

B 

Now integrating by parts the terms containing derivatives of u in the 
line integrals on AP and PJ?, and combining terms, we obtain 

ff [vL{u} — uM{v))dxdy = — 

(45) + lAiPx - 

A 

+^[2 cos(njr) + b cos(ny))ur”|rfs. 

B 

According to Riemann we will now define the Greenes function for 
this case as a solution of the adjoint equation 3/(v) =* 0 which along the 
characteristic A IP, y V? satisfies the equation, 


(46) 


do 

d X 


2hG = 0, 


along the characteristic PB, x ^ satisfies the equation, 

dG 


(47) 


dy 


-2a(? = 0, 


and at P takes the value t?(|, tj) = 1. Then if L(u) == 0, we have 

**(l, 

(48) 




giving the value of w at P in terms of the values of u and along 
the support. 
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Along the characteristics we have by integration; 

3 

1 d log(? 

G cx ^ dx 

(49) j 

2 fb(Xtrj)dx 

G - e* 


26(ar, ij), logG = 2J'^(x, y)dx, 


and 

(49) 


idG 
G dy 


d(\ogG ) 


^2a(ly), logG 




respectively. Thus the determination of u by the data along the support 
is made to depend on the determination of G so as to take prescribed 
values along the characteristics; that is upon a particular Cauchy 
P problem. If a =* 6 == 0, these values reduce to 

constants, namely the value of G at P, that is 
unity. 

As an example take the equation of the string, 

d*u _ j d^u 
B “ “ rx” 

which on putting y ^ at becomes the self-adjoint 
Fig. 84 . equation; 



(60) L(») = g-g-0, J 


l;P=0, G ^ - 1, .^=1, 


which we will treat without passing to the normal form. The charac¬ 
teristics are given by —w^hich represents straight lines 
making equal angles with the coordinate axes. We have, Fig. 84, 

onPJ., cos(n.r)=-V, 008 (^ 2 /)*-*— |r, 

V2 1/2 

on PP, dx^—dyy (X)s(w.r) — — , cos{ny)— — -j = —|/2rf.r 

y ^ l/2‘ 

SO that our formula is 


/[" (fx +% ^ y ) - “(fx 

+fb{li^^+Ty^y) - + Py^y)] 

M 


B 




0. 


(51) 
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Since a ■* 5 ** 0, the value of G on the characteristics is unity, conse¬ 
quently we may take for G the very simple solution v =* 1, giving 

PB A 


(52) 




dy 


or integrating, 
(53) 


2m. - m.+ 


B 

_ 

J dv 


ds. 


Suppose the curve AB is the line 2 ^ = 0, and that for 

du du _ \ du 


= y “ 0, 


F(t), - 


dv 


a dt 




Then if P has the coordinates rj, A has .r = J — B has j: =* S + 
and we have 

k + f} 

(54) 2m(|, »;) = F(| - y) + F{1 + ij) + i / Gix)d.v , 
or in the more familiar notation, 

x+a/ 

(55) u = {[F(j - a<) + F{x + at) + G {x)dx j, 

x — at 

which is d^Alembert’s solution, Chapter III, (27). The equation (53) 

or (55) shows how the values of u at A and B arrive at P, or are 

propagated along the characteristics. 

The method not only gives us this familiar solution, but obtains 

a solution whatever the contour AB, that is for any relation between 

.r and y or i, that is if we give u and 

da • 

^ for a point on the string that moves in 

any prescribed manner. As an example suppose 
the point is moving with a constant velocity 
which is in the ratio /3 < 1 to the wave- 
velocity a. Then the contour C is the straight | 
line x^py, h"ig. 85. It is to be noticed in all 
these formulae that if, as in the present case, 
the points PAB succeed each other in the | 
reverse order to that for which the formulae j 
(44), (53) were proved the sign of the integral' 
must be changed. From the equations of the 
contour and of the characteristics we find the coordinates of A and B, 

.V“7E|; forB, + 



Fig. 85. 


for A, X 
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for the line AB, 


dj» 

d* 




80 that we have the result^ ^ 

(66) 2 «, - «.* + “b • 


If /} «« 0 we have the result for a point at rest^ and the formula gives 
us a result precisely similar to (54)| interchanging y, but if 4* 0, 
we have the result^ supposing that for 

u-F(jf), ^-0(3f), neceseitating |j-2!’'(y)-/J(?(y), 

?±l 

i+fi 

(67) 2«(6,,) - f( 0) + -h/cn- fi*)0(y) + fiF'(y))dy 

Vz^ 

1-/J 


i±i 


or performing the integration of the last term, 

(68) 2u(fc,)-(l+/J)F(f^) + (l-/J)2?'(^) + (l-/J»)/G(y)dfy, 

v-£ 

i-p 

or in the oaoal notation, t^x/a 

i+p 

(69) 2u~(l+fi)F(^) + il-fi)F{^) + il-fi^af 0{at)dt. 


t^»la 

Suppose we seek the effect of a traveling source of sound of frequency 
so that 

Q{ai) — cosjpf, F(at) — 0. 

We then have 
(80) 


that is to eay the two wsTes emitted trarel with Uie velocity a as if 
the source were not moving, bat the waves travelling to the right (in 
the same direction as the source, have the frequency increased in (lie 
ratio 1:1—/), while those traveling backward have the frequency 
lowered in the ratio 1:1+^. This is known as Doppler’s Principle^ 
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and by means of it the spectroscope enables us to find the velocities of 
stars approaching or receding from us by the change in the wave*lengths 
of their spectrum lines. It is to be noticed that if u is given instead of 

, the approaching wave is increased in the ratio 1 + /S on the forward 

aide, and is diminished in the ratio 1 — on the rear side. In a source 

of sound it is the compression that must be supposed to be 

unchanged by the motion. The change in the pitch of the bell or whistle 
of a passing locomotive is easily recognized. 


74. Telegraphist's Equation. As a second example let us take 
the equation of telegraphy, from which we have removed an exponential 
factor, as in § 46. Writing ^ for the space-coordinate, 


(61) 


d^u 

W 



+ h^u, 


or changing to the normal form by putting 
(62) x=^^{zat), y=‘^{z — at). 


( 63 ) 

This was integrated by du Bois Raymond and by Picard^) by Riemann’s 
method. 

As before, the Green’s function is constant along the characteristics, 
which are the same as for equation (42). Along the characteristics 
through P, S, 1 ^, the function 9 ? = (a; — |)(y — i/) has the constant 
value zero. Accordingly Picard attempts to find a function G which 
depends only on 9 ?. We have then 

dG dGd(p dG y V 
.... dx dtp dx^ d(p^^ ^ 

C’^) dG d^G, _ AG 

‘dxdy dtp ' dcp* ^ dy dtp ^ dtp*’ 


SO that the equation (63) becomes, 
(65) 


d^G , dG , G 
+ 


0 , 


dqp* ^ dtp 

which is an ordinary differential equation, linear, with variable coeffi¬ 
cients. It may accordingly be solved by a power-series,^ (see Appendix) 


1 ) Picard: Snr T^quation aux d^riv^es partielles qui se rencontre danu la 
th^orie de la propagation de Tdlectricit^. Comptes Rendus, 118, p. 16, 1834. 
P. du Bois Reymond: Ober lineare partielle Diiferentialgleichungen zweiter Ord- 
nung, Crelle’s Journal, 104, p. 241, 1889. 
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but assumes a more familiar form if we change the independent variable 
by the substitution, 

dip , 

dtp * dip^ [ip dtp^ ip*dipj^ 

inserting which in (65) gives 

(66) ^ + 


Bot this is BesBel’B equation (Chap. YII) of which we hare the eolation 
G — •Tgit/i), which reduces to unity for ^ — 0. Accordinglj we have, 
as in (48) 

B 

(67) 2«(|, f}) - (uG)^ + (uG)^+f(u^^-G 

A 

with . ,__ 

Suppose as before the contour is t» 0, that is, x ^y, Fig. 86. Then 
— cos(na:)-o08(»iy)-^, ^ —dai-dy, A-C — 0, 


M 


/a« 

du\ 




ae\ 

Va*" 


dv 

— —1 

(aa: 

ay; 


/ dQ da. . dG dG. .V 

y dx“d9^ ay“d9(® 

y/^ or since on AB, x — y, 

^ ^ ^ /'fc \d G /Y 1 

- -x— ■■ -p (5 — 71} 5—, 6r ■-« G **• G ■“ 1 * 

Pig. 86. a*' y2^ ''^9 ^ ^ ^ ' 

B B 

(68) 2«(6,,,) _ + Uj + (I - n) fu^dx -j - Ij) da:. 

S A 

In order to pass from this solution to that in terms of 8 and tj if 
we have given for 

«-o, «-/•(#), 

since ^ i, 

l-|(t + »T), i?-|(5-aT), 


and for 

B, 


x-p — i, t — O, e — t + at, 
« —y —q, < —0, B —S —at 
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du b /du du\ dv 

dt'“ a V0* dyj’ dt ” \dx dy)' 

I — = 2h%, 

(p = (x-i)(y- ij) = ^|(«- £)*- o*(<- t)*}, 

G =- Jo(i4) = 
dM _ 

d<f “ ’ 

and putting < == 0, dx = we have finally, 

C + orf 

w(5,t) = \ [fit. + at) +/•(£ - ot)) + ~J7{e)Jo{l V iz~0*-a*t*)d. 


(69) f+“» . 


C~aT 


+ 




V(« - -I a»i^ 




which gives the form already obtained, (146) § 46, if we replace £, t, a, 

by z, a, , reducing to (55) if & = 0. 

]/a 


75. Xiorents’s Equation. We shall now, with Abraham^), apply 
the above method to the general wave-equation with second member of 
Lorentz, § 17, (195), 

n<p = A?) - = — 4ap{x,y,e,() 

(70) ( <p=‘f{x,y,z), 

t — 0, jgq, 

Introducing as in the treatment by Green's theorem of the equation 
with p 0, the mean of g? on a sphere about P, 



1) Abraham, Acc. dei Lincei, (5) 14, p. 7, 1905. Theorie der Elektrizit&t, 
Bd. 2, p. 40. 
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andpattmgu—r ^ we find by the dirergenoe theorem m in Chapter V, (75), 


Patting r — a;, at we have 

(ra) i(“) - 8F' - 


d*u d*u f V 

I aa/*““ Xip^ftOy 


an equation of hyperbolic type, but differing from the preceding by 
having a second member. 

In terms of these variables let the boundary conditions be 
(73) u - - F(r) - F(x ), F - 0, 

- G(r) - e(aj), a: > 0. 

We have now Green’s formula, (34), 

jy’{«Z(u) - «i(e)} dardy - J*“ ‘’I?)'** 

L(«)^-X, i(»)-0, 

and as before we integrate around the triangle, Fig. 87. Put e »> 1 and 
we obtain as before, (53), (54), 

B 

2uj, - +fo{x) dx +ffidxdy. 

(76) " 

2m(I,»j) •“ F{]i + ri) F{% — fi) '}{x)dx + fftdxdy. 

Now F, Oy X are defined only for positive values of x. Let us assume 
that for negative values they behave like odd 
functions. The surface integr^ over the triangle 
ACD then vanishes, and 

(76) fGix)dx -/-/-/-/ -/ Gix)dx. 

Is-tl 0 0 0 0 TJ—I 

Dividing by which represents a value of r, 

(77) y G(x)dx + ±Jfxdxdu. 

tt-i irdi 

The limit for £ >■ 0 is the valae of y required. The liout of the surfime 
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integral is the limit of an integral over the strip of width 5]/2, Fig. 88, 
in which 


y) = v — ^) 

and the element of area is 2^dXf so that in the limit 2^ disappears, 
and 

( 78 ) n=o“‘^’iv) + +J 

0 

and replacing x{^y V) by its value, 

X{r,at) ^rff gdco. 

(79) 

X(A,iy ^ V ““ A)e^aj. Pig. 88. 

Now since, by (73), (74), we have the values of G, we obtain, 

W -^Tr[ 1 

(80) 

^(v) = ilaff 9{Xyyf^)^<^- 



The integral in (78), 

n V 

Aa., - i)rfA - X)jdm, 

0 0 * 


becomes a volume integral, in which A represents the radial coordinate, 
so that the element of volume is dr = X^dldto, and we may put 

XdXda^^, 

0 ^ 0 


or replacing by the usual variables, 


e(r, f — r/a)dt 
r 


we find the integral to be the retarded potential of Lorentz, (99) § 63, 
while the other terms give the familiar Poisson’s solution. 


76. Equation in n Variables. Let us now consider the equation 
in any number n of independent variables, x^, x^y. .. x^y 

(82) iC) +2^r ^^+Fu-0, A,.-A„ 

rxsltssl * rssl 
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and a hjpersurface^ that is an extension depending on n — 1 indepen¬ 
dent parameters, whose equation is 

(83) /•(*,, 

which we take for the support, that is, on which we give the Talnes of 
u and *1^. In conformity with our method of procedure for two inde¬ 
pendent yariables § 70, let us suppose that the support is represented 
parametrically in terms of n — 1 independent parameters t^,t^,,. .i, 

in terms of which u and ^ are also given. We shall denote the support 

values, when expressed in terms of by a bar, so that on the 

support 

“■ ^9 • • • ** ; • • • 

(84) ^ 

u — F(t^, • • • ^- 1)9 ^ ■“ 


the values of ... x^, identically satisfying tne equation (83). 
Let ns make use of the abbreviations, 


(85) 


3, n -« 

dx^ dt, ^ri9 Pr9 P.r- 


Then differentiating (83) totally. 


rcm < ssii — 1 

2*rPr.dt.-0, 

r s 1 i sz t 


and since the fs are independent, the coefficient of each dt^ vanishes, 
giving 

Fll^l + -P|l% -f- • • • + Pnl^n"" ^9 
/Qft\ *^11^1 “f” Pn + • • * + Pnt^n "■ 


^-— 0 . 

These are only n — 1 equations for the m quantities x,, so that only 
their ratios are determined. We hare 


(87) 



Q 


where by we denote the determinant of order m — 1 made by omit¬ 
ting the r’th column of the coefficients It is to be noted that is 
the Jacobian of all the x'b, omitting with respect to all the 
• • • ^.-1 • 

Now taking the total deriyatiTe of «, 


>a-l 


an r«fi — 1 


el ^ ' 


««1 r»l 


(88) 
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so that we have the w — 1 equations, 



PuPi 

-^21 Pi 


• + PniPn 

II 

(89) 

^12Pl 

4“ ^22 Pi 

+ • • 

■ * 4~ PaiPn 

dF 

” ~d u ’ 


\P\ + n-lP^l + ' ' ' + ^n,n-l Pn ^ ' 

to which we adjoin the equation defining ^, 

(90) cosiwZi)j9, + cos(w^j)j)2 + * * * + coB(n-r„);?^ = G. 


But since (83 ), 

C 08 («. 7 j) COB(naj) COB{nXn) ^ 

= • • ■ = -y - = e, 

bji\ d.i'2 dxn 

by (87) we have cos(n:rJ = so that the determinant of the 

equations (89) and (90), developing in terms of the last row and its 
minors, becomes 

qo{I)\ + />: + ••• + -DJ)? (compare equation (5)) 


which does not vanish, and hence the pjs are completely determined 
by the values of F and fr, the coefficients depending only on the 
support. 

Let us now proceed in like manner to determine the second deri¬ 
vatives, Applying to the process that we have just applied to w, we 
get 


PnPrl 

+ PtlPri 

+ 

4- 

oil ’ 

P.»Pr: 

+ PiiPri 


■ + P^Prn 

II 


^\,n-lPn + +-f* ^\n->lPr 




These are only n — 1 equations to determine the n unknowns Prx^Prtj 
, SO that one of the/)'5 is arbitrary. Notice that it is not the case 

(as in 86), where the coefficients P^, are the same, but the right-hand 
members are zero) that the ratios are determined, but, as we see by 
transposing the term in the arbitrary ^ -to the right, all the other 
PJs are determined as linear functions of this one. Or what is more 
symmetrical, we may take as arbitrary any given linear function of the 
unknowns. Let us therefore adjoin to the equations (91) an equation 

(92) 


^iPrl + ^lPv% + • • • + anPrn = 
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where Oj, a,,... a, are numerical constants taken at pleasure, and 
is the arbitrary parameter, in terms of which all the p^/s are linearly 
determined, the same ralues being obtainable no matter how 0^,0,,... 
are chosen (that is if we gire all possible values). 

If then the a’s are so chosen that the determinant, 


(93) 


Ptv 



PlV 


...P^ 

Pi,n-U 

P»,n-V 

• • * Pn,n -1 



... 0 , 


does not yanishi we have 

(94) 


^Pr 


at. 






where D„ is the proper minor of D, and D, is as in (87). 

If we now apply the same process to p, instead of to (the a’s 
of course being the same as before), we get 


(96) Dp, 


UlT) j-IAt) I , 

at, at. 


-ili-D 

at„_, 




where the meaning of the D^jB is the same as before; but different ones 
occur. It is to be noticed that all terms except the last in (94); (95), 
are linear in the a’S; and that the values of and are determined 
as linear functions of the right-hand members of (91); (92), and the 
corresponding equations with r dianged to s. 

So far all our work is algebraic, and in (91) we may put on the 
right any values we please. If we should put in each line zero, we 
would get a set of solutions, depending on of the form 

(96) Dp„’~k,D„ s-l,2,...n. 

In the same way we should get solutions depending on A,, of the form, 

(97) Dp„^X,D„ r-l,2,...». 

Kow if we are to have ^6e Xb so that 

(98) XrD,^k,Dr. 


But this means, comparing with (87), that the il’s are proportional to 
the s’s. 


(99) 


K 



I*, r 


1 , 2 ,.. 




so that finally 

(100) A.—ft*., ArD,—A,Dr— 
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that is, instead of n parameters kr we have a single one, A ^ , and 

(101) Pr, =* JprV + A 

where p^r* is completely determined, standing for all but the last term 
in (94), (95), divided by D, as we see by putting A =* 0. 

If the above reasoning does not seem clear, we may replace it 
by the following. Let any set of solutions of (91) for any value of the 
arbitrary parameter be denoted by Then inserting them in (91) and 
subtracting we find 

Pu {Pr. - K:’) + i',, ilK - + • • ■ = 0, 

"1“ -f • • • =s= 0, 


P''i) P^i) + *' 0. 

But from these we at once find, as from (86), 


(103) 

Consequently 




— Qr* ^ — 1, 2, ... W. 


Prs=-P^rs+Qrl),, 

and since , (o, (o) 

Pr,=p,r and p^rV ^Psry 

we find as before, .p, p. 

QrD,== Q$Dr ^ 

Now inserting in the differential equation (82) we obtain, 


(104) ^Ar.Xrn, -i-^^ArtP^ + ^BrPr + Fu = 0 , 

r = 1 » = l r~ I s=l r=l 

as a final equation for determining A, so that then all the second deri¬ 
vatives are determined. We then proceed to determine the derivatives 
of higher order in a similar manner. The process fails, however, if 
we have 


that is 


^^ffTCfTCg 0 , 


^/- df 

dx^ 


This is a differential equation of the first order, the generalization of 
(lOj, which defines the characteristic or exceptional hypersurfaces. 

If ^0 is a solution of (106), representing a hy¬ 

persurface, the direction cosines of the normal at any point cos(n.r,t) 
are proportional to %ri so that if the in;/s are taken as the running co¬ 
ordinates of a point, equation (105) is the equation of a cone, that is 




262 VI. METHOD OP RIEMANN-VOLTERRA. CHARACTERISTICS 


at any point -* 7 possible normals lie on a cone. The planes 
at right angles to these normals enyelope a second cone, called the 
characteristic cone, which is tangent to all the characteristic hypersur- 
faces at the point. The function is called the characteristic function. 

The equations of the Cauchy characteristics of the equation (106), 
defined in § 24, are 


(107) 


d9 


dx^ 


see §24(39) and § 70 (10). 

These equations are to be integrated with the initial conditions, 


(108) 


r-gn 

r = l fssl 


where the affix zero denotes the initial point , xl^. They repre- 
sent one-dimensional extensions, or lines, which 
are called by Hadamard the bicharacteristics of 
the equation(82). All the bicharacteristics passing 
through the point x^,... x^ generate a hyper¬ 
surface with a conical or singular point 
x^ ,,, xi, Fig. 89, which we will call a conoid, 
although this term is also used in other senses. 
If the coefficients are constants, the conoid 
reduces to the characteristic cone. 

If we consider for a point rrj,... the function 

(109) 9 

three cases may arise. First may be a definite positiye form^) in the Sr’s. 

In this case the characteristic cones and conoids are imaginary, 
and the equation may be called elliptic. Secondly the form 0 may be 
indefinite. Then the characteristic cones are real, and the equation is 
hyperbolic. Thirdly, if the determinant 

-^11 • • * -^ 1 » 

-^ 1 * * • ^in 

"^nlf * • • “^nn 

1) A definite fonn is a homogeneous function whose sign is the same for all 
possible values of its variables, such as a;* + 4* P** The forms xy and 

x*-^y* are indefinite. By a linear transformation of the variables a form may 
be transfoimed so as to contain only terms with squares (see § 29). If the coeffi¬ 
cients of these are all of the same sign the form is deftidte, otherwise it is in¬ 
definite. If the determinant vanishes, then the form can be reduced to contain 
less than n squares. 
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vanishes^ the equation is parabolic. This corresponds to the classification 
for two dimensions. 


77, Green’s Theorem and Characteristics for n Bimeu- 
sions. Let us now consider Green’s Theorem. To find the adjoint equa¬ 
tion, proceed as in (20) to integrate bj parts with respect first to Xr 
and then to x, the n-f‘old integral 


IS • = -/• • ;A'*’ ax“ 

n 71-1 

~I f ■ I... dx„, 

n 

( 110 ) ’^~I " I 

n — 1 

Idx] dx^dx^... dx^, 

n 

== y • • Art (w “J cos(nx,) — V cos {nxrij + cos(n^::,) j dS 

7 » —1 


On the other hand since the term is symmetrical in and x^ we 
may interchange them, and take the half sinn of the two expressions, 
instead of the imsyrometrical expression of (110). 

For the terms of first order we integrate but once, obtaining 


(111) 


Jf-..jB,vl}dx,dx, -dx^^ ~J"'" JuvB^ COS (nx^)dS 

n n - I 


Collecting all terms we have finally Green’s Theorem, 

ff- • -f {vL{u) - uM{v)]dXidXi ■ ■ ■ dx^ 

n 

“S' • 

n — I 


(112) 
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where M it the adjoint differential operator^ 


r—n #=sn r—n 


rs=l «^l ^ • r=l ^ 

+ F‘V 

(■«) 

#=n \ 

dA.f.g ^ 7? 1 

^ 8x, 2 "'•y dSRr 

t r-n «-n r=n 

+ f], 

the adjoint function is 


rc=l \*=1 * J 

1 cos (nx^) , 

and stands for the differential operator, 



r=tn 


(115) -O." -2 COS 

rs-i «s=l ' 

Now if we write 

t~n 

(116) cos (n*.) => >4, - I y# I cos (»ar,) 
jd will be a rector whose absolate magnitude is 

(117) A- 





A^, cos(n«J 


r=l \»=l 


)' 


and we have 

(118) 2 “ -^1? ■ 


r=l 


The direction v is that of the conormal. Its relation to the normal 
may be found as before. If we call the direction cosines of the nor¬ 
mal, cos {nx^ the equation of the cone of normals to the charac¬ 
teristic hypersnrfaces is 

jr=.n «x=n 

r*l #=l 

and the quadric 0 — 1 has normals whose direction cosines are pro¬ 
portional to 

tsan 


1 a* 
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Accordingly at any point of a hypersurface S the conormal v is related 
to the normal n as the perpendicular on the diametral plane conjugate 
with respect to the quadric == 1 to the radius vector parallel to n. 
Referring to the equations of the bicharacteristics (107) we also see 
that, since the direction cosines of the tangent to the* bicharacteristic 

are equal to which are proportional to and therefore to ~, 

the conormal is in the direction of the tangent to the bicharacteristic. 
Accordingly if the hypersurface /S is a characteristic hypersurface the 
conormal is tangent to it. 

The formula (112) embraces every case of Green’s Theorem that we 
have heretofore used, and by means of it we shall show that a solution 
of the equation Z(w) =* 0 is determined if we can find a solution of 
the adjoint equation M{v) = 0, by the surface values of u, v and their 
conormal derivatives. But if the hypersurfiice S is characteristic, giving 
the values of ti alone determines the conormal derivative, since the 
conormal is tangent to the surface at all points. 

If we have the conditions, 


( 120 ) 


4 = n 



4-1 


r = 1, 2,... w 


the adjoint function P„ vanishes, the equation L(u) = 0 is self-adjoint, 
and may be written. 


( 121 ) 


^ dx^ 


4 = n 



4 = 1 


-f- P • w = 0 . 


The manner of applying (112) to the solution of Cauchy’s problem 
proposed by Volterra is an extension of Riemann’s method explained 
in § 72. In order to find the value of u 
at a point P construct the characteristic 
conoid r having its vertex at P, and cutting 
the support S in the closed n — 2-dimen¬ 
sional extension o, Fig. 90, The figure is 
drawn as if ti == 3, when o is a cwrre, but 
by an effort of the imagination we may 
also use it for higher values of n. The 
formula (112) is now to be applied to the 
space enclosed by S and the conoid P, the 
surface integrals covering both. On the conoid, as on any characteristic 
surface we may perform an integration by parts, as in (44). We have seen 
that the bicharacteristics form a set of curves generating the conoid, 
and that at any point the conormal is in the direction of tlie bicharac* 
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teristic. Let the length of the arc of any bicharacteristic counted from 
Phe 8, which may be expressed in terms of / in (107) by the equation 

r=»l 

Let the coordinates of a point on the conoid F be expressed in terms 
of n —• 1 parameters; of which $ is one; the others we will call ^; * * * ^« ^ s, 
and let the value of the element of surface of the conoid be 

dS »» • • t^_^)d$dt^dt^- • • 

In the formula (112) we may accordingly write the surface-integral 
over F; by means of (118), with dv^ ds, 

( 122 ) JJ. -J\A(u^^^-v^^) + uvP,]Ad8dt,-..dt^_, 


and we can then perform an integration by parts according to s on the 
term containing the derivative of u, obtaining 


(123) 


— J*AAuvdty - • • dt^_f 


where the n -- 2-fold integral contains the values along 6 and at P. 
The Riemann function is now to be defined as one satisfying the equa¬ 
tion M{v) >- 0; and along the bicharacteristics the differential equation 

(124) 2z|j' + ,(i?l|;« + P.)-0 

corresponding to (46), (47) (in which A ^ i). This will be satis¬ 
fied by 0 0. It will be found that the value of u at P does not emerge 

from the integral as in (48), but that nevertheless its value at P may 
be found in terms of the values on o, which have been propagated to 
P along the bicharacteristics. These lines have then the physical 
characteristics of rays. The manner in which this comes about will be 
best shown by examples. 


78. Yolterra’a Method for Wave-Bquatloii. Let us consider 
the wave-equation in two dimensions, as integrated by Yolterra^), 

1 d'u , d*u , .V 

a* dt* dx*'^ ay* 


1) Voltwn, Sot lea aibrationt det ooipa dlaatiqnea iaotropea. Acta Mathe- 
matica, t. 18, pp. 161—888, 1894. 
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and put for simplicity at = z, then we may use the form 


( 126 ) 




dy^ 


a*u 

dz^ 




and since the coefficients are constant, the equation is self>adjoint, and 
the characteristic function is 


(126) *E=X*+ 

The characteristic cone is a circular cone of 45® opening. 

For the conormal we find 

cos {vx) =* cos {nx ), cos (yy) = cos (ny), cos {yz) « — cos {nz\ — 1. 

The conormal and the normal have the same projections on the a:y-plane, 
opposite projections on the ^ef-axis, Fig. 90. Tf S is the supporting sur¬ 
face, on which u and are given, we may find the value at any point 

P(|, fjy J) by drawing the characteristic cone F with vertex at P cutting S. 
On this cone the conormal evidently lies in the cone. If then we find 
a solution v of the equation L(v) = 0, constant on the cone F, we 

have at the same time ^ = 0 on the cone, (124) is satisfied and con¬ 
sequently 

5 r 

Let us put 

— y'=y — 1 ?, / = r*= x*-f 

(128) “ ^ dz ^ r ^ dr ^ 

dB _ z^^ ^ ^__ 

dx dy ^ r’ ~ ^r»* 

The equation of the characteristic cone is then 0 » 1. Let us seek a 
solution which vanishes on the cone, and is a function of B alone. 
We have 


dv _ dv dB ^dv X dv dv oB _ ^ dv l 

dx dB dx dB dy^dBdy^ dBr** dz dB r- 


d*v 

dx* 

d*v 

w~^ 


dB VdB) r* ^dB [r* 


2x* \ 
r* ) 

‘-f) 


d*v d*v 1 
dB*T^ 


( 128 ') 
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and consequently 

(129) + 

From this ordinary difiPerential equation we obtain the solution 

(130) 0 = log (d + - log j-1}. 

When d ^ 1, t? 0, but when r = 0, /+ 0, v « cx). The solution 
accordingly has the singular line r « 0, through P parallel to * the pr¬ 
axis. We will accordingly exclude this by a cylinder C of radius s and 
apply the volume integration to the volume outside C, and inside of 
the surface made up of 8 and F. We accordingly must include the sur¬ 
face integral over the cylinder C, 

The formula (127) gives, with (125), 

//(“0 

On the cylinder C, tp being the angle of azimuth, we have dSsdtpdzy 
(182) 

c c 

and since lim (^ log s) »= 0 this vanishes in the limit. Also on C 

ffssO 


(133) 


dv 

dv 


dv 

dr 


dv z' 

dS r* 


z 


rj/z'* 


and u is a function of z alone. Accordingly 

(134) lim ^ 

0 is 

where is the value of z at the intersection of the line through P 
with the support S. We thus obtain finally 

(135) -2xJ *(|, r], B)de ~’ff 

‘s ^ 

a formula which, to be sure, does not give us the value of u at P, but 
its integral along the line through P parallel to the jer-axis. By diffe¬ 
rentiation by the limit I we obtain 

(136) 2*«(|, 1?, g) - - fj[/J(«|J - vy^)d8 +fffvfdT] ■ 
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It remains to show that this result satisfies the conditions. This has 
been carried out by d’Adhemar^)^ and presents considerable difficulty^ 
since the differentiation inYolves varying the position of the cone F. 

We may compare this result with a familiar one for the elliptic 
equation of Poisson. If 

(137) Am - f{x,y,z) 


we have Green’s formula^ § 59, (69). 


(138) siM(|,i?,g) 




where tsr =* 1, inside, =■ 0 outside, and where 


Let us integrate both sides according to g and then differentiate accor> 
ding to the same variable. The only way in which g enters is in ^ 
and if we integrate we have 


(139) 


- f — ==• log j —-J 

J »■ *ll/(i-x)* + 


i — t _ 


^ r ({ — «)» + (»! — y) 



9 > 


80 that (139) becomes 

(140) ~ ( // {«|| - 1 • 


If we write iz for z the equation (137) changes to 

, d“u d^u 


(141) 
and if we write 


dx‘ dy' ' 


(142) q>' - log I - »L... 1 ) 

we have 

(148) „ _ -i/J JJ +ffff9ir], 


which is the formula (136) already deduced. Instead of the normal we 
have the conormal and instead of the distance r the codisiance 


r == y(s — g)® — (a; — |)* — (y — i?)*. 


It is important to notice that in the elliptic equation u being given on 
the surface gives and the surface of integration is always the same, 


1) D'Adh^mar, Thfese, Journal de Mathematiques, 1904. See also d'Adhd- 
mar, Les Equations aux ddrivdes partielles a caractdristiques rdelles. 
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while in the hyperbolic equation the area of the surface yaries with 
5, rj, 5, and u and may both be given arbitrarily. 

If the surface 5 is a plane, that is if ^ » 0 (initial conditions), 
=* 0, S > Oj the cononnal is in the direction opposite to the normal, 

^^ _ i_ 

dv dz ^ r ^ 

and we have, if /*— 0, 


(144) 




+ ±r f .■ p is 


which is the Poisson-Parseval solution, (188) § 49. 

Let us now apply the method to the equation for waves in three 
dimensions, 


(145) 


Zi(«) = □ u = 



3’t. 3*tt 

SsT’ ^ “ W’ 




Consider y, Zy t as the coordinates of a point in four-dimensional 
space. The characteristic cone is 

(146) <P==X*+ 

a cone of 45® opening. Green’s Theorem is 


(147) JJJf [vL{\t)-uL{v)\dxdydzdt^JJJ[u^^-v~]dS 


where 

cos (yx) — cos (nx ), cos (yy) — cos (ny ), cos (vz) cos (nz ), 
cos (i/^) == — cos (nt ). 


Put as before 


(148) 


tf' — y-v, — 5 , t'-t — r, 

r* — a:'* +y'*+/», 0 — -^ 


dS _ n?! ^ _ fiV — 

dx'^ r*' dy' *** dz dt' 

and let us again seek a solution v{9). As in (128^), 


d’V 

ai'* 

dH 

dy^ 

a*r 

a/* 




2a:'>\ 

f* 7' 
2y'’\ 

^£1\ 

r‘ )* 


1 

f ’ 


d*v 1 d*v 
“r*SF*» 


(149) 
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but on account of the three space terms, 

(150) ^"“0, v~ae + b. 

If V — 0 on the cone F, 0 — 1 , 
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having again a singularity for r =»* 0 , 0 . 

On the hypercylinder Cy r b (representing a small sphere in 
three dimensional space), §7 “ — r^dtodt, where dc9 

is the element of solid angle, and the hypersurface integral becomes 

= Aaf (t — 

1 

Inserting in (147), 

4xf(r - +fff 

t 


(162) 

where 


do do / \ \ I r \ / ^\ 

a7 ^ (^2/) + cos {nz) - cos(nO 


(163) 


— ® I® C08 (nx) + ^ coe (ny) + ^ cos (ms) | 
cos (nr)- 


COB nt 
r 


Differentiating according to r, 

4* JJJ Mj~co8(«r)-??^^j<IS 

+//i ^ 


( 154 ) 
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which does not yet bring u out from under the integral sign. Dif¬ 
ferentiating again according to r, 


(155) 


5 , t ) - (”»■) - — 


which is a generalization of Kirchhoff^s formula (95) § 62. To obtain 
Kirchhoff’s formula, we put for the hypersurface S the hyperplane 
^ = 0, on which a?, z have any values inside of a closed boundary ^ 
(a surface in three-dimensional space) and a hypercylinder C with ge¬ 
nerators parallel to the ^-axis, drawn 
from the points of o, Fig. 91. On the 
hyperplane, 
cos {nt) =* 1, 

cos (nx) =« cos {ny) == cos (wjs?) == 0, 
cos (yt) — 1, 

cos {vx) cos {vy) = cos (v^') == 0. 

On the hypercylinder, dS dtd6 ^ 
cos(n^) cos(i/<) =« 0, 
cos (vx) — cos (nx ), cos (vy) =« cos (ny ), 
cos (vz) — cos (nz ), 
and the second hypersurface integral in (155) is 



<156) 


dt 


t-0 0 


■If 


1 du (X, r) 

r dn 


the first term, over the area insite being independent of r. In like 
manner 


(157) 


cos(«r)-'=-4”*>)dS 

T —r 

[J(r - {)dtJJ cos {nr)d6 -fffj • 


In the last integral nothing depends on r, so that the derivative 
vanishes. Now 


T—r 7~r 

(158) --J" (t - t)udt - ru{x,y,z, x-r) u{x,y,z,t)dt, 
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(159) 


t^r 

0 

_!_ M(a;,y.g.T —r)eog(wr) _ ~J‘J'^ — 


where ^ «= cos (wr) as in § 62, equations (92) et seq. 

In the same way for the quadruple integral 

T— r 

(160) ^J'jdxdyde= J'J'j'dxdydz. 

0 

Thus we have finally, by (156), (159) and (160), 

43tM(|, vi, J, t) — JJJ- - dxdydz 


(161) 


-JSh ■<» +SJI 


which is a combination of the formulae of Kirchhoff, (95) § 62, and 
Lorentz, (99) 63. This result is due to Tedone.^) 

We may in this case easily show that the bicharacteristics corre* 
spend to rays. The equation for the characteristic hypersnrfaces for (145), 


(162) 



-0 


has the complete integral, § 23, with four arbitrary constants, 
(163) /*«. ia; + my + nz --y1*+ w* f n^t + c. 


This complete integral represents 
velocity, (since we have chosen our 
units so as to make a «> 1) as we 
see by finding it's distance from the 
origin. Its intersection with 
the hyperplane t =* represents the 
position of the plane wave at the 
time The general integral is the 
envelope of a set of planes f «= 0, 
forming a characteristic hypersur¬ 
face, and its intersection 6^ with the 
hyperplane t «shows the po¬ 
sition of the wave at the instant 
Pig. 92. The hyperplane /* *» 0 is 


a plane wave advancing with unr 



tangent to the envelope S along a 


1) Tedone, Sulla dimostrazione della formola che rappresenta analitioamente 
il principio di Huyghens. Atti dei Lincei. Rend. ser. 6, v. 5, p. 357, 1896. 



274 VI. METHOD OF RIEMANN-VOLTERRA. CHARACTERISTICS 

bicharacteristic^ so that the point of tangencj of the plane ware with 
the general ware moves along the bicharacteristic, and this is the de¬ 
finition of a ray. We may also consider the wave represented by the 
characteristic surface S as the envelope of all the characteristic conoids 
with vertices at points on the intersection 6^ of the characteristic with 
the hyperplane t^t^. Each conoid represents a wave starting from a 
particular point. The last construction gives a graphic description of 
Huyghens’s principle. 


79. ▼oltarra's Method for Bqnatioii of Damped Waves in 
Spaoe. The equation of telegraphy, or for electric waves in a conduc¬ 
ting medium, as deduced in § 17, (190), reduced to the form § 46, (128), 
and generalized for n dimensions, has been treated by Coulon and 
Tedone.^) 


(164) 


d*u d*u d*u 


d*u 

w 


+ k*u =* 0. 


(We introduce the factor k* in order, by putting it equal to zero, 
to include the case of undamped waves just treated.) 

If we put, as in the preceding section 

r» - («! - I,)* + (x, - 4-... + (x, - IJ* 


we have by the result of § 54, (36) 


d*u 

IV* 


+ 


n — 1 
r dr 


, 12 
+ ft M 


0 


and we may find solutions depending only on r and t. It will be con¬ 
venient to take out a factor by means of the equations 




which reduces our equation to the form 


(166) 


av 

dr* 


d*<p 

w 


n — 1 dip 

"~r Tr 


n ^ 

t dt 


+ (ft._A(^J))y_o. 


In order to obtain a solution that is constant on the characteristic 
cone we shall seek a solution not of the form v(0), as in the preceding 
section, but of the form q) — v(0)f(V) where 


1) Coalon. Sur Tint^gration des dquations aux ddriv^es partielles du se¬ 
cond ordre. Th^se de doctorat, Paris 1902. Tedone. Sulla integrazione delF 
eqnazione delle oode smorzate col metodo delle caratteristiche. Atti dei Lincei, 
191S, p. 767. Ibid. 1914, p. 146. 
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il 1 ?!£ 

r ' Bt''“ r ’ dr 


r ’ dr* “ r* ■" r*’ 


d*z 7f/l k*r* d*z .«/! *:*r*\ 

Inserting the result of differentiating the product tp » v(0)f(z) in 
(165) we may group the terms 

® I2r» of r dr t dt’^^H 


d*v n—I dv ViX do X{X — 1) 


. /• V!L: 

^' \ar‘ ^ ; 


r ar i a< 




Making use of the values of the derivatives (166) we find that the se¬ 
cond line above vanishes, and that if we put the first and third equal 
to zero the variables are separated, and we obtain the two ordinary dif¬ 
ferential equations, 

(168) 


(169J (0* - 1) g + j(3 - n)6 - t; = 0. 

Of these (168) is simply related to Bessel’s equation (see Chapter VII) 

and has a solution f{z )^—- , where l^{z) represents the Bessel 
function ^ 




Z + 


8\{r+8)l 

We shall consider only the case n 3, and shall choose first A»» 0 

d*v 

and second A « 1. Thus (169) reduces to =* 0. We get a solution 
vanishing on the characteristic cone by taking 
® = 0 - 1 “ — 1> 

as in ths previous section. Thus we obtain the desired solution of (165) 
and (164) 

(171) l) if’- 

Putting A 1, (169) reduces to 

-\d*v 2 dv ^ 

57* ~ 0 dfl “ 
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of which a solution vanishing for d — 1 is given by 

(0-1)* 


V = 


Inserting the factor V - 
of (164) 

(172) «. 


Br, we obtain for a second particular solution 


(< 






We are now ready to introduce first the function Uq and second the 
function Mj, into the formula (147) in which the left hand side will va¬ 
nish, while the hypersurface integrals on the right are to be extended, 
as before to the support S, the characteristic cone JT, and the hyper¬ 
cylinder C, in which we pass to the limit e => 0. It is to be noted that 
both Uq and Mj, while vanishing on the characteristic cone, as before 
become infinite like 1/r on the hypercylinder. Thus in the term with 
the conormal derivative if we write Uq « ^(r, ^)/r we have 

(173) 


cr 


1 , 1 


dr 


and in passing to the limit all that remains is the first term, in which 
the negative power of = kt' cancels the power of t — t, P'urthermore 
since r > we must replace ^ — r by r ~ which can be done since 
the equation (164) contains only the square of The hypersurface S 
is below the vertex of the cone, so that we obtain in place of (152) 


(174) 


f 

Ju{i, 71, I, t)Ii[Tc{x — 0 ] dt = 


j “(i n, S, — 0] “ 



The hypersurface integrals on the right are given functions, con¬ 
taining the support values, but we see that as in (135) and (152), as 
stated at the end of 78, we do not obtain u, but it appears in an inte¬ 
gral equation, of which the kernel is not a constant, as in (135), nor 
T — as in (152), but a Bessel function. Integral equations of the form 

z 

fk{x, - <p{x) 

*■0 

like those of the first kind, § 40, (288), but with variable instead of 
constant limit, are known by the nanie of Volterra, and will be briefly 
treated in Chapter IX. It has been shown by Tedone that the present 
equation may be solved by differentiation, making use of the formulae 
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from (170) on § 100, (18), (19). Since we have /i(0) =— -fo(O) — 0, in 
differentiating according to the limit, there remains only the term in 
which the integrand is differentiated. Accordingly we obtain from the 
first of (174) 

t t t 

(175) -Jm(|, V, \Ju{I,+I,)dt -1 (P, +1 J dt. 


Difierentiating again, and noticing that ioW *=* we have finaUy the 
desired formula, 


(176) 






From this formula it would be possible to show that, as in the 
case of one dimension, the wave leaves a residue behind it. 


80. Hadamard’B Method. Fundamental Solutions. We now 

come to a method which we can only briefly sketch, referring for com¬ 
pleteness to a number of remarkable papers by Hadamard for details. 

We have seen the importance for the elliptic equation of Laplace 
of the fundamental solution 1/r for the case of three variables and logr 
for the case of two variables, and how the theorem of Green enables us 
to solve the boundary problem. We have also seen in equations (139) 
et seq. of the previous section how we may pass from the elliptic to the 
hyperbolic equation, and solve the problem of Cauchy. There is howe¬ 
ver an important difference. In the elliptic case, the bounding surface 
is closed, and we cannot give both the function and the normal deriva¬ 
tive on the boundary. In the hyperbolic case the supporting boundary 
is not closed, we can give both the function and the conormal deriva¬ 
tive, while the characteristic conoid is here real, and occurs in the boun¬ 
dary integral. Moreover, if we take in the hyperbolic case as the fun¬ 
damental solution / or log / where / is the codistance of the two points 
X, y, z and rj, we find that this solution becomes infinite on the 
characteristic cone. This is the reason that it was not used by Volterra, 
but rather its integral with respect to so that we arrive at an inte¬ 
gral equation. In fact when we come to effect the differentiation in the 
case of Volterra or of the Poisson-Parseval solution (144) or (188) § 49, 
we are confronted with a difficulty which we shall now elucidate. Con¬ 
sider the simple integral 

dx 1 

_ J “ «(6 - *)“ 

1) Hadamard. Les prohlemes aux limites dans la th^orie des equations 
aux derivdes partielles. Journal de Physique, 6, p. 202, 1907. Th^orie des ^qua> 
tions aux d^riv^es partielles lin^aires hyperboliques et du probleme de Cauchy. 
Acta Mathematica, 81 , p. 388 , 1908 . 
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in which 0 < a < 1. If we consider the definite integral 


r dx _ 

J (6 


the insertion of the limit b gpves rise to an infinite term^ so that the 
integral has no meaning. The same thing is true of the integral 


/ A(x)dx 
76-x)* + “ 


It is however possible to add to the integral a function 

-B(x ) 

(b — x)“ 

which also becomes infinite for x = b so that the sum of the two shall 
remain finite, that is, 

r / A(x)dx B{x) -] 

a 

is a finite quantity. In fact, if we add and subtract A(b) to and from 
the numerator in the integral, and B(b) outside the integral, the above 
expression becomes 


(6-x)* 

Now the two numerators A{x) — A(b) and B(x) — B(b) contain x — b 
as a &ctor, hence the integral remains finite, and the first term after 
the integral Tanishes when we put x — b, the only terms that become 
infinite are then those in 1 /(b — x)*, and these will disappear if we fat1rf> 

^ + B(b) - 0. 

Consequently our integral tends toward the limit 


rA(x)-A{b) 

J 


a(b — a)“ 


which is entirely independent of the function N(x), and is defined solely 
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by the integral (177). It is therefore called by Hadamard the finite part 
of the integral (177) and denoted by the symbol 


(180) 


I 


f 


A{x)dx 
(6 —’ 


a 


The same notion is easily extended to integrals in which the ex* 
ponent in the denominator is p -p- a, where p is an integer^ and to mul¬ 
tiple integrals, in which the w-tuple integral is completed by an n-1- 
tuple integral in an analogous manner. 

As an example let us consider the equation for wares in two di¬ 
mensions, already treated by the method of Volterra. 


If we write 


d^u d*u d*u __ 

dx* ' dy* dz* 


r- (I - x)* + ( 1 ? - y)» - (g - ef, 


we hare already seen that a fundamental solution is given by the co- 

_T_ 

distance l/r = F *. Bearing in mind that 


d d d 

^ = cos (nx) ^ + cos (ny) ^ - cos (ne) 


d 

dz 


and inserting in the fundamental formula, 

v=r * = r~'*’(cos(na:)(|-a:)+cos(wy)(»?—y)4-cos(»z)(g-s)) 


we obtain, 
(181) 


0 



1 du 


u 


r * 


{cos (na:)(| — a:) + cos (ny) (»/ — y) + cos {ni) (5 — if)} J diS. 

- s 

Now at the vertex of the characteristic cone F ^ is infinite of 
higher order, and this point is to be excluded by a small sphere. Pas¬ 
sing to the limit this adds the term 2«w(|,iy, J) agreeing with (136). We 
consequently have 


2wM(i»2,j:)-rrr 


1 du 


4{co8(n^;)(6-a:)...) 

r» 


dS 


where the second term is an integral like (177), in which a — 1/2 and 
the upper limit is the intersection of the support with the cone F»0. 
If the support is the plane 0^0, and on it we introduce polar coordi- 
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nates a? — 5 « f cos 9 ), — y = r sin 9 we find the finite part of the in« 

tegral 


in 


in 


(182) 


fKS-ff 


in 


^(u{r) — ui^))rdrd<p 


-/• 


- / Uit)dq> 


according to (179). 
problem 

(183) 25ru(|,i?,S) 


Accordingly we have the solution of Cauchy’s 

r in 

1 w /f>\ \ -| 

I rdrd(p 


-m 


^ ^ _ ?(tt(r) —u(£) )l 

j/r ot 




%Tl 

—J u{i)d(p. 


For the explanation of the reason for ignoring the integral on the cone 
JT s* 0 we must refer to Hadamard’s paper in the Acta Mathematica, in 
which the general case is dealt with in a very profound manner. 


81. Propagation of Dlsoontinuities. Until now we have ta¬ 
citly assumed that the solutions of our differential equations are con- 
tinous functions of the variables representing both time and space. 
Also in the deduction of the equations of wave motion we have 
assumed in § 12 that the displacements are very small quantities, in 
order that the differential equations may be linear. But it is often 
desirable to free ourselves from this limitation, and to deduce the equa¬ 
tions in a more careful manner. We shall find that in the propagation 
of waves of sound in a gas where the motion of the particles is not 
infinitely small but finite we have phenomena of quite another nature 
to consider, and especially that we must consider the possibility of dis¬ 
continuities in our functions. Such phenomena have been investigated 
by Riemann ^) and by Hugoniot, and inasmuch as they have been made 
the subject of a whole treatise by Hadamard (Le 9 ons sur la propagation 
des ondes, Paris 1903) it is obvious that the merest sketch wiU here be 
possible. 


1) Riemann, tlber die Fortpflanzung ebener Luftwellen von endlicher 
Schwingungsweite, Ablu Konigl Ges. der Wiss. Gottingen, Bd. 8, 1860. Hugo- 
niot, Sur la propagation du monvement dans les corps. Journal de VEcole 
Polytechnique 57, 1887^ M^moire sur la propagation du mouvement dans nn 
floide indefini. Journal de Mathematiques 3—4, 1887. It is of interest to know 
that Hugoniot was an artillery officer, and was led to these researches through 
his interest in the motion of the powder gases in a gun. 
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The possibility of the arising of discontinuities may be seen when 
we consider the simplest case of a gas enclosed by a material surface 
or envelope to which a certain motion is imparted. Let us take pro- 
pagation in one dimension in a cylindrical tube^ with movable pistons 
at the points x ^ 0 and a? =■» in which u denotes the displacement of 
the air^ and under the conditions previously supposed we have the 
equation 

d^u 2 

aJ* ■ 

If now as in § 26 we give for a certain instant the positions and velo¬ 
cities of the particles by putting u F(x), « G-(x), by differen¬ 

tiation according to x we shall find the acceleration as ^ 

Now if the motion of either piston is arbitrarily prescribed, so that its 
acceleration and that the air in contact with it does not agree with that 
just found It is evident that there will be a discontinuity in the acce¬ 
leration, and that waves will originate at the piston which would be 
quite different from those that would be propagated in a cylinder of 
infinite length. In fact we have treated the case of a fixed boundary, 
at which the acceleration of the air was obliged to be zero, while that 
due to the oncoming wave was not. 

As a result we had a reflected 
wave, given by a quite different 
function of x and t. But we also ob 
serve cases in which not only the 
acceleration, but even the velocity and 
density become discontinuous at cer¬ 
tain surfaces. We have a noteworthy 
case of this in the motion of a rifle 
bullet, which, moving faster than 
the velocity of sound, is accompanied by a so-called wave of shock 
(onde de choc, Stofiwelle) in which the sudden change of density is 
made evident by the change of index of refraction. Fig. 93 (made by 
an instantaneous electric spark). The sudden increase of density caused 
by a large shot may produce startling mechanical effects. 

For greater convenience instead of the equations of hydrodyna¬ 
mics in the form associated with the name of Euler, Chapter I 106, 
107, we shall adopt the form associated with the name of Lagrange, in 
which the coordinates x, y, z denote, not a fixed point in space, but 
the variable coordinates of a particular particle of fluid. The particle 
is identified by having its coordinates given as functions of three 
variable parameters (the method of curvilinear coordinates is described 
at length in the next chapter) a, b, c, which may be conveniently. 
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though not necessarily^ thought of as the values of x, z at an instant 
< 0. We are then to put 

X =■ x{a, h, c, t), y - y(a, h, c, t), z ^ z{a, b, c, t), 


SO that if for a given value of t we let b, c take all possible values 
we shall get the coordinates of all points in space^ while if t varies 
the values of x, y, z for fixed a, b, c will give the varying coordinates 
of the same material particle. We shall then use the notation of or¬ 
dinary derivatives to denote changes referring to a definite particle as 
it moves about, while we keep the sign of partial differentiation for its 
usual significance. Thus the components of velocity will be 




dz 


dt 


and of acceleration 


d^x d^ ^ 
dt^ ^ dt* ^ dt** 


instead of the four terms on the left of (106) Chapter I. Accordingly 
we may write the hydrodynamical equations as 


(184) 


dy 

dt* 


Q dx^ dt* ^ 


_L ^ V _L 

Q dy^ dt* “ Q dJ^ 


which may be abbreviated into the single vector equation, in which r 
denotes the position vector of the particle, 


(185) 



1 

Q 


grad p. 


In order to obtain the equation of continuity consider the fluid 
that was originally contained in a rectangular parallelepiped whose 
extreme coordinates are a, 6, c and a + dttj b + db, c + dc. At any 
subsequent instant the first point has become x, t/, z, the parallele¬ 
piped has become oblique, and the edge of length da which was par¬ 
allel to the x-Bxis has obtained the projections 




with corresponding results for the two others. Accordingly, by (15) 
Chapter I, the volume has become 


dx 



da* 

da * 

da 

dx 

dy 

dz 

^* 

db* 

db 

dx 

dy 

dz 

d^* 

de* 

dc 


da db dc 
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and since tbe mass is nnebanged, and the ratio of the densities is in 
Tersely as that of the volumes, we have 

dx dx 

Jh ^ Te 

dy dy 
dh* dc 

dz dz 
Jb* Ji 

We may call m the ratio of dilatation, or the specific volume. 


(186) 


9 


dj^ 

aa’ 

da^ 

da> 


82. Disoontiniiltfy of the llmt order. Suppose that the dis¬ 
placement affects particles which were originally on a surface 

F{a, b, c, t) =» 0, 


and let 9 be a scalar function of the point which is continuous on 
crossing from the side 1 to the side 2 of the surface, that is 9 s 
We shall use the sign d to denote the discontinuity of a function, 
d9 « 9 , — 

Now if (p is continuous on the surface, we may differentiate it to¬ 
tally on either side in a direction tangential to the surface. 


(187) 


^•P,-^-da+^db+~if^dc, 
d^,-^-aa + ^;db + >^<ic. 


But since at all points on the surface 9 s ~ these two values are 
equal, so that by subtraction 


\da 




OCPt 

dc 


HO"- 


that is 



da + S^ab+ S 


dtp 

dc 


ac 0 , 


for all points for which 


da 


da + db + 


da 


dc =* 0 . 


That is, the coefficients of da, db, dc in these two equations must be 
proportional, or the vector whose components are ^ ^ 

roust be normal to the surface. 

We may call this the jump of grad 9 . 
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Now since we have 



if A is a factor of proportionality^ 


(188) 


6^ = 1 cos (nx) 


l IF 
h da ^ 



X cos (nx) — 


A. IL 

h 


dip 

dc 


X cos (nx) 


A 

h dc ^ 


which may be embraced in the single vector equation, 

(188') dVcp^Xn, 

where stands for the gradient of (p (Chapter I, 23) and flj is a 
vector of unit length in the direction of the normal. 

Similar reasoning may be applied to the components of a vector 
function, all of which are continuous at the surface, but whose deri¬ 
vatives are discontinuous. Corresponding to X we may take three mul¬ 
tipliers JHy, JH,, so that 

dl? = H, cos inx), <1 If = 1?. cos (ny), 6 = H,cos 

(189) COB (nx), d ff = cos {ny), S ^ cos (ns), 

df*--fi.co8(nx), i ~.H, cos (ny), d If -= cos(n^ 


If X, y, e are the components of a vector D, and A is an arbitrary 
vector these nine equations may be compressed into the single vector 
formula. 

(190) d(VD^)«niH^, 

as is seen if we give A successively the directions of x, y, z. The equa¬ 
tions (189) or (190), in which D represents the position vector of a 
particle, continuous at the surface, but with discontinuous derivatives 
of the first order, are called the identical conditions. Such a disconti¬ 
nuity is called a discontinuity of the first order. It is completely 
characterised by giving the vector H at each point in the surface. 

The identical conditions follow from the mere fact that the dis¬ 
continuities are distributed over some surface. If in addition as the 
time changes, there refiiains some single surface, not necessarily con¬ 
taining the same particles, nor remaining fixed in space, on which 
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the discontinuitieB are still distributed, we shall obtain Hngoniot’s 
conditions of kinematic compatibility. We may suppose that the equation 

F(a, b, c, i) - 0, 


denotes either a moving surface in three dimensional space, which we 
define as the wave of discontinuity, or as we have before done, a fixed 
hypersurface in the space of four dimensions a, b, c, t. Then as before 
for any continuous function dtp = 0, 

(191) rfdq) - d || do + d || db + d I? dc 4- d If “ 0 

when 

(192) |i’da+|^db + ||’dc + |fd^ = 0 


and as before we conclude that the hypergradient has a jump in the 
direction of the normal to the hypersurface, and accordingly 

^ i dF dF ^ 1 dF x X dF 

^da~'~ hTa^ ^ Jc ~h Jc ^ 


Applying this to the components of a vector, itself continuous, we find 
in addition to the equations (189) 

° dt~ h dt ’ ° dt ^ h dt ’ ° dt “ h dt' 



If Xj y, z are the components of the displacement, this gives us the 
components of the jump of the velocity, which is a vector in the direc- 

1 d F 

tion of H, and equal to H multiplied hy y • The meaning of this 

factor we shall see if we put in (192) for da, dh, dc the components 
of the distance dn that the wave has moved in the space a, 6, c, 

da dn cos (nx), dh == dn cos (ny) dc == dn cos {m). 

Since we have 

= A cos (nx), = A cos (»y), - A cos {m), 


this gives 
(193) 


1 ^ « 
h dt ^ 


but this is the velocity of propagation of the wave. Accordingly a dis¬ 
continuity of the first order is completely defined by giving a vector 
H and a scalar B, which result in the twelve equations of kinematic 
compatibility (189) (192). If the vector H is normal, the discontinuity 
of the first order is said to be longitudinal, if tangential it is said to 
be transverse. 

The velocity 0 is that of the propagation of the wave with re¬ 
spect to the particles of the fluid. In order to get its actual velocity of 
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displacement with regard to fixed space, we must consider the actual 
coordinates Xj y, z. Let the equation of the wave be 

y,*) “ 0 , 

then as before the velocity of displacement will be found to be 

(194) T - - 

From these yelocities we can find the discontinuity of the density in a 
wave of the first order. If S, Fig. 94, is the position of the wave at 
the time t, and S' at the time t + dt^ let us 
consider the fluid in a prism with generators 
normal to the surfaces, of height Tdt and base 
dS, and volume TdtdS. At the first instant 
this being on the side 2 is full of fluid of density 
Pj, and at the second it is on the side 1 and 
filled with fluid of density pj. It has accord- 
ingly gained the mass TdtdS. But 

this may also be found by considering the fluid 
that has entered the cylinder during the time 
dt. If is the normal velocity of the fluid on 
the side 1 and v^g on the side 2 there enters 
on the end 1 of the cylinder the mass 
PiVnxC^^^^ and leaves by the end 2 the amount 
9^- Q^y^^didS. We do not need to consider the 

amounts entering through the convex surface of the cylinder, which 
are infinitesimal in comparison. Equating the gain measured in the 
two ways we find 

(Pi -Pj) TdtdS = (p,v„ - 
Pi(y-v„)»P,(2’-v„). 

But jT — = 01 is the velocity of propagation of the discontinuity 

with respect to the substance on the side 1, while T — 0^ is the 

velocity with respect to the substance on the side 2, so that we have 

(195) 

83. BlBOontinnity of seoond order. Let us now suppose that 
all the derivatives of the first order are continuous, but that those of 
the second order are discontinuous Treating the derivative dx/da as 
we before treated tp and differentiating along the surface .F»0, 
we find 
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8S, 88] 

when 


Accordingly 


■^«« + 



. 0*X 

A 

° dadl 

A 

^ dadc 

dF “ 

dF “ 

dF 


db 

de 


In like manner operating on dxjdh and dxjdc we find similar propor¬ 
tionalities for the other deriyatiTes. 


^ * d^x d^x 

^ dadb ^ db* ^ bbdc 

da db dc 

These are all satisfied if we put 

A?!? A?lf 

® da* ““ h* \da) ’ ® a&* A* \db) » 


(196) 


. d‘x H,dFdF f. d‘‘x 
® dbde h' dh do’ ® deda “ 


etc. 


ac* A* \a‘c/ 
j^d^^ 

A* ac aa' 


dadb A* aa db ‘ 


Similarly for the derivatives of y and z, if we replace the multiplier 
by others and J3, respectively. Accordingly the discontinuities in 
the derivatives according to a, h, c are defined by a vector H. 

We come now to the derivatives of the velocity 

respect to a, b, c. Since we suppose ^ ^ — 0, we have as before 
in (189) 

a97'l ^ ^ db dt ^ h db^ ^ dc dt ^ h dc ^ 

^ da dt^ h da^ ^ db dt ^ h db ^ ^ dc dt'^ h dc 

so that these discontinuities are defined by a vector £r. The accele> 
rations have discontinuities which constitute a third vector These 
three vectors are not independent, but are connected by the equations 
of kinematic compatibility. As before, let us change a, &, c, ^ so that 

We then obtain as before 

^ d*x 


d dx 
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and making use of the values of these ratios from the first of (196) 
and (197) we obtain 

(198) H; ^ - 6H.. 


Accordingly the second vector H' is in the same direction as H and 
equal to it multiplied by the velocity. 

• ff X 

Preceding in the same way with ““ 57* obtain similarly 


(199) 


h: 


oh:, h"- 


-BH' 


and conclude that the third vector H representing the jump of accele¬ 
ration is related to the second vector in the same manner. The three 
vectors H, H', H" accordingly are in the same or contrary directions^ 
and their magnitudes form a geometric progression of ratio 0 equal to 
the velocity of propagation of the wave with respect to the fluid. 

Just as we may obtain the jump in the divergence of a vector 
which is itself continuous in a wave of the first order by adding the 
diagonal terms in (189) 


S divZ) = + If -f- 17) = H. cos (nx) + H, cos («y) 

+ H, cos (»^) = H,, 


SO in a wave of the second order we obtain the jump in the divergence 
of the velocity, itself continuous, from equations (197), which are the 
analogues of (189) for the velocity. Accordingly 

(200) ddiv v = H„. 


84. Hugoniot’s Theorem for Teloolty. A remarkable result 
was enunciated by Hugoniot, to the effect that the velocity of propa¬ 
gation of waves of acceleration may be found without integrating the 
differential equations of motion, by means of the so-called dynamical 
equations of compatibility. If the pressure is connected with the den¬ 
sity by a physical relation p ^ ?(p); so that dpjdg is not a constant, 
as assumed in § 12, the equations of motion (184) become 


( 201 ) 


d'^x 

W 


F. 




dt^ 


9 ( 9 ) 


dlogf 

dy ’ 


d^z 

dt^ 




Applying these to the two sides of a surface of discontinuity of 
the second order (the applied forces and q>\Q) being of course conti¬ 
nuous) we obtain, 


(202) 
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Applying now to the scalar log p the identical conditions, as in (188) 

(203) dV log p - iBj 

for the space deriTatiTes, and the kinematical conditions of compati¬ 
bility for the time deriratiTe 

(204) 

the multiplier A being the same in both cases^ and 0 the Telocity of 
the ware, which we wish to find. 

Now the equation of continuity^ § 12, (107), combined with the 
meaning of the first two terms, as explained in § 8, (77), may be 
written 

(206) 

from which we obtain the jump 

(206) - 

or by equation (200) 

(207) 

Comparing this with (204) we determine as 



inserting which in (203) gives 

(208) dVlogp--* 

Now inserting this yalae in the dynamical equation of compatibility 
(202) with (199) 

(209) e*H'=-9>'((>)H;n,. 

This vector equation shows that either H' is in the direction of the 
normal, when H„'— | H |, the discontinuity is longitudinal, and is pro¬ 
pagated with the velocity 

(210) d-VW) = l/^ 

or else « 0, when the discontinuity is transverse, and 0 » 0, that is 
the discontinuity is stationary, and always affects the same particles. 
The equation (210) is Laplace’s celebrated formula for the velocity of 
sound, and agrees with what we have previously found for waves of 
infinitely small amplitude. We see that in general the velocity varies 
with the density, and increases with it. 
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85. FropagAtioii in one Bimeneion. Oharaoterietioe. The 

propagation of motion parallel to a single direction^ such as that of a 
gas moving by slices in a cylinder, has been thoroughly investigated 
by Hugoniot and Riemann. Suppose that u represents the displacement 
parallel to the axis of the cylinder and suppose that it satisfies the 
general equation (1) of this chapter. 


(211) A g—. + 25^ , j^ + C - F(x, i, «, jj) 


.du du 


d*u 


du 

Jx^ 


Let there be a surface of discontinuity of the second order, on one 
side of which there is a motion given by an integral Wj and on the 
other a different motion given by an integral u^. In order that these 
'motions may be propagated into each other, in the words of Hugoniot, 
they must satisfy the equations of compatibility. Now since at the 
surface of discontinuity, 

Su =0, d|^ = 0, = 

* dx ^ dt ^ 
the equations of compatibility are 

( 212 ) + + 


But since both integrals satisfy the equation (211), of which the 
second member, containing only continuous functions, is the same for 
each, we have 


AS + 2BS 

CX‘ 


d*u 

dxdt 


+ cs 


dt* 


0. 


Now these three equations for the three jumps cannot be satisfied 
unless the determinant of their coefficients vanishes, that is 

(213) - 2Bdxdt + Adt^ = 0. 

But this is the equation of the characteristics, derived just as in (6), 
(7) of this chapter. 

Accordingly waves of acceleration are propagated along the cha¬ 
racteristics, as we have seen before in a particular case. In? fact this 
property may be used to define the characteristics. If as usual u denote 
the vertical coordinate, and x, t the coordinates on the floor, the inte¬ 
gral is represented by a surface, and the characteristics may be defined 
as the projections on the floor of those curves on the integral surface 
along which it is joined by another integral surface so that the two 
are tangent. This is shown by the fact that not only the ordinates u 

are equal, m =* 0 but that also the derivatives 3 

which determine the inclinations of the tangent plane, are also equal 
dp — dq -■ 0. The discontinuities of the second derivatives show that 
the curvature of the two integral surfaces is different. 
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In the present chapter we have generally supposed that the dif¬ 
ferential equation is linear, but all that has been said about the char¬ 
acteristics would hold even if the coefficients A, B, C, in equation 
(1) or (211) were functions of u, p, as weU as of x, t In general the 
characteristics would depend on the integral surface, but in the cases 
that we have considered they do not, but only on the differential 
equation, as we have seen. We shall now find that when we give up 
the hypothesis of infinitely small motions, the equation of propagation 
is not linear. 

If we return to the notation of Lagrange, which is not necessary 
for one dimension, equation (186) becomes for one dimension 


G) = 


eo 


cx 

da^ 


accordingly the equation of motion (184) or (201) becomes 

(214) 
where 


d^x // d log p 

^ - 9 ((» 


dt 


dx 


to dx 


// 




y (c) 


Accordingly the equation of the characteristics, (213) gives us the 
velocity of propagation 

(215) 


Q-»(")-♦(If) 


. dx 


On account of the occurrence of a function of in the coefficient 

oa 

of the equation (214) is not linear. It may be made linear by a 

so-called Legendre transformation, but we shall not do this, but, with 
Hugoniot, differentiate along the characteristics, considering a as a 
function of defined by the equation (215). 


(216) 


d /^\ 

\da) 


dt 


d^x ^ d^x da 


dtda ' da* dt 


d (I 


dt 


m 


d*x 


d*x da 


_ 4- :_ 

dt* ' dtda dt 
da 


Multiplying the first equation by and subtracting from the second, 

.I’-f „ (day^ 

di\dt/ dt dt\da) dt* \dt} da* 

inserting the value of from (215) and taking account of our 

equation (214) the right hand member vanishes, so that we have 
d /dx\ da d /dx\ ^ 
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Let ns put for convenience 

fVHro)da - {Z'(«)} *“ ^(®) 

80 that the equation of the characteristics (215) becomes 

( 218 ) 

inserting which in (217) gives 

«(l7)±*'(r3.4(i)-'>- 


This equation, or pair of equations can be at once integrated, for 
since the first member is along the characteristics, a function only 
of t, it is an exact differential, and integrates into a constant. Accor¬ 
dingly we obtain 

: m-i’ 

( 220 ) 


dx 

dx 
It 


(f-:) 


where $ is constant along any characteristic of one family, but changes 
from one to another, while the same may be said of rj for the other 
family. If we now take for independent variables, we transform 
our equation (214) into the normal form for a hyperbolic equation, 
(14) which may be integrated by Riemann’s method. It was in fact 
for this purpose that Riemann invented the method that we have de¬ 
scribed. We shall however not carry out this process, which is long, 
but consider merely some of the consequences of the equations (219). 
In the first place we may verify that all their integrals satisfy equation 
(214). For differentiating (220) 


d*x 

W 


^ Kd 'aldtda 


“ 0 , 


Ctda ^ \da) a a*" 


Multiplying the second by % and subtracting from the first, we find 
(214). 

A developable surface may be defined as a surface generated by 
all the tangents to a twisted curve in space. Such a surface may be 
developed so as to lie on a plane without stretching. The reader not 
familiar with such surfaces may get an idea of their properties by cut¬ 
ting out a piece of paper along a curve (which must intersect the edge 
of the paper) drawing the tangents to the curve, and then lifting one 
comer so that the curve becomes twisted. Its tangents remain sti'aight 
lines, and the curve becomes the so-called edge of regression or cuspi¬ 
dal edge of the developable surface. As a matter of fact there should 
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be two sheets of paper; fastened together at the edge of regression by 
flexible hinges, so that when the bending takes place the two leaves 
will separate, and we. see that the surface has two sheets, one com' 
posed of the parts of the tangents on one side of the edge of re¬ 
gression, the other of the other parts. It will at once be seen that 
any tangent plane to a developable surface will be tangent along 
the whole line which is one of the tangents to the edge of regression. 
Accordingly such a surface, like a cylinder, has but a single infinity of 
tangent planes, instead of a double infinity, as usual. Along such a 
line, then, the angular coefficients of the tangent plane are constant, 

in other words p ^ and g' — ^ are functions of a single parameter, 

or there is a relation between them, not containing the coordinates. 
But either equation (220) is just such a relation, consequently the 
integrals of our equation (214) are represented by developable surfaces, 
instead of by cylinders, as in the case of small motions. 

A motion compatible with rest, and proceeding from the left band 

dx 

piston at a « 0, will be given, since for the air at rest 0 and 
= 1, by putting | = x(l). so 

Physically this means that the velocity of the air particles depends on 
the density alone. The motion is propagated into the region of rest 
with the velocity of sound. 

If through a fixed point, say the origin, we draw planes parallel to 
aU the tangent planes of the developable surface, these planes envelope 
a cone whose generators are parallel to the tangents to the edge of re¬ 
gression. Hence all the integral surfaces have this cone in common, 
for the relation between p and q is given by the equation (221). This 
cone enables us to determine an integral surface (it is itself one) re¬ 
presenting a wave of acceleration arising from a given motion of the 
piston at a 0 represented hy x = f{t). For the curve in the plane 
a 0 must at each of its points have its tangent lie in a tangent plane 
to the integral surface. Rotating a plane about this tangent line there 
will be a position where it will be parallel to one of the tangent planes 
to the cone just described (compare Fig. 30) and the generator of 
tangency will give the direction of the generator of the developable 
surface that is to be drawn through the given point of the curve. Thus 
aU the generators are determined, and the surface is given. 

It is plain that the motion will have a singularity at the edge of 
regression of the surface, for there successive tangents to the edge 
interseet, that is two waves of difPerent velocities overtake each other. 
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In fact, if we give the piston a properly chosen acceleration, we may 
make the edge of regression reduce to a single point, the integral sur> 
face is then the cone spoken of, and all the waves overtake each other 
at the same time and place, and we have a discontinuity in the den* 
sity, or a shock of compression. This is the so-called phenomenon of 
Riemann and Hugoniot, in which the waves of acceleration become 
waves of shock. It would be difficult to carry out the experiment with 
pistons, on account of the great acceleration required, but the great 
accelerations produced by explosions are sufficient, and the pheno¬ 
menon has been observed by M. Vieille. Considerations of space forbid 
our proceeding farther with this important subject, but just as these 
sheets are going to press there has been received a very important 
paper by Professor A. E. H. Love, published in the Philosophical Trans¬ 
actions of the Royal Society of London, Series A, VoL 222, on La¬ 
grange’s Ballistic Problem, in which, with the aid of Mr. F. B. Pidduck 
he has extended Hugoniot’s researches and obtained important practi¬ 
cal results on the propagation of waves of discontinuity in a gun. 


CHAPTER VIL 


SPHERICAL, CYLINDRICAL AND ELLIPSOIDAL HARMONICS 
OF LAPLACE, BESSEL AND LAME. 


86. Definition of Spherical Harmonica. Let us return to 
Laplace’s equation and Dirichlet’s Problem. This we have defined for 
any surface, but we have not actually carried out the solution. After the 
plane the simplest surface is a sphere, which we shall now consider. 

A Spherical Harmonic function is a 'homogmeous function of Xy y, z 
satisfying the usual conditions for a harmonic function, that is it is a 
simultaneous solution of the equations of Laplace and Euler, 


( 1 ) 

( 2 ) 


.ar 


*51 + !/ 


JV 

dV 


0 , 

sr 


ay + * a* 


nV, 


which is holomorphic, that is, finite, uniform, and continuous, and 
which yanishes at infinity. The degree of the harmonic is the n in the 
second equation. This is usuaUy an integer. Determining a few rational 
polynomials of integral degrees, we obtain 

FJ, constant, 

Fi — ax + by + cz, 

F, — ax* + by* + c«* + dxy + eyz + fzx 


( 3 ) 
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in which to satisfy wo must put a + 6 + c — 0, giving 

(4) K, — o(a:* — «*) + 5(y* — «*) + dxy + eyz + fzx. 

Consequently of the second degree there are five linearly independent 
harmonics, x* — e*, y* — e*, xy, ye, ex, and the genercd harmonic of 
the second degree is the sum of these each multiplied by an arbitrary 
constant. 

F, — ax*+ ce* + dz*y ■^•ex*e + fy^x + gy^e+he*x + ke*y + Ixye, 

d V^==~6{ax + by + ee) + 2dy + 2ee + 2fx + 2ge + 2hx + 2hy — 0, 
necessitating the relations, 

6a + 2f + 2h = 0, a - ll‘d(f + h), 

66 + 2rf + 2A: = 0, or b -l/3(d + ife), 

6 c 2e 2g “ 0, c = — 1/3 (c ff) • 

(5) F, - d(x*y — i y*) + e(x*e - ^e*) + f(y*x — + g(y*e — A-s*) 

4- h,(e'x — \a?) + lt{e*y — Ay*) + Ixye. 

There are seven arbitrary constants in . 

In a homogeneous polynomial of degree n there are the terms: 

+ ««-j .0^" + • • • + ffo.y" 

+ ««-i, H— + sy"~‘« 


+ ao/", 

in number, l + 2 + 3-f--- + w4'l=“ . The sum of its 

second derivatives is a homogeneous polynomial of degree n — 2 and 
accordingly contains n(w — l)/2 terms. If this function is to vanish 
identically these coefficients must vanish, so that there are n(n — l )/2 
relations between the (w + 1 ) (w + 2)/2 coefficients of the harmonic 
of degree w, leaving 2 n + 1 arUl/rary coefficients. 

If we insert spherical coordinates r the radius, 6 the colatitude 
or polar distance, and 9 ), the longitude 

( 6 ) a: — r sin 0 cos g), y r sin 0 sin tp, 5 -» r cos d, 

a homogeneous function contains r** as factor, 

0) F,-r-r.(0,9). 

F„ a function of the geographical coordinates 0 , 9 on a spherical 
surface, is called a surface harmonic, as contrasted to V„, which is 
called a sdUd harmonic. 
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The equation 7^ » 0 represents a cone, whose intersection with 
any sphere with center at 0 giyes a geometrical representation of the 

harmonic. The contour lines const, do this stiU more graphically, 
•— 

e. g., const, gives a spherical ellipse. 

Let u, V be any two continuous functions of x, y, e. Then 


( 8 ) 


_ d*t) ..cudv d*u 
dx* dx*' dxdx'^dx^ 


Changing x to y, z, and adding, 

(9) A(uv) =- uAv 4- 2A(m, i?) + vAu. 
Put u r”* 


( 10 ) 


acr”) 

dx 


mr^ 


dx 


*“ mr”*-* + in{m — 

A(r”*) =* 3mr”*’‘*+ m{m — w(m + 


If is a harmonic of degree n, 

A(r”* FJ — r"‘A F^ + ni(m + 

( 11 ) +2»r—+ 

— r”*~*[w(w + 1) + 2mn] F^, 



on account of the equations (1), (2) satisfied by V„. 

Accordingly if w « — (2n + 1), r"* F, is a spherical harmonic. 
Since F^ is of degree w, and r of degree 1, is of degree 

— (n + 1). Accordingly to any spherical, harmonic of degree n, 
F^—there corresponds another of degree — (n + 1); 

«» At a given spherical surface these two differ only by a 

const, factor. vanishes for r =* 0, and is <x> for r oo, 

F_(„^ij vanishes for r «= oo, and is oo for r — 0. 


87. Diriohlet’a Problem for Sphere. By means of spherical 
harmonics we can solve Dirichlet’s problem for the sphere. Suppose 
that on the surface r «* 2i, F— V^($, (p) and that for r<iJ, A F«=»0. 

Then if it is possible to develop the function F,(6, g>) in a con¬ 
vergent series of surface harmonics. 

(12) V,-Y,+ Y, + Y, + ... 
the series 

(13) F-.F„ + ^r^ + (J)’r, + ... 



86 , 87 , 88 ] DIRICHLET’S PROBLEM. SPHERICAL HARMONICS 297 

satisfies the conditions, for it converges faster than the above series, 
since (r/B)** < 1 and when r — B it takes the value F,. Every term 
is harmonic, hence the sum is also. 

The outer problem is stated similarly with the condition F« 0 
for r — oo. This is satisfied by 

(14) + 

each term of which is harmonic, and vanishes for r »» oo. The series 
converges for r > B. 


88. Forma of Spherical Harmonioa. Since we may permute 
the order of differentation, if is harmonic 


0 X 


dx 


AK - 0. 


Thus we see that any deriyative of a harmonic is a harmonic, so that 

JL r 

dyfi dM^ " 

is a harmonic of degree n — (a + /S + y)- Since -- is harmonic, 

3“+/’+r 


dx“dy^dz‘ 


S) 


-(i + o + /» + y)' 


If be a given constant direction with direction cosines, 1, m, n, 

a*, ay a* 

a 


3 / 1 \ 

and ^ j is a harmonic of degree — 2, to which corresponds the 

harmonic of degree 1. Multiplying this by an arbitraiy con¬ 

stant A, we have 

with three arbitrary constants, A, 2, m (since m*+ 1), and 

therefore the general harmonic of degree 1. 

We have seen in § 57 that the Newtonian potential due to a point 

was ~ ®nd that that due to a doublet of moment — md^ 

a harmonic of degree — 2. In like manner if 

two such doublets be placed parallel but with their centers at a distance 
apart in a direction A,, the potential is easily seen to be 
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where ilf|«lim In like manner we may construct multiple 

points of any order, whose potential is the spherical harmonic 


(14) 


-(«+!) 


A 


j_ a_ 

dh, a*.' 


A(r)- 


This conception of the spherical harmonic is due to Maxwell, 
the abore we get 


(15) 


+ 1 


A A 



From 


The directions ... are called those of the axes of the harmonic. 

Since for a direction two constants are necessary, these with A make 
2 w + 1, therefore the above is the mo.^t general harmonic. 

Examples; 




- *"v - \ - A{lx-ir my + m) 


F, - + >»i|; + (y) + (y) + 


A.^\l 3 »«,^ 

r‘ ■ r» 

, nth 
+ «'i(p 








3w,2/* 




Sn^yz 


•P-) 




, /«, 3W,:;* ^m^yz\\ 

+ «i(y - -y p P“;)' 

F, — .41 — (ij +»»,»», +n, Mg) (a:* +y*+i'*) 4- 3 (i, If »*+w, Wjy* +«, n,«*) 
+ 3(Zj»t,+ Ipn^xy + 3(jm,«, + mini)yz + 3(nil, + n,Z,)«a:}. 


Tbe coefficients are of course subject to the relations 

1,* + »»i® + n,* = 1, Z,1. 


89. Zonal Harmonlos. If all the axes of the harmonic coincide, 
we may take its direction for one of the coordinate axes, and write 

F,— This will evidently be a polynomial in z and r, 

so that the surface harmonic will be simply a polynomial in z/r=^cos (rz). 

This is called a Legendre’s polynomial P,[cos(r«)] ■-!. 

The equation P, — 0 may be shown to have n real roots between — 1 
and + 1, and hence represents n circular cones of angles equal to the 
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COS ^ of these rootS; intersecting the sphere in n parallels of latitude 
which divide the sphere into zones. These harmonics are accordingly 
called zonal harmonics^ and (cos {rz)) is called the surface zonal 
harmonic. 


90. Orthogonal Coordinates. It is important to deduce ex¬ 
pressions for spherical harmonics in spherical coordinates. To do this 
we have to transform Laplace’s equation into such coordinates. This 
being a case of a general transformation, we shall consider the latter. 

If we have a set of three functions Qi(Xyy,z)^ 
an equation q « const, represents a surface, two such represent the intet- 
section of two surfaces, or a line, three equations represent the inter¬ 
section of three, or a point. Hence the values of p|, determine a 

point, and are called its curvilinear coordinates. For instance 

— Yx* +y*+ e* — r, 

(16) Pj-cos-‘^-0, 

tan-‘| = <p. 


The level surfaces pj, pg, p, are called the coordinate surfaces. 

The normal to the surface p^ = const, has the direction cosines 

cos {n,x) = ^Ik, cos (»ry) = Iff / K > cos (n^z) - k. 


where 


grad p. 


hi 


\dxl 


+ 






cz) 


We have also in the direction Wj 
(17) 1“ “ cos (m, x) + cos («, y) Iff + cos (n, = \ 

and 

gives the distance along the normal in terms of e2p^. 

We are particularly concerned with the case in which at eoery point 
in space the normals to the three coordinate surfaces at that point are 
mutually perpendicular. The coordinates pi, pj, p^ are then said to form 
an orthogonal system, as in the example just given. 

The conditions of perpendicularity are 


( 18 ) 


gpl I I ^Pl ^ Q 

dx dx ' dy dy ' dz dz ’ 

dx dx ' dy dy ' dz dz ’ 

I ^«*» I ^9t 

dx dx dy dy dz dz 


0. 
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Now differentiating Pi and dividing by h^, 



Now since the nine coefficients of dx, dy, de are the nine direction 
cosines of n,, by § 3, (7) these are the projections of the vector 
which has the rectangular components dXy dy^ dg on the directions of 
the three normals. Accordingly dn^^y dn^y dn^ are the rectangular com¬ 
ponents in the new system of the line d$ whose rectangular components 
in the old one are dx, dy, dM. Accordingly we have 

(20) ^5*- dx*+ dy*+ ^ 

a homogeneous quadratic function of dQy^y dQ^, df^. 

This may be shown directly as follows. We may express ar, y, Zy 
as functions of g^y g^. We then have 


Inserting these values in dQ^, dq^, dq^, 



and equating coefficients of dq^, 


(23) 


dfi dx . Sf, dy . gp, dz 
dx Bti dff dfi dz dti 


1 


and similarly changing 1 to 2 and 3. 
Equating coefficients of dq^, 


(24) 


4- ££* 1 m . I ^9i dz 

dx 8<tt dy d9$ dz dftt 


and similarly changing the suffixes. 


0 



« 0 ] 
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Writing (23) and (24) 


iv. j. 1 ilik 1 l 

A, dx Ai 3y ^ *1 ‘ 


— 1, etc., 


we see that 


1 dfr h IE. jL^Pr I ^ i.£fr 1 

A, aas " "'•ae, ’ KJ^"“ » h^dz “ "'•ap,. 


r-1,2,3 


or the nine direction-cosines are otherwise expressed, 


K 


i£ 

dtr' 



K 


dz 


r-1,2,3 


Squaring and adding, putting equal to 1, and diriding hy ^ 


(25) 


i- 

h; 




The conditions of orthogonality are also 
(26) 


^ ^ ^ . dz dz 


0 , 


and accordingly squaring and adding (21) 
ds* — dx* -|- dy* -f- dz* 


(27) 




dPi* , ^ 

A« A* A*' 


1,2.3 


r,s=-1,2,3 


The element of the surface p, == const, is dS^ = ^ and the 

element of the volume dt = ^ ^ ^ • 

Let us now consider the divergence theorem, which in rectangular 
coordinates is 

jjy*diyAdt — — jy*A^dS. (» internal) 


Instead of the components A^^ A^, A^, let us consider the components 
of a vector A along the orthogonal directions of the normals to the 
coordinate surfaces p,, Call these A^, A^, A^. Projecting along 
the normal n to S, we have 

(28) A^ — Ai cos (nn^) + A^ cos (wwj) + A^ cos (nn ^). 
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If we divide tbe volume up into elementary curved prisms bounded 
by level surfaces of Pj and q^, we have at each case of cutting into or 
out of 8 respectively 


and accordingly 


± dS cos («Mi) - ^ 


-//a co,(nn,)iS,. 

the change from the double to the triple integral involving the same 
considerations as in rectangular coordinates^ § 50. 

Transforming the other two integrals, 

+ 4 ;(w) 




divA^^ ^ 

*1 *8 


Since this is true for any volume, we find, by equating integrands. 


(30) div A - j) • 

If the vector is lamellar, its projections are the projections of the 
gradient of a potential F, that is 

(31) 

and the above equation becomes 


(32) JV - gj -h gp j) 

tbe result given by Lam^, by a laborious direct transformation. 


91. Hanuonlos in Spherioal Coordinates. For polar or 
spherical coordinates, Pi=- r the distance from the origin, Pt = 0 the 
colatitude, Ps — 9 > the longitude 

(33) as — r sin cos v — r sin 0 sin 9 , ;s — r cos 0 . 

The level surfaces for pj are spheres, and since the normal is in the direc¬ 
tion of the radius, dnj — dr, A, — 1 , for p, cones of semivertical angle 6, and 
since dn^ — rdd, A, — 1 /r, while for tp the level surfaces are planes 
through the polar axis of Z, dn ^» r sin Bdq> and A, 1/r sin 0 . The 
same results may be obtained from (25). Accordingly we obtain. 




1 

f * sin 6 




d*v, idv , 1 1 3 »v 

dr* r dr r*»m$ dB \ do) r* sin’O df* 


( 34 ) 
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Let U8 seeik a solution of Laplace’s equation which is the product 
of a function of r by a function of 0, tp, putting V — jR(r) Y(d, ip). 

B d /. „ar\ . B a*r 
I aa (®“ ® ae) ■*" r»8in*e a<p* “ ^ 


(36) 


J_ 

dr* r dr ' r*Biii 6 


Multiplying by r^/R Y and transposing, 




a*y 


Y sin* B d(p^ 


f- 

IR 


d* 2 g ^ dJR i 
dr* JR d 7 l 


which must equal a constant, since on the right we have a function of r, 
on the left of d, q?. If we call this c we have for iJ, 


(37) 


d*i? , 2 ^ 
dr* r dr 




a linear equation with variable coefficients, and the singular point r»0. 
On attempting to solve it by means of a series, R we find 


^a,{k(k-l) + 2k + c)r*-»^0, 


which is satisfied only if ii;(A; + 1) + c *= 0. This is quadratic in it, 
therefore instead of a series, there are only two powers of r which solve 
the equation, given by the roots of the quadratic. If for the arbitrary 
constant c we put — n(n + 1) 

h{k + 1) — n{n -f 1) = 0, 

ijc — n)(k + n+ 1 j = 0 , 

k = n; A; =* — (n + 1) are the roots, 

and r** and l/r"+^ are the only solutions. But this is to say that 
Ar^Y^+ BYJr^^^ is the general solution of Laplace's equation, where 
Y^ satisfies the equation. 

This is the equation as originally given by Laplace. The surface harmo¬ 
nic Y^(6, (p) is often called a Laplace’s function. If we put as a variable, 
instead of 0, 

(I cos 0, dfi =» — sin 0d0 
the equation (38) becomes 
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9SL ZiSgmidre'a Polynomials. In the particular case that F, is 
independent of tp (39) becomes, F, becoming the zonal harmonic 

(«) +*(“+ ilP.-O- 

or on differentiation, 

(41) (1 - /i*)^ - 2^^ + «(« + 1)P.- 0. 

This is Legendre’s differential equation (see Appendix), with the two 

singular points M ± 1. The point /i0 is not singular, so that we 

00 

may find a power-series as an integral. Putting we get an 

0 

equation of recurrence to determine all the coefficients in terms of two, 

thus we get two series as par¬ 
ticular integ^s. One of these 
stops with that is it is a 
polynomial, and this is called 
the Legendre polynomial 
In order to determine the 
arbitrary coefficient of P^ we 
will define it as follows. 

We know that the reci¬ 
procal distance from a fixed 
•X point P is a harmonic function 
of the coordinates x, Zy and 
although it is not a hoinogeneous 
function unless P is at the 
origin, it may always be de¬ 
veloped in a series of such, that 
is of spherical harmonics. Also if P be taken for the pole of the 
spherical coordinates, the harmonics will be zonal. Call d the distance 
of the point Qy with coordinates a?, y, Zy from P, and reserve r for the 
polar coordinate of Q. Take the ir-axis through P, and let r* be the 
distance OP, Fig. 95. Then we have 

H-f r 2(irr y — cos®, 

(42) {r*-|-r'*—2.ttrr'}"'^-.[a;*+y*-)-(£? — 



Considering this as a function of z let us develop by Taylor’s theorem, 


d 






98 ] 

and since for 
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r'-O 

d r» a* dt\r) 




nl a*" 


(7)+ 


Now multiplying and dividing each term by 

(44) ‘ - ijp. + ^P, + ('-)■?,+ • ■ ■ + Q’P.4 ■ ■] 


where we define 


P.-l, Pn 


(- »)" 
n! 


^9 + 


lil/l 


a*" 


(7) 


as we have seen in § 89 for the harmonic with n coincident axes. The 
constant A has now been determined as (— 1)**/^! for the reason that^ 
since if r' < r, ft — 1 

■ .(,_o-.-Hi-^r'-H'+7+r7)’+-i 

it makes for every value of n, P»(l) == 1. 

In order to find as a polynomial in fi we may write 

i-[‘-27(-‘-ar‘ 

and develop by the binomial theorem. 

(46) i _ 2 (2'_y _ 7 . 

fatO 

Developing the last factor, 

(46) 


<»0 

$mm tmrn 




f«0 /aO 


Picking out all the terms for which s + ^ » we get for the coefficient of 


S^Cn!)* 


-*^1 8 "(al)*L^ l- 8 -(Sn— 1 )^ ^ 2-4 ( 8 n—l)( 8 n— 8 )^ J 


W«biter: FartUl diSwnmtial •quatloM of moUiomaUoal phytiet. ed. 


20 
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The first five P's are 

P,(^)-i(V-i), 

P,(,t)-|(63,t»-70M»+15,i.). 

In fact (see 44) the polynomials P„ may be defined as the coeffi> 
cients of the powers of a” in the development in powers of a of 

(48) (1 — 2ait, + «*)~i - 1 + P,(/t)a + PMa *H- 

This function is called the generating function for the polynomials P„(ia). 


93. ▼arious Forms for Zonal Harmonic. If we develope the 

binomial (/t* — !)*• ^ fi** — n/a®**”* + . . |u*’*~* • • • and differentiate 

n times, we find 

(49) ^ (ft*—1 )"*»2n (2n—1) • • • (n+1) »(2n *—2) (2n—3) • • • (n—1) |ii**“* + “ • 


(50) 


1 ^ 
2"n! diL^ 


(Ht*- 1)*«- 


(2n)! r n(n~l) 

2’*(n!)*L^ l-2(2n—1) ^ 



This is Rodrigues’s expression for P^ and since dyjdx «— 0 always has 
a root between two consecutive roots of y =* 0, and since (ft* — 1)" 
has n roots equal to 1 and n equal to — 1, TJjg) 0 has n real roots 
between 1 and — 1. Consequently it has no imaginary roots. 

From the generating function, 


(51) 


(1 - 2afi + - (1 - (1 - ‘ 

na:0 

- [‘+1»«‘'+rl • ff-’'"* + T • i ■ i ■ f. 


X [l + + i ■ I" + i ■ I I • ■ ■ ■] 


kmm 

- 2 - 

kmO 


8.6 . 21;—1 


2 * 1 ;! 




“•2- 


6 ... 2y ~ 1 
2 >;! 




Collecting the terms in a^, with k + j ^n 

(52) P (u) — y I l - 1 ^n-%k)i» 
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92, 93] 

If we collect the terms p and k ^ n — p vve get 

z --- 2 cos (« - 2p)e 

SO that finally 

(53) P, (cos <?) = 2 j cos « 0 + Y^i^) {n-2)0 + 

(n-4)0...) 


1 • 3 • n (n — 1) 

1 . 2" (2n ~ 1 j (2'»r—3) 

This form was given by Laplace and Legendre. 
Consider the integral 


cos 


/ ' _ dw _ 

A — i B COB w ^ 


(54) /= 

0 

where -4, B are real and .4 > 0. 

(55) I = X‘ + C08»ffl + co^«) ■ 

0 0 

The second integral vanishes on account of the numerator taking equal 
and opposite signs for a and — co. Also 


(56) 
Put 

(57) 


n 2 

/ d(o _ ^ r dta 

A*-j-B* co%* (o ^ A'^+ B* cos* a 

0 0 

tan o = M YA^ + B^/A , =*= du 

* • / 7 COS* CO A 

1 _ ^ . u\A*+B*) 

COB* 03 ‘ A* 




2A 


yA*{A*+B 


/ du _ n 

i + t? ^ 


If A is negative, 
If we put 


(58) 


\/A*+B* 
A ^ 1 ■— ap, 

B *= aVl — fi*. 


0<a< 1 


_d® 

1 — a(n+iyr 


The modulus of 


IS 


]/l — fi* COB a) ]/l — 2afi-f4X* 

a(p + tj/T^P cos w) 


<cc <l 


af/p^ sin*aj + cos*(d 
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Gonsequentlj ^ 

(59) - \ ■■■ -r = ^«•(/» + iyi — (t* cos (d)" . 

On the other hand, comparing with (48) we find 


(60) 


n 

^ f(t^ + »VT — /** cos a)" da. 


This is Laplace’s celebrated definite integral. This expression shows 
that I < 1 for all values of ft between — 1, +1, for 


I ft + i]/T — ft* cos <o I — ]/ft* sin^o) + cos*©} < 1, 


iPJ< 


n 

if' 


dca =* 1. 


If on the other hand a > 1, 

oe 

(61) (1 - 2«.« + «*)-■ =■ i(l - + S) = 


Put 


n 

d(o 


VT 


.2a^ + a« 


{a^ — 1} T" — ft* cos c 


P_^ 

^ ^ a(^ — i'^^1 — ft* coBco) (l — 1 


1/a (ft — ip'l — ft* • cos©)) 


Now unless fi ^ 0, a may be taken so large that 

11 /«(ft — e ]/ 1 ~ ^ cos ©}) I < 1, 0 ^ 0 } ^ 

and developing 


(62) 


PM 


if 


dto 


(m tV"! — ft* COB©)”'*' ^ 


or replacing o by sr — co 

(63) ^M-if 


(ft -f- iyi — ft* COB©)”*^ ^ 


These formulae are due to Jacobi. From the first definite integral we 
may prove that lini P„(ft) — 0, for all values of ft between — 1,1. 



9S] 


ZONAL HARMONICS 


309 


1 /i + — ft* COSCJ |’*rfc} 

0 

n 

^ (ft* sin* £0 + cos*£d) * da . 


Let e be a positive quantity, then 

n 9 « n 

/-/+/+/■ 

0 0 f 

Since the integrand in (64) is less than unity, 


« n 

Bin* a + COB* m)* dm < dm = f, and likewise /< f. 


Replacing the integrand by its greateet ralue, 


/• - 

J { 1 — (1 — ft*) Bin* m } * dm < (® — 2£) { 1 — (1 — ft*) sin* e} *. 


Accordingly, 


1 < r + -IT 11 - (1 - /**) sin* f)* 


where e has a definite value. But lim [1 — (1 — ft*) sin* s]* 0 so 

» = ao 

that if we make e as small as we please, we make | | as small as 

we please. 

In the formula (60) let us change the variable from cd to 
I — ft + i ]/l — jit* COB <D, dl «* — t V'l — ft* sin ada, 

«, — cos* CD, sin* (D — 1 + ^ 

1 —ft* ' ' 1 — ft* 1 —ft* 


(l-SftJ + ni’ 


4 + tf/l ~/4* 


Pn(t^) 


”J (1 -8^i+{*)' 




$ — c**, di — COB 0 — ft 
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froQi which « 


P, (cos «) - - /- — 

^ { 2 (cos qp — COS 6) 


1 


or since the imagioery part vanishes, 


( 66 ) 


P,(C08 0) 


e 

- f 

•J [ 


cos (n-f y)ipdqp 
{ 2 (cob qp —- cos 6)} ^ 


This is the Mehler-Dirichlet integral. 

84. Belations between neighbouring Harmonioe. From the 
generating function 

w = « 

(48) (1 - 2 W, 

1»=:0 

by partial differentiation with respect to 

nseoo 

(67) Ot - «) (1 — 2oft + «*)~^-^»«»-*P,(ft). 


nssO 


Multiplying by 


1 — 2aft «* 

NS00 ns 00 

(/* - «) - (1 - 

N=sO n=sO 

Equating the coefficients of a” on both sides^ 

, M-P,(#*)-jP«-i(f*)-(»+l)-P»+i(f*)-2«M-P,(/*)+(»-l)P,_,(#t) 

(n + 1) -P,+x(jt) - (2n + 1) JtP,(f‘) + w-P.-iO) = 0 
and for n — 0 

PxO*)-/*p,(m)-o 


( 68 )' 


an important recurrence-formula due to Ossian Bonnet. 

Differentiating the generating function according to ft, and multi- 

a(l-2a,t + «*)-t-2«-^, 


nasO 


- (1 - 2«^ + ««)2' 


N*0 
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from which 
(69) 
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P (a) ~ 4- — 2 a 

dfi ^ dll dll 


Multiplying the a-derivative of ^ocP^ by a and the ft-derivative by 
(/i — a), and equating, 


»i = oo n = tt 

dP„ 




from which 
(70) 


n = 0 




mP. 


rfP. 


and eliminating ^ from this and (69), 


Making n » 0, 1, 2, 3 . . . and adding, 

(71a) 1 + 3P,(/r) + bP^ + • • • + (2n + 1) PM = 


96. Associated Fnnotloiis. Consider the integral 


(72) 




P^((t) satisfies Legendre’s equation 
(41) (^* 


1) - n(n + 1)P„ = 0, 


differentiating which r 1 times gives 


(T+iP, 




(73) (#»*-1)^^^ + 2rM - (n + r) (n - r + 1) 


0 . 


Multiplying by — (1 — p*)’’"* we may write 


-'**)’■©]-(« + »•)(»-»•+ 1) (1 - M*)- 


d | i 4 '*“1 


Integrating (72) by parts 


(75) 




and since the integrated part vanishes at both limits, from the diffe* 
rential equation (74) 

(76) <P(r) — (n + r) (n — r + 0(r — 1), 
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and in eztenBion, 

®(r) — (n + r)(w —r+ l)(n+r— l)(n —r-f 2)®(r—2) 
— (n — r 4-1) (« — »■ + 2) • • • (» + r) #(0) 


We hare seen in Chapter UI that the Legendre polynomials are 
normal fdnctions for a rotating chain^ and that they are consequently 
orthogonal. We may prove this from Legendre’s equation. Putting in 
equation (275) Chapter III, 

p{x) — 1 - a;* q{x) - n(n + 1) 

we obtain Legendre’s equation, and putting u » P^, v » P^, fi ^ x, 
formula (278) becomes 

(77) 1 

+ [*»(« + 1) - m{m + i)] f P„(#t)P,(f*)djt - 0. 


Accordingly we have, if n is not equal m, 


1 

(78) /p»P»d^»0. 

-rl 


The function 


(79) 




=. sin’’ e 


drp„(fiw ») 

d{co%BY 


is called the associated function of order r and degree n and is denoted 
by ip)j and by differentiation is found to be 


(80) 




(2n)! 


2"(n!) (n 


~^(1-/**)*[#*" 


(n—r)(n—r—t) 
2(2n —1) * 


We find ihen 
(81) 


(n —f)(n —r—i;(n — r--2)(n —r—3) 
2 • 4 . (2n ~ 1) (2n — 8) 

m 

-1 




w + » 


and it will be prored later that 

1 

(82) 

-1 


2 


2n + l^ 
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SO that we have 
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(83) 


- 1 


Patting r =« 0 we get the formula for P^. 

Let us seek the differential equation satisfied by Diffe¬ 

rentiating, 


^ - (1 - ‘ - 2r^(I - 

- [r (1 - -r(r - 2)„<(l - M*)*"*] 

From these we get 

t) , / , ,N T>'>-> 

(84) - (1 - fff [(1 - ,«•) 2 (r + 1)^ ^ 


Now if we differentiate Legendre’s equation r times we have 


P, 


*Pn 


(85) 




dTP, 


- W + 1) - n{n + 1)] = 0 


SO that the second member of (84) reduces to 

(1 _ ^■)T[,(r + 1) - , + K’- 

Accordingly satisfies the differential equation 

(88) (l-8’)^’-28^ + [»(»+l)-r^]pr’-0. 

96. Oeneral Harmonios. Let us now return to Laplace’s 
equation, 

(39) ^j(l-^.)4&)+j^^ + „(.+ l)r._0. 
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Suppose we undertake to find a particular solution of the form 

Y 

— 0(6) 0(qp), we obtain by diriding by , 


(87) 


1 — fi* d 




which as before must be a constant, say A;^ giring the two ordinary 
differential equations 

( 88 ) + 


satisfied by 

and 

(89) 


dfi 


dtf* 

^ ^ A cos kq>+ B sin Tcq>, 


which is satisfied by ® = P„<*>(p). 

Thus we have the particular solutions 
^kd^Pn 


COS k (f (sin d)* , sin htp (sin d)* • 

Since P„(/i) is a polynomial of degree w, we may put 
i =* 0,1, 2, 3 ... n, 


which gives us the 2 n +1 harmonics 


1 

o 



k- 1 , 

cos (p sm d - , 

sm <p sm 0 

Jk = 2 , 

cos 2 9 sm^o-^j-, 

sin 2 q> sin*®^^" 


k^tif coa nqi ain” 0-j^, sin sin*d-^^- 

Either of the harmonics 

cos sm* d , Bin *9 sm* .d , 

vanishes for d — 0 , d = «, and for « — k other values, giving n — k 
parallels of latitude. Also 

*1 Ai? ^3f2jr 1 Jt *4“ ^ c% 

sm *9 « 0 for qp ** 0 , y, "Y" *' * • • • 2 ^, 

giving A; meridians. 

cos kqp - 0 for -^ 2 «, 

also k meridians. Hence the zero values of these harmonics give k me¬ 
ridians making equal angles witii each other, and n — k parallels, 
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which divide the sphere into spherical rectangles. Accordingly these are 
called tesseral harmonics, of degree n and type k. For Jfc — n, since 

— constant there are no parallels, bnt only meridians, and the harmonic 
is called sectorial. Thus the zonal and sectorial harmonics are the ex- 
treme cases of the tesseral. As these 2n -f 1 harmonics are all inde- 
pendent, the general harmonic of degree n is the sum of each multi¬ 
plied by an arbitrary constant, or 


k=n 


(90) 


r.-yy{A,. COS k(p 4- sin*'® 


*=o 




97. Integral Salationa. If we apply Green’s theorem to two 
harmonic functions in a space bounded by a surface S, 


(91) 


//I 


Let the space be that inside a sphere of radius r, and let 

= F=F„ = r-»r„ 

dU dV 


== — nr 


dm 


= — wr”* 


-1' 


dn 

and the equation is 

(93) +« -1 = 0. 

Consequently, unless m ^ n 

(94) ffl^YJS^O 

over any sphere, or the F’s are orthogonal. In fact it may be shown 
that they arc normal functions for various spherical problems. If both 
Y’s are zonal, we may take 

dS ** 2jr sin Odd 

and 


(95) 

or 


jjp„p, sin ede~o, 
1 

/■Pm(#*)-P-(#*)‘^M “ 0, 


COS 6, 


which is the same result as from Legendre’s equation (78). 
We may apply the theorem of Green, Chapter V, (70), 


1 f /’{j/(d) Idr\ 

J y dn d dn) 


dS, 


(96) 
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to obtain the development of a ftinction in spherical harmonics. We 
have as above (44) 


(44) 

where 




t~0 


r' < r, /i — cos (rr ). 


Putting in the above formula F =» r"* 


(97) 


^ 0 • = ® 

+ Bm0d0dg>. 


If the coordinates of P be r', 0\ g>' we have V^(F) — r'*" y^(0', 
while on the right we have an infinite series in powers of r', with de¬ 
finite integrals as coefficients. Since this is an identity for all r'<r, 
comparing coefficients we must have, in r'* 


(98) 


n in 


If 

0 0 




sin OdOdfp — 0 


s ^ »i 


and if s — m 


(99) 


n 9 

// 


9))P„(ft)sinedfld9 


in 


im -{- 1 


W9'). 


In forming this integral, we mast put for ft the value from spherical 
trigonometry ft «= cos (rr') — cos 6 cos 0' + sin ® sin cos ( 9 ) — g;'). If 
we take for r_ the zonal harmonic P_ and put 6’ — 0, Y^(B', qp'l 
— P„(l) — 1, and we obtain (82) 

1 

-1 

the missing formula, (82). 


98. D0V0lopiueiit in 8ph«rioal Hnrmonios. By means of the 
integral expressions (98), (99), we may find the development of a 
function of 6, 9 in spherical harmonics, assuming that such a develop¬ 
ment is possible. Suppose that 

( 100 ) f(0,g,)~Y,+ Y,^Y, + ^... 
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Multiply both sides by sinOdddg} and integrate over the surface 
of the sphere. Every term vanishes except the nth^ and we obtain 

(101) J f f{e, <p)P,0t) sin edddg> -» ip’). 

Accordingly to find the value of the nth term in the series at any 
point P{S\ value of the zonal harmonic with pole at 

P multiply its value at every point of the sphere by the value of f at 
that point and by (2n + l)/43r times the element of area, and inte¬ 
grate over the sphere It is obvious that this is exactly the process 
described in Chapter III for development in series of normal functions. 

It will be convenient to exhibit the development as a series of 
tesseral harmonics. Let us put 

ns=« ns=ao k^n 

(102) 2Y„i0,ip)~^^ coakip + sinfc^p], 

n = 0 * = 0 


and the coefficients A, B are to be determined. Multiply by cos m(p 
and integrate, and since 


in in 

(103) Jcaamtp sin ]cq)dip ^ Jnttp cos k(pd(p 


{ 0 if m + ifc 
I X iim^k>0 
[2% i{ m^k^O 


we obtain 

nsso* ^ ^ 2 k 0 

(104) 


Multiply by P^\^d^ and integrate, and since (81) (83) 



0 if w + n 

(« + *)! 2 
(n —it)! 2 m+ 


m ^ n 


we have only one term on the left 

1 in 

(105) f 

-^1 0 

so that finally 

^ n in 

(106) ^ p{e, ip) cosA:^pP^** ainedddip 


and in like manner 


n in 
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Inserting, these values, we get the series 
(108) 


2 (®°® 9>) sin OdOdip 

* = 0 ' * s' 


7t in 


+ sinJcq)'^ 9 ) 


Maltiplying in the factors sin Jcq>'y cos kip\ 

(109) r.(e',9') 

n ink-n 

^POsinerffld^. 

0 0 * = ® 

Comparing with the previous formula (101), we find, using the value of 
ft =» cos (r r') *» cos y 
P^^cos 6 cos 0' + sin 6 sin 0' cos {(p — 

( 110 ) *=*• 

*=o 


The zonal harmonic thus expressed as a symmetrical function of the 
coordinates of the two points P, Q is called a Laplace’s coefficient, or 
biaxal harmonic. Considered as a function of 0, tp it contains two arbi¬ 
trary constants, 0\ tp. 


99. Oonvergenoe of Sorios. It is now important to show that 
the series obtained actually represents the function /*, that is that if 


n in 


( 111 ) 


-s - 





f{0j 9)(2 s 4 - l)P,(/[i) sin 0d0dq) 


«s0 


we shall have 


lim S,-/■(«>'). 


This was demonstrated by Laplace, but without sufficient rigor, 
afterwards by Poisson, and finally in a rigorous manner by Lejeune- 
Dirichlet (Grelle, Journal der Mathematik Bd. 17) and Ossian Bonnet. 
(Journal des Mathematiques de Liouville 17). The following proof is 
due to Darboux. 
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Let UB now introduce as new coordinates yj it>, so that P' is the 
new pole (Fig. 96). Then calling f{d, q>) — F(y, 


t^n n t n 


(112) l'F{y,i>) i2s + 1) P,{Goa y) am ydydir, 

or putting 

(113) <I>(y) 


irt 


F{y, V') df — !F(ft), 


that is the mean value of JF" on a 
circle whose distance from the 
pole is y, 

f=11 1 

Sn W{p)P,(!i)dn 

* = 0 -1 



Fig. 96 


(114) - i|[l + 3P, + 5P, + • ■ • + (2s + 1) PJ 

-*1 

- \Ji-lf' + iv") 

by (71a). 

If (fi) is finite and continuous between — 1, 1, we may inte¬ 
grate by parts 

(115) S. = 1 + Pj][^ - \ j (P,^, + PJ W‘{tC)dy 

Now for 

ft = 1, -P„ = ( ^^"7 


so that the integrated part vanishes at — and 

1 

s, - ?P(i) -\J :p,^,+p„) ^’{i>-)d(L. 

-1 


Now if I ^'(^t) I < ilf between — 1, 1 the integral is less than 

MfiP,^, + P,)d(., 

-1 
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Now let € be a positive quantity, the integral is the sum of the three 


-i+« 1—• 


-1 -I l~e 


But we have proved in § 93 that the middle term approaches the 
limit zero with increasing n. Also the other two vanish with €. 
Consequently we have 

lim - W{1) - - 0) « /'(»>'). 


In order to integrate by parts^ we have assumed continuous. If 

it has a finite number of discontinuities^ we may break up the integrals 
on both sides of the discontinuities^ and extend the demonstration to 
the general case. Hence any function satisfying Dirichlet’s conditions 
can be developed in a series of spherical harmonics. 


100. Deliiiition of Bessel Funotioiis. Let us consider the 
expression 

( 1 ) 




which may be developed in a series of positive and negative powers of 

Xt _ X 

since is developable in positive powers of and e in positive 
powers of except when | ^ | «* 0. We have 




2(f)‘ 


i ;=:0 


k\ ' 




■2(- 




i 


( 2 ) 


Z 


22 (-‘Kf) 


j\k\ 


*=o 


7 


or patting ife — j + ti, y + fc 2j + », and collecting in 

powers of t 

(3) 

if we write 

( 4 ) 


n a — 08 > = 0 


J\U + n)\ 




,=oo(— ly(^) 

•^.W-(T)'2-n(rf^ 


Z is called the generating function for the functions J^(x). Compare 
§93,(51). 
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If we form the partial deriratiTes of Z by a: and t we obtain 


from which it appears that Z satisfies the partial differential equation, 

(5) + 


Substituting in this, 




00 

+ (*’- ”*)•'.] - 0 


or for each value of n 


+ - ^" + (l - - 0 . 

dx' ' X dx \ x*J ” 


This is BesseFs differential equation and the series is called the 

Bessel function of order n. We have supposed the parameter n to be 
a real integer, while the argument x may be real or complex. 

We had (3) 

^ J^ipo) + • • • 

+ H- 

and since Z is unchanged when we change ^ to —we have 
z - Jo(x) - t- ‘ j; (a:) + <- *Ji{x) - 

— /<7_i(a:) + — • • • 

SO that by comparing coefficients we have 

( 8 ) Ux)^{-\yj_^{x). 

Accordingly we may write 

( 9 ) = ,\{x) + J,{x) (/»4- <- *) + +<-*) + ■•• 

+ 0 + ^,(«*-<-*) + ••• 

and putting < = e*'*’, 

e***‘“’' — Jf^{x) + 2J^(x) cos 29 ? + 2J^(x) cos 49 H- 

4- i [2t7j(x) sin 9 + 2J^{x) sin 89 + • • •] 



322 vn. SPHERICAL, CYLINDRICAL AND ELLIPSOIDAL HARMONICS 

which is the development of the exponential in a Fourier’s series. If x 
and (p are both real, equating real and imaginary parts 

co8(i; sinqi) — «/o(») + 2«^(a;) coa2f 4- 2J.{x) cosd^) 4- • • • 
sin(« sinq)) — 2Ji(x) siny + 2Jf(x) sinSqj H- 

From these we get 


( 11 ) 


«^*«(») - i /cos (x sin 9 ?) cos2n(pdq), 


( 12 ) 






sin (a?-sin 9 ) sin( 2 n + l)fpd(p. 


Changing fp to q) + nji in ( 11 ) 

cos( 4 f cos^) =* J^{x) — 2J^{x) co%2q> + 2J^{x) cos 4^1 -f 


(13) 


sin {x cos q>) = 2J^(x) — 2J^(x) cos 3g) + 


From any of these formulae the cTs may be obtained as definite integrals. 
Differentiating the generating function (3) according to t. 


(14) 


—-oc 

« oc 

|(1 + 


and by comparing coefficients of 


(15) 


f [«?,-.(*)+ «^.+.(®)]-*»«4(*) 


From this formula J for any argument may be calculated if* those for 
the next two values of n are known. 

Differentiating Z according to x, 

(16) ■((_(-.) 

and as above 

(”) 

By differentiating thus, and reapplying the formula, we may express all 
derivatives in terms of successive J’s. 
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The equations (15) and (17) may be taken as functional equations 
to define any so-called cylinder function C^{x) for any value of n. 
Adding and subtracting we have 


(18) 

dC„(,x) _ 
dx 

-~C,{x) + C„_,ix), 





or 

(19) 

II 

^C,(x)-C„^.(x), 

^ (^n\ _ 1 

dx\x'y x” 


Differentiating (19) 

__ (J + — + 1 

dx* X* ^ X dx dx 

and taking from (19) 

and from (18) 




c. + 5 (£ c. - c.,.) +o.„ - c. 

Add to this (19) divided by x, 

- 5 ^ + T d* + (1 0, 


m 


which is BessePs equation. 


101. Bessers equation. If we seek to determine the solution 
as a power series in ascending powers of x, 

it-oo Aeoe 

', 21 ) + 

*=0 *=0 

* = 00 

S'=2*^^ ^ 

*-0 

and substituting in (20) 

kssm 

(22) ^a„{[iQ + k)iQ + k - 1) + Q + k - »»»]*<•+*-*+ a;f+*) - 0. 

Equating to zero the coefficient of every power we get the recurrence 
equation^ 

(23) (p + Aj + w) (p + A: — n)a* + • 

Since there are to be no negative powers, 0, which gives us the 

indidal equation, 

(23) (p-n)(p + n}-0, 
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with the roots (> « n or — n. If we take + », 


a. —■ 




4(2n + 4) 2‘21(n + l)(n + 2) 

and if we put 


we have 


(- 1 )* 


“i* 2’'*'*kin(n + k) ’ 

and we have the particular integral 


(24) 


V. 




L!n(w + A) '^nW* 


This is called the Bessel function of the first kind, agreeing with (4) 
if n is an integer. 

K n is an integer and we take the root — n , the first n terms 
Tanish, as they contain factorials of negative integers, (which are in¬ 
finite) in the denominator, so that 

(25) J..(a=) - 

Jt = 0 ^ ' 


and putting A; = n + jp, 


(26) 


k = 9t 


* = 0 


yi(p) (n + pi! 


(- 


so that the two solutions are not linearly independent. The theory of 
linear differential equations shows that we must now have a solution 
y = power series), Instead of trying to find this directly we 

will pass to the limit. Let us put 

(27) Y^{x) = (eoanaJ^(x) - /_,(x)) 

which is a solution, whatever n, and .is indeterminate when n is an in¬ 
teger. We determine it by differentiation with respect to n. 

If we write 

n(z) — lim - —- n* 


(28) 
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from which’) 

(29) n{_z)^isn{z-\), 7T(0)-1, 

80 that when « is a whole number, n(z)’=z\. The equation (28) 
gives i7 as a function of z for all values, so that it can be differentiated. 
If we put 

/om — ^ n(z) n' (*) 

we have from 


n(^+!) = («+ 1)77(^), 
W{z+1)~ + 

3r(l) = 3^(0) + I , 

^(2) - ’ff(O) + I + |, 


W{n) => W^P) + i + .1 + . . . + ^ , 


1 ) We have 

1.2.3 -h 1 • 2-3. -n — 1 

mz-l) = hm ,-77^-7+ .)” T-^Z^zyTnr-l + z) 

zrr(« —i) = nw. 

We shall need the value of 11(i). Now from the definition, 

_/l\ .. 1.2.S- n 1 2.4*6 ••2n i 


1 2-3. -n—1 

hm ——--— - :n 




2.4 * 6 . .2n 4 

, - r-— V 


3 5 "2w+l^ „L“3.6 7.(2n+l) 

2 * 2 ■ 2 


1*2*3 -.n ~4 2.4*6**.2n -i 

3 .5 2n-l „^«1.3.6*(2n-l) 


and multiplying together, 

2 ^/l\rT/ 1 \ 2 * 4* 6 >.*.( 2 n)* n 

^ U; \ 2/ 3* . 6* * 7* *.. (2n - 1)» (2n - 4 - 1) “ 2 ’ 

according to Wallis’s value of But since JT(i) — iJI(-J) this gives 


We also have in the limits 

logn(«) -=log2 + logs— H logn+*logn—log(l + ») — log(2+*)-log(n+«) 

and differentiating, 

V(z) - /- log JT(r) log« - j + ^ + + • ••„---) 

80 that passing to the limit for n »(X>, and putting s » 0, 

9r(0) = -lim^|l + i4-|..- + i —lognj —-C 
which is the definition of Euler’s constant. 
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and 3^(0) — — — 0 • 577215665, Euler's constant. Accordingly 


V —AIL — 

dn kin(n-\-h) 




(logf - ^{n + *!)), 


dn 


(31) 


k (X \~»» + 2^ 

I- +»’(--+‘)i. 

Tn °° 2 — 2 ifeTn(n“+ir ’ 


dn 






X\-» + St 


fc!n(—>» + A) 


Eraluating (27) we have*) 


(32) 


y,(^) 


— « sinner J„ + cosnjr 


i-Jn 


dn 


C‘ n 


3rcosn:r 


and when n is an integer, 
srr, 

so that since 


V > 


dn ^ ^ dn 

j:„==(-i)v. 

we have D* (|.y 

,r,W - 2J.W logf -2’- 


j; \n -J- Ifc 


* = 0 


-2 


(_!)»+* 9f(_„4.m.y 


X \-n + 2* 


k\n(-- ti + A;) 




a? \~»» + 


it! n(~ n + ifc) 


A- = n A = 0 

Combining the two middle terms, and using (29) and (30) 
+ 1) - {Z + 1) j«P(« + 1) 


n(z) 


_ 

+ l)/r + 1 


^ -i" 1 


n(z + 1) 


to reduce the last term, W and il being infinite for negative integers, 
putting — M, — (w + 1), .. . 


y(-n) 


~ (^ n + 1)(- n + 2)... (-1)-(~ l)«i7(n ~ 1), &c. 


1) The material between equations (81) and (38) was missing in the author's 
manuscript and has been supplied bj the editor. 
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giving finally 




(33) xY„ix) - 2J-,(a:)log|--2," - {y(*+«) + n*)} 


k-TsO 

A'srn-1 


- 2 - 

*=0 


(w — — 1)! 

A;! 


(I) 




Thus the above form of is the form sought. It is called the 
Bessel function of the second kind. (It has already appeared in § 65.) 

From our equation 

(3) cT'*""*'-. j,{x) +'‘3'Jjx) +"J’(- i)-r"j;(x), 

n= l nssl 

changing t to 

(34) = J,{x) +3i- 

n = l ttsl 

and multiplying together we get an equation of the form 

flo eo 

1 = A, + +2A_J-% 

1 1 

which being true of all values of t gives 

(34) aIq =* 1 = «7|(x) + 2J\{x) + 2e/|(ir) H- 

All the terms being positive, for real x the absolute values of eT^ 
must be less than 1, and of all others less than 1/^2 for all real x. 

102. Bessers Fnuctioiui as Definite Integrals. From the 
formula (9) with t ^ e*^ 

(35) -^«/,(»)c‘"*’, 

n — — ao 

multiplying by and integrating, 


(36) 

Now 

consequently 

(37) 


in y»=oo in 

^dtp. 

tir 
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and since for real x, c7„(x) is real, 




(38) Jn(^) ““ htSnq))dfp =-= ^ j*^os(xBinq> — nip)d(p^ 
0 0^ 

which is Bessel’s original form. Expanding the cosine, we get the pre¬ 
vious Fourier series integrals (12). 

Consider the integral 


(39) 


th9 


Integrating sin*^<pcos 9 )Cos*^“' 9 ) by parts, 


2p -1- 


-^cos*^ ^q) 


+ 


2^ — 

+ 


n 




2^— 


2p + 


n 

\J 3m*»><p(1 - cos»cos>(»-‘)9)dy = - 7^^}.. 


(40) 


/ ^ j 

Hp + i) 


In like manner 


COS 


P^9 


+ -ffirij*cos*<»+‘)y sm*(»-‘)9)d9? 


n 


'2(p + a) ■^-‘>9’ 

By q BuccessiTe applications of the redaction formula (40) 


7..- 


(8g —l)(2g —8) ... 8-1 


8(p + a)2(p + g-l)... 2(p + l) "!>.«» 

and by p applications of (41), 

T (2p-l)(8p-»)--. »•! J 
2p,2(p — 1) ... 4-2 ®.® 

J _1.8-6...(2a —1)1 8.6...2p —1. 

^J>>9 “ 2-4-6 ... 2(p + a) '‘®.« 


and since 


n 

^J^dip »= 7c^ 


(2p)l(2g)!« 
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From this 


2 ' 


(2n) 


atl-lfi- 

>)! 


sin*”9COS**g) • a;** 

(2l)! 


dq) 


A)! (w -j- A') I 


Multiplying by and summing, 

( 2 ) 


(42) 


k = 0 


A!(n + A-)! 


^ Jt = oo 

0 

TT 

“ 1737-6“ (2n“-Y) Ijsin»'‘<pco8(a;cos9.)d(p, 

0 

which has the advantage of plainly exhibiting the factor x^. If we put 
COBif == j 

(43) ‘^,(^)“T/3:6-;.!'(2n-r)»/(^-^') * ^osxsdz. 


The formulae (42) and (43) have been deduced under the assumption 
that n is an integer, but are true for any value of n if we replace the 
numerical factor in the denominator by Yn 2^11{n— g). If (2n— l)/2 
is an integer, (43) may be integrated by parts, giving J^{x) in a finite 
number of terms involving trigonometric functions, when n is half an 
odd integer. These functions occur in the theory of spherical waves, as 
we shall see in Chapter VIIL We get the same result from the series, 
making use of the value of i7(j) that we have obtained. Perhaps the 
quickest way is to obtain {x) and {x) from (43) and then to obtain 

2 2 

the rest from (15). We obtain 

•^5 (^) “V i I {h - 0 

J_^x) -]/~ jism* + (Jr - l)cos®) 
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103. Oylindrioal Coordinates. Equally important with spherical 
coordinates are cylindrical, or columnar coordinates, composed of the 
rectangular coordinate «, together with p the distance from the Z-axis, 
and (p the azimuth or longitude, as before. Considering the normal 
distances to the coordinate surfaces, we easily find >= A, — 1 , = 1 p, 

which inserted in (32) § 90 gives 


(44) 


d*V IdV 1 d*V 
g do 


In order to find a particular solution of Laplace’s equation we may try 
separating the variables, as in §91. Let us put V ^ R{q) 0 {([p)Z{ 2 ) 
and divide by V. 


(45) 


JL 1 dn 1 1 1 d^z 

R ~dg* gR dg ^ g^ Z dz^ 


By the same considerations as before we find that the last term must 
be constant. Calling it we get 

(46) £f-/;*Z=0, 

and multiplying by p’. 


(47) 


d*R 


dK 


dp* ^ « dp 


+ 


+ 


1 d* 0 
0 d(p* 


«0 


As before the last term must be constant. Calling it ~ we get 


(48) 

together with 

(49) 


d»«P 

dqp* 


4- = 0 


d'R , 2. ^ 
dg* g dg 




But if we put Uq ^ X this becomes Bessel’s Equation. 


(b) 


d*R 





0 . 


We have thus separated the variables, and reduced the problem to the 
solution of three ordinary difierential equations. We thus get the par¬ 
ticular solution of Laplace’s equation, 

V cosh hg + sinh liz) (C*, cos nip 

+ ^kn ®'” **9”) + jPtn !",(*?))• 

For this reason the Bessel functions are sometimes called cylindrical 
harmonic functions. The equation (44) has already made its appearance 
in symmetrical distributions, independent of z and 97 , in connection with 
the logarithmic potential. 
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104. Laplaoiaa in Ellipsoidal Coordinates. A third set of 
important orthogonal coordinates are the socalled elliptic or ellipsoidal 
coordinates. The equation 


(51) 


+ 


1 , 


o* + p ^ 6*4- P * c* + e 

iu which p is a parameter, represents a central surface of the second 
order, whose semi-axes are 


Va^ P, l/fc* 4p, l/c* 4 p. 

Let us suppose >b*>c^. 

The foci of the principal sections lie at distances from the center 

j/a* — 6*, }/a* — on the X-axis, 

)/6* — on the X-axis. 

That is the foci are the same for all values of p, hence the family of 
surfaces obtained by giving p all real values is confocal. For them to 
be real p must be greater than •— a®. 

If — < p < oo all the terms are positive, we have an ellipsoid. If 

— ft* < p < — c*, the first two terms are positive, the third negative, 
the section x? = 0 is an ellipse, y 0 is an hyperbola, a? «= 0 an hyper¬ 
bola, we have a one-sheeted hyperboloid. If — < p < — only the 

first term is positive, the sections y 0, 0 =« 0 are both hyperbolas, 
a:: — 0 is imaginary, we have an hyperboloid of two sheets. 

Through any point Xy y, j?, we may draw one surface of each kind, 
for the above equation is a cubic in p, which has three real roots lying 
as above. Let us call them v. They determine the position of 

the point, and are called its elliptic coordinates. 


(52) 


a’-l-l 

+ 

6*4^ 

’ c* 4 X ^ 

£C* 

1 

y’ 

z* 

1 . _ 

a‘+.(t 


ft* + y 


a:’ 

‘zr r:. 

+ 

y’ 

+ “ 


1 , 

1 , 

1 , 


00 > A > 




To expresa x, y, z, in terms of A, (i, v \re notice that the expression 


(53) 




o» +p c‘+c 

vanishes for p — A, ft, v, and that if reduced to the denominator (a^ + p) 
(&* + p) (c* + p) = /(p) the numerator is of the third degree. Hence 


+ 


-- 1 


(54) F(o) = - 


.f-e + s c’ + c 


-I- 


-1 
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Multiply by p -f- «*> “id then put p — — o*, and we get 

, (a» + t)(a» + <t) (»« + <’) 

® “ (a*-6*)(o*-c*) ' 


and in like manner 

y* 

(55) 


(6»+X)(6*-|-y)(6» + >) 
(6* — e‘j (b‘ — a*) ' 

(c’ — o') (c* — 6*) 


Differentiating the above identity according to p, 

I _ *!_. y* , _ 1 (e-i )( p —ft)(e —») 

,56x 1 («• + e)‘ ^ (fc* + e)’ (c* + ?)*/ («’+eT(>* + e) (c» + e) 

^ ^ /_!_L_+.J_i-._i_ i_). 

Ip —1 p + — 1 » j + c*) 

Put p A, and all terms on the right vanish, except the first, so that 


(57) 


(a‘ + !)• ^ (6* + !)• ^ (c» + 1 )* /(I) » 


and similarly 
(58) 


y’ 


(«• + M)’ {&•+>)* ■•■(€* + /*)* W 

Forming the differences of the three equations (62) 

- »') ((a* '4.V) (a* +v) {b ^"4 ii){b^‘v) (c*- 4 -#1) {c^ + v) 

f ) 

(59) (v — A) {+ (6» + »H6»+X) + (c* + r) (c«'-fl) | “ 


(/t — v) (jt — 1) 




: + ; 


I (a» + I) (o» + ^ (6* + A) (&’ + Jt) ^ ic* + i) (c* + (t) 

Differentiatiog (55) by A, fi, 1 /, 


)- 0 . 


dx 

1 


cx 

1 

X 

dx 

1 • * 

dX “ 

Y 

a* + V 

dfi 

2 


cv 

T Srifi;' 

djy ^ 

1 

y 


1 

y 


1 y 

Cil 

2 

6*+ i» 

dii 

2 

+ 

dv 

2 6* -f- ^ 

dz 

1 

t 

dz^ 

1 

z 

If 

1 

dX 

2 


on “ 

2 

c*4- fi» 


2 c* V 


From this we have, from (59), 

lllf+ unless A-/i, etc, 

so that the surfaces A — const., (i — const, are orthogonal by § 90 (26). 
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Similarly for the other pairs. We consequently hare an orthogonal 
system. We have by § 90 (25), and (57) above 

JL _ 1 { . + y* . 1 

so that - 

(62) 


1 (l -tt)(l-v) 

m 


A* -= 4. 

h* — 4 


h*-4 


/•(») 


and since 


(v — X)(p — /*)’ 


f ^ / 

' h 

^ 1 

/ hf. 

sr\ d / 

K aru 

(an 



kkk 

dp)^ dvV> 

iihju dp/I 


'•i _ 1-i/:-/-(i)(7-v)‘ , -sy-r(i)/-(^)/xv) 

ana “ttzt, 


2 

we obtain 


(^ — f*) (M — v) (v -1) 






+ 1 /^: /.(v'-wD] 


106. Iiamd’a Equation. If we put 


(64) 


= d/5, = dy , 

>/aX) ’ vm v7>i 


so that A, p, v are elliptic functions of «, /3, y we have 


(65) Z/r- . . . r.- 

' (i —— v)(v —1 ) 

Thus Laplace’s equation becomes 

(66) vf* - ■•’j gj,. -T- v*' ” •'j jp 


r, , / ,\S’y , /, 


d*r 




(/* - *') •«„. + (v - A) + (A - m) gp- = 0. 


If we attempt to separate the variables and satisfy this by the 
product Vm. L{a) M(^) N(y) we get 


(67) 


p-vd*L {v-X)d*M (1 — 

L ■ da* M dp* N dr* • 


which is of the form, 

(fi — v) 9 )(A) + (v - A) tp{p) + (A - ft) <p{v) m. 0. 
This is satisfied by q/ a constant, or ip(x) — x. 
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Accordingly we shall satisfy it if we put q>(x) ^ gx h, obtain¬ 
ing the ordinary differential equations, 

^^(gX + h)L, 

( 68 ) 

^^(gv-\-h)N, 

each function satisfying the same equation. The equation 
(69) S-(i?A(») + %“0 

where X(x) is the elliptic function defined by 

^ («*+ (^*+ ’ 

is called Lame’s equation. If the constants g and h are arbitrary we 
get solutions of Laplace’s equation, as above, but they are useful only 
if g and h are so determined that Lame’s equation has polynominals 
in X as solutions. We have. 

dldx'^ 

S - SI i m (vTp) % 

so that Lame’s equation becomes 

(71) m g + -ir(A) ^ + A) y » 0 

a linear equation similar to Legendre’s and Bessel’s. It has three sin- 
gular points A = - «*, -h\ - c*. 

Dividing by /*(i), 

2 la»+i^6* + X^c*+i/dX (a*+X)(6»+X)(c*+i)^ “ 

For either'point the indicial equation is r(r — 1) -f r/2 « 0 with roots 
r = 0, 1/2, so that we have either a power series in A, or such multi¬ 
plied by Ya^+X, Consider A as a function of a? defined by the differ¬ 
ential equation. 

(70) A'*- (^)*-/’(A) = (A + a*) (A + h') (A + c*)= A»+ slA»+ Bk + C, 
^-.a*+6*+c», B-6V+c*a*+o>5», 
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Differentiating repeatedly by x, 

2A'r- /'(i)i', and diriding by X', . 

(72a)(3^ + V/Xi), 

A"- T {r(A)A'*+ r{x)x"] = I \r{x)f{x) +i-r{A)ra)}, 


all sncceseiTe deiiTatires are alternately polynomials in X, or poly¬ 
nomials in X multiplied by V7(X). In differentiating twice we increase 
the degree of the polynomial once, as follows. 


n eren 

DeriTative order 
X 0 

X" 2 

X^^ 4 


n odd 

Deg. of pol. DeriV. order Deg. of Factor of ]//*(X) 

1 X' 1 0 

2 X'" 3 I 

3 X^ 5 2 

X^« 7 3 


X** 2« n-|-l X*"+*2n-f-l » 


Hence a linear function of deriratives of the same parity, 

(72b) y — XC*-*)-!- a,X<"-«)-|- o,X("-»)-|- 

is either a polynomial in X, of degree n/2 if n is even, or a polynomial 
multiplied by]//*(A) and of degree . if n is odd. 

Considered as a polynomial in ky if n is even; of degree n/2, let 
us put ^ 

y 

ilbsO 

in the equation 

(71) f(X) g + _ (i,X -h A) y = 0, 

that is 

(X»-^ ^X*-H HXC)|^-h (I X*-h ^X + |)|f-(i^X + h)y - 0, 


and the term of highest degree is 




+ 1 
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which, like ererj other term, must Tanish. Accordinglj we must take 

The result of the substitution is 

ftasflO 

(73) [*(* - 1) jA*+»+ C7A*-*j 

+ Jfcj|A*+^+ AA* + I A*-') - j«7A*+‘ + hA*j] - 0. 

Picking out the coefficient of 

(74) c, {h* + - g). + j(k + I)** A-h] 

+ q.+«((* + 2)(i+l)+^^)jS + c,^,(* + 2)(fc + 3)-0 

which is the recurrence formula. Since the polynomial of degree n 2 
has n/2 4- 1 terms, there are that number of equations of this sort, in 
each of which h appears multiplied by a c. Eliminating the c’s, which 
appear linearly, we get an equation in h of degree n/2 + 1, which can 
be shown to have all roots different. There are thus n/2 + 1 polyno¬ 
mial solutions. 

If n is odd, y is equal to X' times a polynomial of degree 
" Y" • Call this 2 , 

g = sA'"+ 2A"|-^ + A'g - (gl + h)zl', by (69) 

Changing to I as independent variable, 

dz dz jf d^z dz « 

and making use of (72 a) 

zX' (3 A.-f- A) + 3^ A AX + y) 

+ g A'(A*+ AA»+ £A + C) - {gX + h) zX', 

or dividing out X\ 

(75) g,(A» + ^A*+ 5A + C) + 3 If (I A* + ^A + B) 

+ ^(3A + A~ gX-h)‘-‘0. 
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If j? is a polynomial in A of degree (n -- 3)/2) from the coefficient 
of the highest term we haye as aboye 


n(n+l) 


as before. 


Equating all coefficients to 0, we get (n — 3)/2 + 1 — — l)/2 equa¬ 

tions, and an equation for h of that degree, each root giying a polyno¬ 
mial. In this case {n odd) we also haye solutions of the form 

y - £ VT+ O* 

where £ is a polynomial. 

dl dX 

^ ^ l/A +T* 4. __i_ * 

di« ^ dx y 1 ^. 4 y^v’ 

and inserting in Lamd’s equation, and dividing by YX + a* 

/d*z , dz 1 


(A* -f .4 A* + Bk + C) + 




dXX + a* 4(1-fa*)*, 

+ (4 A*+ AX.+ ~) + 2(r^) ~ A + h) £ - 0. 

Multiplying by (A. + <**) 

(A + a*)(A»+^A*+BA + C')g 

+ [a»+ 4A*+ .BA + C + (A + a») (| A*+ AX + i)] J 
1» + ^1* + A?^ + C’ 


(76) 


+ 


+ i^*+Y^ + T 


0. 


4(l + «‘) 

-(^^^^A + A)(A + a*) 

^be highest term in e, which when substituted in (76) gives 

£*[*(* - 1) +1 +1 - A*^s 


is zero if it — — - which is accordingly the degree of the polynomial e. 

Equating its coefficients to zero gives (n + 1)'2 equations with the 
same number of values for A. Substituting in like manner the factors 

_ _ g 

l/6 «+A, 1/c + A we get similar solutions, in all y (n + 1) which with 
the of the first kind gives 2n + 1 different solutions. 

A 

If n is even, we may put 


y — £V'(A + 6*)^A + c*). 
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w ■ 2 • 

We get for z a polynomial of degree —, so that h is the root of an 
equation of degree y • There are thus ^ solutions of this type, which 
with the ^ + 1 polynomial solutions make again 2n + 1 solutions. 

A 

If we make a linear transformation 

X ~ A.p -J- JB 

and determine the constants A and -B = ~ j (a* + + c*) so that the sum 

of the roots is zero, and at the same time take ^ 4, we obtain the 

Weierstrass normal form for f(X)y and at the same time p becomes the 
Weierstrass elliptic function of its argument x, or as it is generally 
written w, Equation (70) then becomes 

4j)* - g^p - (7, 

and Lame’s Equation (69) becomes 

tS ~ + A) y - 0 

where the so-called invariants are easily found from a*, V, cl The 

investigation is not changed in its nature, but is more elegantly carried 
on by the study of the properties of the elliptic functions. Lame’s 
equation has been the subject of thorough treatment by Hermite. For 
this mode of treatment the reader may consult Jordan, Cours d^Analyse, 
Tome III, Halphen, Traite des Functions Elliptiques, and Burkhardt, 
Elliptische Fnnctionen, and for Lame’s equation, Hermite, Sur quelques 
applications des fonctions elliptiques (Paris, Gauthier-Villars). 


106. Development in Lamp’s Functiona. If the function V 
satisfying Laplace^s equation be developed in a series of homogeneous 
polynomials in x, y, z 

(77) F=.Fo+F, + F,+ ... 


we have seen that each contains 2« -|- 1 arbitrary constants. Sub¬ 
stituting for X, y, z their values in X, v, F^ becomes a hoihogeneous 
function of degree n in + a^, + 6*, /A + c* and it is of the 


same sort in g and v. Consequently if F„= LMN we have found the 
factors all satisfying the same equation. With each value of n there 
are 2n -f- 1 values of h, accordingly just enough, and we have the most 
general harmonic. 

Consider the two solutions M^j{g) We have 






+ 


fV) 


flM _ / »»(*» -t-j) 

2 dft 

CM 


I- -4 


2 dfi 


ti) 

4 


ti+h 


(78) 
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Multiply the first by the second by and subtract, and diyiding 
by V7(fO We may write the result 


(79) 


diL 


vw ( 


M l _ Jlf 

”• dll •" dll 

M^M, 


0 ] 


+!)-»(«++ 


Integrating between limits which are both roots of f(^) »■ 0, the 

left-hand side disappears, and 






(80, 5(!t+-‘).7 ”Jl+•) _ (j , ) 

• J K/w ' • J ym 

Ml Ml 

Change (i io v, M^, to N^, N^, with the same values of m, n, H, 
and integrating between, two other roots Vj, Vj 


(81) »> (m + 1) — n(n + 1) 


J ]/f\v) « >’'J ]/f(v) 


Multiplying these equations cross-wise and transposing, we get 
(82) -f 1) - n(n -h (^ _ „ q. 




Accordingly if either m + ^ or the integral yanishes. The in¬ 

tegration is oyer the whole surface of the ellipsoid A. 


(83) 


If 




dfidv = 0. 


VfWfM 

This is the orthogonal property of the functions MN^ and enables us 
to deyelop arbitrary function. The series 

(84) 


F-"J" 

nscO p = l 


satisfies Laplace’s equation, if conyergent, and if it is to reduce to a 
giyen function F{(i,v) on the surface of the ellipsoid 

-~i + Ti + i-h thatisi-O, 
we must determine the coefficients 

(85) 

so that 

( 86 ) 22o..K'K-nf,<’). 
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Multiply by - v)yf{yL)f(y) and integrate over the surface 

of the ellipsoid and all the terms vanish except when the products are 
the same, 

/* rFiiL, V) iu — v ) dfidv 

/Q7^ J 




/• v)diidt 

J J V?w(v) 


107. Convergence of Series. The coordinates of a point lying 
on the ellipsoid 

a2 4-1 + h* + X c* + X ^ 
can be represented by two angular coordinates <jp, 

X =j/a® A cos ^ cos (p, 

(88) -j- cos 6 sin (py 

+ X sin 0 y 

which with the values of x 7j z in (55) give 

n 1/'(«"4-/O 

cos cos m = 1/, , ; 

/wQ\ /I • 1 / + N + »') 

8in0=i//f 

f (c' — a*)(C' — 6*) 

Let us relate with each point on the ellipsoid a point on a sphere 
of radius r with the angular coordinates 6y tp. Calling xyz the co¬ 
ordinates of the point on the sphere, 

(90) ___ 


we find 


y* 

ri* + fi 6* ^ ft c* + 
a- + r ^ 6* + ^ ^ c* + V 


The two latter equations represent cones, and it is easy to show, as 
before, that they are mutually orthogonal, so that r, v are orthogonal 
coordinates. In order to transform Laplace^s equation we have h^^ly 

^.r _ 1 X dy 1 y ds _ 1 z 

dp 2 a** 4” M ^ dp 2 dp 2 c* p 


^ = i-f- 

//? 4 I (a* 


A. ^ ^ 

(«‘+p)‘^(6=+M)‘^(c‘ + f*)’ 




( 92 ) 
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Now if we put 

(93) F(p)= 

we hare 

(e — >*>(0 — »')»■’ 
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y* 


(94) 


-f’(p) 


/■(e) 


since F vanislies for p «= ,u, p =»= v, and multiplying by p and putting 
p — oo both sides become equal tor*. Differentiating(94) logarithmically 

' ^ . 4. _ 

j^(.e) e —»‘'*"e —r fix)' 


(95) 


Multiplying by F{q) and putting p = ft, 


F'(ft) 


(lt — v)r* 

fW 


(96) 


hi- 


■ifiit) 


ilt-v)r*> 

Thus ^F= 0 becomes 


and similarly, hi = 


■ ^fiv) 


(v — |u;r* 


*, [’■’ -stiL± 4. A r }/=M ^Yi . ^ ri/../w. iK] 0 
*’L* V(\lt)f'{v) ^<*1' /w ^»'L' —/(m' ’ 

■ r« 


or 


/‘W dit. 

an 


(97) (,t-v)±[[ If] -VTW ^ 0] +m*') [v'A*')If] “ 0. 

Lame’s equation (68) or (71) for the solution may be written, 

(98) VM Ty. “ 1”^'- 

and for N Vf{v) ± (v'/Xi') v + 

from which, eliminating A, by multiplication and subtraction. 


(99) 


m^) fy (>'/■('*)-fi (vmi^) 


Now if in the equation of Laplace (97) we put V =-=r”Y„ we have 
Y„{6, tp) = Y„{fi, v) and dividing by r"‘ 


( 100 ) 


y, - Vf(f) ^ (vTW 


which is the same as (99). Consequently we see that M„N„ satisfies 
the differential equation of a surface harmonic Y„. But there are 
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2n+ 1 arbitrary constants in and there are the same number of 
Talues of h, giving as many harmonics, so that we have 

( 101 ) 

P =1 

Now any function that may be developed on the surface of a sphere in 
spherical harmonics maybe developed in ellipsoidal harmonics 
and Lamp’s development is justified. 


108. Surfaces of Sevolution. Suppose that our functions 
depend only on the cylindrical coordinates z and p — yx^ + y*, but not 
on 9 ?. Then if we put 

( 102 ) jr + ip =- ilf(u + iv), 

u and V will be orthogonal coordinates in the plane, and since (see 
Appendix) 

(103) 

we shall have 

(104) 


dz 

I 


dv du 
dQ * dg 


dz’ 


(105) 


I ■V>'(u -f-»»)!’ 

... h‘I e / ev\ , d / dy\] ^ . c:r . 


If this is to be satisfied by a product V «- L(u)M(v) we must have 


dM ' 

dv/ 


' 1 = 0 . 


This requires p =*/"(w) 9 ( 1 ?), when 


(107) 


f(u)L dt 


(p(v)M d 




which falls apart into two ordinary differential equations, 
d*Af . 9 )' dM 


(108) 


dv^ ^ ^ dv 


cM 


Oy 

0 . 


If we put 

jEf + ip cos (u + ** cos XI cosh v — i sin u sinh t, 

z — cos u cosh Vy p *= — sin tt sinh v. 
Eliminating u and Vy 


(109) 


( 110 ) 


_L _1 

cosh® V sinh* v ' 
- 


cos* 1( 


sin* u 



107, 108] CONVERGENCE. SURFACES OF REVOLUTION 343 

The curves u >- const, are ellipses with the square of the focal distance 
cosh* V — sinh* » — 1, and v — const, are hyperbolas confocal therewith. 
The ellipsoids are prelate. In our previous notation put 


** I P' 
o* +1 ^ + 1 


■ 1 , 


+ 




( 111 ) 


cosh V + Xy sinh v =»}/6*+ k 

cos u «l/a* + /i, i sin ti « Yb^ -f ft, 
dX 


1 , 


dv 


2 l/(a* + X)( 6 »+i) 


idu == 


dfi 


2y(a^ + fi)(b^+H) 


SO that the elliptic functions have degenerated to circular. 

We have 

^ ** I sin (w + iv) I* — sin* u cosh* v + cos* u sinh* v 
(112) ^ cosh* t;(l — cos* u) + cos* ?<(cosh* v — 1) 

=«* cosh* V — cos* M •« A ~ ft. 

These coordinates make p the product of a function of u by one of Vy 
and in addition 1/A* the difference of two such. 

We have f{u) — sin m, ^(t?) == — sinh v and Laplace^s equation re¬ 
duces to ^ ,, 

^ + ctnM-^ + cZ, = 0, 

-v-T + ctnh V -j-cilf « 0. 

dv* dv 

If we put cos u "" y, cosh v ^ x we have 


g^xy, Q ->/(l ~.y*) (a;* - 1), 
dL 


dL 


d*L dL , d*L . , 

—- «. — — cos u -f-j-i sin* 
dtt* dy * dy* ' 


(114) 


d*L n dL j dL , y 

^ i Sin* w —j- cos tt *— ctn u sin u -y - + cL *= U. 
dy* dy dy 

(l-y*)|^r- 2 y^ + ct = 0 , 


which is Legendre’s equation, § 91, (41) if c -= «(n + 1), 

“ -P.Cy) - -P-Ccos «)• 

The equation for JIf is the same; so that M »* finally 


( 115 ) 


M vO 
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If the ellipsoid is oblate, take q is ^ cosh (t? + iu) 
p — cos ti cosh V + ^*) (1 — y*), ar —sinhi?, y^sinu, 


(116) 


(117) 


and 


( 118 ) 


jer — sin u sinh v « xy. 


- 1. ellipse 0 < a: < oo, 
hyperbola, 0<y < 1, 


f(u) =« cos u, q>(v) «= cosh Vy 

d'L . dL , r n 
— tan u -j —h cL — 0, 


du^ 

d'M 

dv* 


du 

+ tanh V — cM *» 0, 


(1 - y*) -Iji - 2y + «(« + i)i - 0, 


(1 + **) ^ + - «(« + 1 )^ = 0 . 


ane as before L = Pn(y)j while 

(119) 

In this case we have M «= P„(i^) 

(120) V-2A,Pjy)PJ.ix). 


n = 0 


All these developments have singularities at infinity. If we are to 
deal with problems outside of an ellipsoid, in which we have to consider 
the infinite region, we must consider the neighborhood of a: =» oo. But 
Pyy(x) is a polynomial, and is infinite for a:oo. We must then seek 
another solution of Legendre’s equation. 

In the general linear differential equation of the second order, if 
we have two solutions y^ and y„ 


( 121 ) 




dx* 


x” S’ 


we have, eliminating the last terms. 


or as we may write it. 


<i / <iy, ^t\ 
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Integrating we obtain 

l»g (». - », 4?) - -/I + B, 




and dividing by yl 


( 122 ) 


Vi 


dx\yj yj 

r A ” 




rfa: + const. 


In the case of Legendre’s equation, 

C ^ __2a; ^ 1_ 

P — x i^x 

-J^dx^logj:^-,-, e~h 


dx 


1 — X* 


and if we put y, = P„(ic) and determine the constant so that 

ao 

(128) «.(*) - , 


345 


we have the so-called zonal harmonic of the second kind, as for Bessel’s 
equation we have had a function of the second kind. This evidently 
vanishes for == 00 but has a singular point for r = ± 1 , where it is 
infinite like log (x ± 1 ). We find since PqW Pi(x) =* rc 


(124) 



X 


log 


X— 1 
X + 1 


00 

Qx{x)^xJ~, 


dx 

Or*- 1 ) 


1 , X +1 


In fact we shall find for any n, 

Q^(x) log \ + a series of P’s of lower order. 


These formulae are appropriate for a prolate ellipsoid. If it is oblate 

1 X I 1 

we have Q„{ix), Then we find instead of ^ ctn^^r, and 

we have 


30 ( 2 ?) — ctn“^x, 3 i(a:) « 1 — X ctn“^jr, etc. 
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CHAPTER VIII. 

APPLICATIONS OF SPHERICAL, CYLINDRICAL AND 
ELLIPSOIDAL HARMONICS. 

109. Zonal Harmonica. Attraction of Cironlar Wire. Con¬ 
sider a wire in the shape of a circle of radius a, line-density d, mass 
m 2xad, attracting according to the Newtonian law. Then its potential 
at a point at a distance z from its center on the axis of symmetry will be 

_ + (i + 3L)~' 

\ ^ aV ^ \ ^ rV » 


. _L 4. i ^ 

Y a* 2 ‘ i 0 * 


(1) 

^ d 

(2) z<a 

a 

(3) z>a 

z 


4. 1V ^ (2» , 

~ ' '' 2-4 • 6 ... 2» a®* ~ 


(■- 


ii’ + i 
2 ^ 2 


3 a‘ 

4 Z* 


+ r- IV ^•3-5 . (2^-l) , 

' 2.4 • 6 . . . 2s 


Now we know that a potential symmetrical with respect to an axis can 
be deyeloped as 


(4) 


or 


A,P, + A,^P,+A,l,F,-.- + A,-^-P, + ..., r<a, 




( 5 ) 4 “ P, -f ... ^ A, '^-^,P, + ..., r> 0 

When the attracted point is on the axis r « 7 , we have every P,== 1, 
§ 92 so that by comparison 


1 - 3.6 ... 2«- 




"^24 — ( ^^* 2.4.6 ... 2s ’ 

Accordingly we have finally 

mr>a 

110. Potential of Disc and Current. By integration of the 
potential of a circular line we get that of a disc, as in Chapter V (55)* 
On the axis, .. ... __ 

F-.2*o(]/aS + y»_r) 





■)1 
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r<a. 


r> a 
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( 8 ) + + 

(9) + + 

Accordingly as before^ we bare at points ofiF the axis, 

(10) F-2..(.-rP.+ 5 !;r'F.-^;^P, + l^.Jp....] r<«, 

1 \ TT O ^ f ^ ^ ^ T> I 1 ' 1 • 3 Cl® jy ' 


r>a: 


We may find the potential due to a doable distribution on the disc 
in the same way. According to a theorem of Ampere this will be the 
potential due to a circular current of electricity. According to § 57 (58) 
we have to differentiate the above potential according to the normal to 
the disc, obtaining 




1 l/a* 4- r* I 


( 12 ) 


iF-2»,ji-{-(i-ii:+ 


]/a* +■ 

1-8 r* 
2 • 4* a‘ 


6 r* 


(18) IF-2«.jl-(l-i^+ 


2-4-6 a* 

13 6 o» 
2 . 4-6 r* 


■)|. 


))»»•<«, 

r>a, 


SO that as before 
(14) W-2nx 


l‘ 


JiP +l l! p. 

a -^1 + 2 a» 


1 • 8 r* 


2-4 a' 


A + •••}» 


(15) lF-22rxj4^P, 


1 • 3 a‘ p 1 • 3 6 a« 

14 1 7~~?r Tm -t h 


.1 


From these results we get many of use in electromagnetism. 


r <a 
r> a. 


111. Potential of thin Spherioal Shell. Let us find the po¬ 
tential of a thin spherical shell, whose surface density is given as a 
function of the geographical coordinates 0, 97 , and developed in surface 
harmonics. 

(16) 6^Y, + Y,+ Y,... 

Now we know that inside the sphere the potential is developable in a 
series of solid harmonics § 87 

(17) V~.A,Y; + A,^Y; + A,^Y, + .-.+A,^Y:... r<a 
and outside 




^+ 1 ^ - *” 8“(62) 
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Since the potential is continuous at the surface r — a we must have 
JB^ But we also have at the surface Poisson’s surface equation 

(19) 

that is 

\ a '(r=a) 

- {Av’ + iAT. r;+ ■■ + i. + i)A.^.r: + 

(20) __4«(r, + Y,+y, + ...| 


^#-1 


SO that putting r a, Y} — r,, we have 

j Ana 


( 21 ) 


Accordingly the potential at an external point due to the surface layer 
is, using (44), Chapter VII § 92 

#«o 

( 21 ) - ^Tv 

MBsO «s:0 


from which we get the important integral theorem, 

(22) ffT,(e,>p)PX(t)ameded,p~j^^iVe'y), if»*s 

or 0, if n + s which is the same as (98) and (99) of chapter VII § 97, 
where it was proved for the interior of a spherical shell. 

112. Potential of Body of any Shape. The potential of any 
body may* be developed in spherical harmonics. If the coordinates of 
the attracting point are a?', y', s', /, and of the attracted x, y, r. 



and since when r > /, (§ 91, 44) 


where 


i~T (8“.+ + -1 


rr 
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we obtain by insertion in the integral, 

(24) r, =///(? r'- PSii)dx. 

Since we hare 

■Po(/*) -Pi (^) “ = KS/** - 1 ), 


r'P,(^) . 
r'P.ilC) 


_ XX- + yy- + zz 

r (I = -^-, 

1 I 8(xx'+ yy- + zz')* 
‘2 I r‘ 


we obtain 

F— yJJJ'gdx dy'de + {* j^JJgx dx'dy de 

+ y JJJify dx dy dz ->r •fffo’ 'dxdy'd/^ 

1 rrr 

+ ^JJJ {3(a:*rc'* + + 0 */® + 2xxyy + 2yyzz 

+ 2zz xx) — r*(.r ^ + y^ + z^)\Qdxdydz -f ••• 

The integral in the first term is evidently the mass of the body. The 
next three integrals are the products of the mass by the coordinates 
of the center of mass of the body, and if this point be taken for the 
origin they disappear. To recognize the meaning of the next integral 
we will define the moment of inertia of the body about one of the axes 
as the integral of each element of mass multiplied by the square of its 
distance from the axis. Thus we have the three 

A —jjjg{y'^ + z*)dt’, B ^J'IJq{z'^ + x*)dT', 

C-‘ffjQ(^'^ + y^)dr' 

about the axes of X, Y, Z respectively. Also such an integral as 

and the two similar ones is called a product oi inertia, and it is always 
possible to find three axes through the center of mass such as to make 
these three integrals vanish. There then remain the terms 


(26) + 


1 {B + C--^2A)x^ + (C+Aj-2Bjy* + {A + Bj^C) , 


of which the first and most important shows that at a distance the 
body acts as if concentrated at its center of mass (like a homogenous 
sphere) as we have proved in Chapter V, while the next term gives the 
most important correction. In dealing with the heavenly bodies these 
two terras are quite sufficient. 
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The same method may be applied to deTelop the potential of a 
magnet, which is defined as a body, every volume element of which acts 
like a doublet, § 57, whose moment per unit volume is a vector function 
with components I,. Accordingly 


(27) 




dx'dydz. 


We easily find that there is no term of order — 1, and that the term 
of order — 2 represents the potential of a single doublet. 


113. Hydrokinetic AppUoations. By means of spherical har¬ 
monics we may solve the problem of Neumann § 60^ for a sphere. The 
external problem is that of finding the motion in a fluid reaching to 
infinity and at rest there, when the normal velocity is given all over 
the surface of a sphere. If the fluid is incompressible its velocity is 
solenoidal, and if it is derived from a velocity-potential (p this satisfies 
Laplace’s equation. If the velocity is prescribed at the sphere, and de¬ 
veloped in surface harmonics, we proceed exactly as in § 111. Supposing 

m,. 


H- A,- 


(28) 

the solution outside will be 

(29) 9) 
from which 

(30) -|i- {A,^ + S!A, 

and to give the surface values, 

(31) .4.= 
Consequently the solution is 

(32) 




Y. 


«+l 




+ 3A,^ + 


(s + 1) 


Alt... 




s + l 


<p 


_ f_® y 4. 

r ^ 2r* 


r, + ^r, + -]. 


A simple but important application is that of a sphere moving with 
velocity v in a straight line in the Z-axis. Resolving this normally at 
a point distant by an angle $ from the Z-axis, 


(3b) 


( 4 ^) V cos $. 
\dr/rma 


But this is the zonal harmonic P^. Accordingly the solution is, 


(34) 




V a’ 

T 7» 


cosd. 
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or the action of the sphere is like that of a doublet^ that is it produces 
a flow which is geometrically identical with the field of force produced 
by a doublet. 

The similar problem for an ellipsoid of revolution may be solved 
by means of the elliptic coordinates of § 108, and the zonal harmonics 
of the second kind If the ellipsoid is prolate, and moving with 
constant velocity v in the direction of its axis, we may conveniently 
suppose it to be at rest, and the water to have a translation — v super¬ 
posed on its actual motion. Then we may take 


(34) 9 ? = (y) {x) Ay (x) - vxy 


where x and y are the elliptic coordinates. At the surface of the ellipsoid 

(35) If - == {Ay Q\ (X) - V y) If- - 0 

from which 


(36) 



V 



Thus the velocity imparted to the water by the motion of the ellipsoid 
may be calculated. During the war there was some slight practical 
interest in this problem in connection with submarines. A table of 
the functions and Q[ was published by the author and Willard 
Fisher in the Proceedings of the National Academy of Sciences, 
March, 1919. 

In cases of rotational symmetry like these where the lines of flow 
are in meridian planes it is convenient to introduce the so-called flux- 
function. Let us find the amount of fluid crossing a ribbon bounded 
by any curve AB in such a meridian plane and the curve formed by 
rotating it about the Z-axis through an angle dd. We find 

B 

(37) Jv,Qdeds=^deJ^Qds, 


where n is the normal to the plane curve AB. Now if the fluid is in¬ 
compressible this must be the same for all such curves joining A 

and By consequently q ^ ds must be an exact differential, 

(38) 

But, as in § 70 (3) 


( 39 ) 


cos (wp) =« — cos (d$, “ • 57 ' > 

eoB(ng)- COB (ds,^)- 
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therefore 

(40) P || rfs - P (If C 08 (np) + If cos (n«)) ds~p(- |f + If ‘^p) • 


Consequently we mast have 

(41) 


dp 


^ djs 


dtff dfp 


The lines ^ *» const, are the stream-lines^ and are orthogonal with the 
equipotentials. 

Now since by (38) we have for any directions ds^ and ds^ which 
are at right angles to each other, 


(42)1 




we find — 



df 


by the condition of orthogonality, and we may take for them the direc¬ 
tions of the coordinate lines, giving 

d(p ^ d'ify _ dtp _ 

^ dn^ “ ^ dn„ dnj 

since dn^ = du h^ dn^ =» dvjhj we have 

dtp d'if.f dtp d'lp 

^ du ^ dv ^ du 



Now changing from the variables u, v to y by means of the equa¬ 
tions (116) § 108 these become 


(44) 


2>,dtp dv^ 




a*’ (^ + ®*)al~ay' 


If we put T --P„(y)^,(*>) 

we have 

and replacing P„(y) by its value derived from Legendre’s equation, 
from which 

The simplest case is n — 0 when we cannot make use of (46). But 
we then have 

(47) 9 —ilctn"*®, i>=~Ay, 

which satisfy (44) The flow represented is that through a circular 
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hole in an infinite plane wall. The velocity at points in the plane of 
the wall; inside the hole; is 

djff _ A 

and is infinite at the edge of the hole. The same solution gives us the 
field due to electricity on a conducting circular disc. 


114. Helmholtz’s Equation. All the applications previously 
treated have had to do with Laplace’s equation. We have however seen 
in Chapter III the extremely instructive nature of the study of vibra¬ 
tions; and the normal functions connected with them. We shall ac¬ 
cordingly now consider the wave-equation, 

(48) = a*^u, 


which has been exhaustively studied in Chapter III for one dimension, 
leading to sines and cosines as normal functions. In Chapter V we have 
considered the relation of the normal functions to the integral equa¬ 
tions for two and three dimensions, but have not explicitly found the 
normal functions. We wiU now consider the case of circular and 
spherical symmetry. Proceeding as in Chapter III, (128) and putting 
u = y, e) we obtain 

(49) g + „V = 0, 

(50) dq> + Jc^<p = 0, 


which is Helmholtz’s equation. Let us first consider the case of two 
dimensions, which will give us the case of a circular membrane, or of 
the vibrations of a gas in a thin layer bounded by two parallel planes 
and a circular cylinder normal to them, or of the vibrations of a liquid 
in a circular tank with a flat bottom, § 13. Transforming the Laplacian 
into cylindrical coordinates, § 103, (44) 


(51) 


I I } 

g dg g^ dO^ 


-f == 0. 


In order to separate the variables, we put as usual (p R{g) &(ff) 
obtaining 

(52) + 


(53) 


dg^ ^ g dg g* 


These are (48) and (49), § 103. The first gives sines and cosines, the 
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second BesseFs functions reducing to Bessel’s equation if we put Tcq^^x. 
Accordingly any sum of products 

(54) ■« (A, cos sd + sin sO)J^(Jcq) 

is a solution of the equation 50. 

Let us consider a membrane bounded by a circle of radius at 
which it is fastened, so that u(a) — 0. We must then have for any 
normal vibration 

( 66 ) J,{ka)~0, 

which is the equation for the characteristic numbers. If Ic^, is a root 
of this equation, the normal functions are 

(56) ^SK,9) 

In order to develop a function /‘(p, 6 ) in a series of normal functions 

(67) /•(p, e) (A. cos S0 4- sin sB ), 

r f 

let ns multiply by JtiKtQ) cos t 6 and by the element of area gdgdd and 
integrate over the circle 

a iff 

(58) cos t 6 (fd(fd 6 

—^^^yyirXtjjp) Ji(I:,.,p)(.4rs COBS0 + Srs emsO) cos iBpdpdO. 

It is evident that functions having different values of a, t are orthogonal, 
while the orthogonality of those with s »^ and different k may be 
proved as in (169) Chapter Y, or immediately from Bessel’s equation 
as in Chapter III, (309) (311). We obtain 

a 

(68a) 2 ^JIiK. 0 ) 0 dQ - pV;*(*..a) 4-a*(l - ^.)j?(*a) 

and since if the boundary is fixed J^Ks^) " 


(69) 


a 


Thus we may carry out the development, and by the methods of 
Chapter ni we may also find the forced vibrations. 

The forms of the vibrations for the different normal oscillations 
are easily seen. If s0 the displacement is the same at all points 
equally ^stant from the center, and there are a certain number of nodal 
circles. If i is the smallest root the membrane vibrates everywhere in 
the same direction, if the second root there is one circle, and so on, as 
for a string The frequencies are not harmonic, but are proportional 
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to the roots For other values of s there are also nodal radii^ so 
that the circle is divided up into sectors of rings so that parts separated 
by a nodal line vibrate oppositely. 

If the membrane does not extend as far as the center, but is fastened 
at an internal edge, we require a second term in the solution in the 
form of Y^Qcq), when the normal functions become entirely diflPerent. 


116. VibratioiiB of Circular Plate. If instead of a membrane 
we consider a plate we have the same sort of changes as in the anar 
logons cases of the string and bar, treated in Chapter UL The equation 
is now of the fourth order, involving the double Laplacian, § 14, (148'), 
Chapter 1. Let us write 

(60) ^ 


and separating the variables, 

d^x\> 


(61) 


= 0 , 

•— l:^(p = 0 , 


n* 

a* 


We may now write the equation, bearing in mind the significance of 
operators, as explained in Chapter I, § 5, 

(62) 


or in polar coordinates 

'1* 4. A i 1 f . u\ /i! 4. 1A 4. i A 

' P ^9 ^ 9* do / W9* ^ 9 ^9 ^ 9* 



= 0 . 


Accordingly we must add the solutions of both equations. 


(64) 


4. ^ ^f.4. 1 ^ 
dg’ ^ f dg ^ q‘ do* 


+ k^(p « 0, 


(65) 


d\ 1 ^ 1 J. 

dg* ' g dg ' g* 




(65) being the same as (64) with k changed to ik. Compare (328), §41 
for the bar, as for the membrane. If the plate extends to the center, the 
functions F/ikp), Y^{ikQ) do not occur since the logarithm would make 
them infinite. 

The nature of the normal functions will depend upon the boundary 
conditions, as in the case of the bar. We shall consider only a plate 
clamped at the outer edge, as in the telephone or phonograph. In that 
case we have, if we consider only the symmetrical case, s = 0 

(66) 9 « + -B/o(ip), where Iq{x) J^{ix) 
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and the conditions of clamping are 

(67) 9-0, ^-0, e-a, 

AJoika) + Bl^ika) - 0, 

^ AJ'^{ka) + Bl’^ika) = 0. 

This gives us the equation for the frequencies, 

(68) J^{ka)r^{ka) - I^ika)J'^{ka) « 0. 


The second frequency is nearly two octaves above the lowest. This ex¬ 
plains how the equilibrium theory may do very well for such a dia¬ 
phragm. 


116. Spherical Vibrations. We might have arrived at Helm¬ 
holtz's equation in considering the flow of heat in two dimensions, and 
applied it to cylindrical problems. But the results will be as well 
illustrated if we consider the three-dimensional problem of the cooling 
of a sphere. The equation of Fourier is 

(69) 


and if we suppose that the temperature is initially distributed in an 
arbitrary manner, and that the surface is maintained constantly at a 
fixed temperature, we have 


(70) 


u = 0 , r = o, (! > 0 , 

M =• f{r, 0, (p), r <a, < =» 0 . 


Let us put M — T{t')V{r, 0, 9 ) when the variables separate, and we have 

(71) = 


(71a) 


^V+k*V~0, 


BO that we obtain Helmholtz’s equation. If we consider the vibrations 
of air in a hollow sphere, we may find the normal vibrations, and con¬ 
sider the problem of the motion when the surface of the sphere executes 
a prescribed normal motion, so that in either problem we have to 
develop a function in a series on the surface of a sphere. 

To solve Helmholtz’s equation put V — R{r)Y{0, 9 ), giving as in 
§ 91, (36) 

,ar . 1 a>r\ 


( 72 ) 


Y \ 00' ^'00 sin* 0 0 'if') 

, 2r dR , 79 2 \ l 
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and if we take for the constant the value — «(»» + 1), F, will be a sur¬ 
face spherical harmonic, while satisfies 


(73) 


d*l i 

dr* 


‘rt I ^ I (7,2 p rv 


a new linear diflferential equation. If we put 


d a rn ^ ^ i •» 1 

= r"' , + mr^‘~^z, 


dr 


dr 


d * Jft tit t Ct 1 ^ I / H \ O 

dr> + ^ + m{m - l)r^-^2, 


SO that we obtain 


(74) 


.l!f 4. I w(w-f li — w^+_i) 1 1 ^ ^ 0 

dr* r dr \ r* -r k 


If we now take 

2{m + 1)=- 1, »n = - g, 

m{m + 1) — n(n + 1) = — s*, s = ± ^« + ^ x =• kr, 
and the equation becomes 


d*z . 1 dz . s*\ 

dx^ X dx'^V x*)^ ~ 


or that of Bessel, with s a half an odd number. We therefore make 
use of the functions at the end of § 102, and have the solution 

(75) V, = Y„(e,q>)J„^.{krW-r. 

Accordingly after the normal functions are determined by the boundary 
conditions we shall have for the cooling sphere 

(76) « v)J„^L(.k„^rWr, 

n p * 

and for the vibrating gas 

(77) M coskct + sin kct) Y„{e, <p)J„^ \iKpfWr. 

For the initial conaitions in either case 

(78) M ’^2^ApY„{0,9)Jn^\.{Kp'r):Vr- 

The boundary conditions may be various. If the temperature of the 
cooling sphere is maintained constant at the surface r » a, calling u 
the temperature minus that constant, we have 

(79) 0 

n p 
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80 that we have for ererj term 
(80) 

which is the transcendental equation for the characteristic numbers. 
In the sound problem, if the boundary is rigid, which is the analogue 
of the membrane problem, we have at the surface 

(®^) [^1 ^ 
which determines the characteristic numbers. 

Let us then consider the development of a function /’(r, 6, q>) as 

(82) f{r, e, q>) = 

Multiplying by P^(cos y) sin 0d0dq> and integrating over the surface 
of a sphere, r being constant, and all terms vanishing, except that for 
which n =* wi, we obtain, by (99) § 97, 

■j/- + 

(83) ^ 


“ ff 9>) Pm (cos y)svaededfp. 

0 0 

Accordingly we must be able to develop a function of r as a series, 

(84) Vrfir, 6, g,) i (i.,r), 

P * 

where the k's are roots of the equation (80) or (81). In any of the 
ways previously described we find the orthogonal condition 

a 

(85) yX+-i-(*,p»-)‘^.+i(*«/;»'<i»'-0 p + q. 

0 * * 

Multiplying (84) Ly and integrating we find 


( 86 ) 




J rV(r.e, 




cf. S15 § 40 


/• 




and the integrated squares may be found as abore. Inserting in (88) 

Yn2A,pJn^UKpr) 

n %n ^ 

(87) . ?^2//j.^i(*.,r)C7.,(e, 9 )P,(cos y )sin 9d9dq>, 


4s 
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and identifying terms in we have 

rt in 

(88) A,p r, - y* «p)P,(co 8 y) sin ddOdtp. 

0 0 


For the simplest vibration in the sphere^ the motion being radial 
n »> 0 , u is independent of the angular coordinates By q), and since 


(89) 


Jx_{x) 

2 


Y nx 


8inx, 


Vr 




2 sinAr 
k r 


the equation (81) for the frequency is 
(90) tanfca«fca, 

of which the roots may be discussed by a graphical construction. Since 
k » 2n/ky where A is the wave-length, the values of kajic are the ratios 
of the diameter of the sphere to the wave-length. The first six values are 


1.4303, 2.4590, 3.4709, 4.4747, 5.4818, 6.4844. 

The next simplest solution is that for n =* 1 , and since is a zonaP) 
harmonic, this is independent of 9 , and the motion is in meridional 
planes. Since _ 

(91) 

we have the frequency equation 

(92) = 

The lowest root gives 

(93) • 6626, 


so that the period is more than an octave lower than that of the lowest 
radial vibration above. This is in fact the lowest of all the vibrations 
possible in the sphere. The air surges to and fro somewhat as in a pipe. 

The solution (89) is one of the elementary solutions of Helmholtz’s 
equation' that we have used in § 65. The other solutions may be de¬ 
rived from it by a process not unlike that by which spherical harmo¬ 
nics are derived from the elementary solution of Laplace’s equation. If, 
instead of proceeding as we did with equation (74), we put m ==» n, 
r" becomes a solid spherical harmonic, which is multiplied by 
which becomes a solution of the equation, with kr « Xy 


(94) 




doj* 


8(n + l) «^^, ^ 

X dx ' ^ 


0 . 


This can readily he solved by series in ascending integral powers. We 


1) See Rayleigh Theory of Sound Vol. I § 207 u. { 831. 
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shall not find them, but shall show that two successive zs are related 
bj the equation 

(95) 

For if we put 

dz 

W JH 

substitute in (94) and differentiate, we obtain 

* ^**.+1 I ?(«_+ 2 ) *^^ + 1 , ^ Q 

dx* ' X dx ^ + ^ ' 

which is (94) with w + 1 instead of w. But for n 0 we have 

(91) S +IS+ *•-»■ 

which we have already shown has the solutions (§ 65) 


« JL If? 

+ i "" X dx 


d*z dz 


Applying the relation (95) n times we find as solutions 

*'.(*)-(-i)" (I 


(98) 


We find 


(99) 




1 • 8 • ■ • ( 2 n 4 - 1 ) 

Wix) ~ (- 1 )" ( 


+ 


2 ( 2 n + 3 ) ^ 2 . 4 ( 2 n + 8 ) ( 2 n + 6 ) 
1 d \** COB X 


l- 3 ...( 2 n— 1 ) 


X 


,811 +1 


X dx/ 

+ 


2 (l~ 2 w) ^ 2 * 4(1 — 2 n )(3 — 2 n) 


+ 


+ 


^0 W 


s\nx 

X 

sin a; 


COB X 




3 COB X 


which may be compared with the values of in § 102. 


117. Progrenive Sphsrloal WavM. In order to get pro¬ 
gressive waves we shall need a eolation of the vrave-equation of the form 

(100) «-e'0.»-*4r(r)r,, 

consequently we shall attempt to find a solution of the equation (73) 
of the form J? — e“'*''t>(r). Putting — ihr — * the equation becomes 


/ 1 n 1 ^ 


d*R , 8 dB 


f . , n(n + l)i 
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116, 117] 
or with B + c*®, 

( 102 ) + 

Now putting 

(103) V « 
we obtain 

(104) ^[o>s — 1) + 2s — n(n + 1)} + 2srt,_,] 0 

which gives the recurrence formula 

(105) + * + 
from which we obtain 


2 s 




n(w + 1) 


^ _ (♦* + 2) (n ~ 1) ^ 

«_s — 2 T 2 

. _ («+3)(n-2)^ 

- 4 "* . ^3 ^-8’ 


(n 4" 1) (w -|- 2) n (n — 1) 


2.4 ®-» 

(« + IHw + 2) (n + S)«(n — 1) (n — 2) 
246 




Since n is an integer, we finally come to a zero coefficient, so that we 
have the polynomial solution 


(106) 


1 ) =. ?--! /'l _ + 4 . ( w +!)(” + 2^ n(n— 1) 

a: V 2x 2-4x* 


(« — 2) (n — 1)... (w + 3) 1 • 2 • 3 ... 2n \ 

2.9-ex’ '■2-4.6.‘.'2nx"/ 


and replacing a; by — ikr we have 

no?'* B *~**'^fl I ♦*(”+1) I (w— l)n(n+l)(H + 2) I 

The polynomial in the parenthesis is denoted by f„(ilcr). It was in¬ 
troduced by Stokes.*) 

Accordingly we have the solution 


(108) 


»~2Y,ie,q,) 


i{pi-kr) 




If n = 0 we have the symmetrical source, which we have already 
considered 

Jipt-hr) 

(109) « » - 

This motion could be produced by a sphere alternately expanding and 
contracting, like the pulsating spheres of C. A. Bjerknes. *) 

1) Stokes, On the Communication of Vibrations from a Vibrating Body to 
a Gas. Phil. Trans. 1S6B. 

2) V. Bjerknes. Die Hydrodyuamiscben Femkr9.fte. Leipzig, Barth, 1900. 
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If M I— 1, Fj is a zonal harmonic, and we hare 

aio) 

This is the effect of a doublet, corresponding to the case of the moving 
sphere in the incompressible fluid already 'treated in § 113 This may 
be realized by a sphere oscillating to and fro. The gas will flow alter¬ 
nately from one side to the other of the sphere. The case of the tuning- 
fork is roughly analogous to a pair of doublets, for the gas flows out 
on both sides and in at the middle, and is represented by the case n 4. 
For all these matters the reader should consult Rayleigh, Theory of 
Sound. 


118. Waves from Ellipsoids of Revolution. If we have to do 
with surfaces of revolution, by (105) § 108, Helmholtz’s equation be¬ 
comes 

If as before p =■ f{u) (p{v) and we put V — L{u)M{v), 


( 112 ) 


Lf{u) du 


+ mL) Tv (*’) ^) + P “ ^' 


the variables do not separate unless l/h^ is the sum of two functions 
each containing but one variable u or v. In the case of ellipsoids this 
is true, and if prolate f(u) — sinu, q>(v) — sinhv 


=» cosh* V — co8*i*, cf § 108, (112). 

1 id^L , . dL\ , i id^M , . , dM\ 

+ k* (cosh* V — cos* u) — 0, 

which separates into the two 


(113) 


(114) 


ctn«^-|- (C-A^cos»tt)i = 0, 


d*M 


dM 


f ctnh V -j —h (A:*cosh* v — C)M = 0, 


dv* ' dv 

or in terms of the elliptic coordinates x — cosh t;, y » cosu, 


(116) 


(1 - »■) Ip-(C-- 0, 


Putting C=“k*+ X we have 


0 
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both equations being of the same form. This is a new differential 
equation^ which has been studied by Maclaurin^ Transactions of the 
Cambridge Philosophical Society, 1898, and Abraham, Mathematische 
Annalen, 52, 1899. The latter has used the equation in studying the 
electric waves radiated from an antenna in the form of a long ellipsoid. 
The study of this equation would take us too far. 

119. Nenmann’8 Addition Theorem for Beeeel Fnnotione. 

It is evident from § 103 that a solution of Laplace’s equation in cylin* 
drical coordinates will be given by 

(117) 

n I 

(In the remainder of this chapter we use r instead of p). If d is the 
distance of a point with the coordinates r, g>, e from another r\ 0, 0, 
we must be able to develop the reciprocal distance into such a series. 

(118) 

n i 

When 0 "" 0 and the two points are in the same plane perpendicular 
to the Z-axis, we have a solution^) 

where -f r'* — 2rr . 

Consequently we have by symmetry, 

nssoo 

(118) -“^-4„e7i,(Ar)t7’„(Ar') cosnq?. 

If we put / » 0 all the terms vanish but the first, and since & »»>*, 
we find Aq 1. 

Now from (10) § 100, changing g? to g? + or from (13) 

(119) efrcoBfp^ ^ 2^f*«7,(r) coBS(p , 
and in like manner, 

$3S90 

(120) J^(r) +2^i*J,(y)(co8S9 CO8S0 +sins<psins®). 
Multiplying by cosng) and integrating 

Sir 

(121) ■"®>cosng?dfqp =» 2ni^J^{r)coBnd, 

0 

1) For 0 ) is the distance fr6m a fixed point, and the solution J^{Xr) is no 
better than where to is the distance from any fixed point in the plane. 
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Now multiply by and integrate 


( 122 ) ^ Je-^^'^^^^cosnOdd. 

0 0 0 

The integral on the right becomes^ by another application of (121)^ 
with ^**0, so that the powers of i disappear^ and 

we have 

2n %n 

(123) f 5‘’'"*<’’“®^cosn9)(iy •= 2atJ,(r). 

0 0 

Changing the order of integration gives 

2ft 2Tt 

(124) cos n<p dtpJ* [»*co« (<p cos ^ 2nJ^(r)J^(r), 


Put 


r cos (f — r' ^ aj rsinqp*«6, 


2n 2 ft 

(a cot 6 +»•»"») dd =y*e<Va’+i.“>co.(e-a) d(0 -a), a = tan-‘ 

(125) 0 0 

»» 2» Jq (i/a* + b^) = 2;r«7J| (}/r* + r * — 2rr cob q >« 2;re7o(©). 
Consequently we have 

2 n 

(126) ^ J' J^(m) cosMqp dq> = 2J^{r)J„{r') 

0 

and all the coefficients in (118) except Aq must be 2, and 

(127) “ *^«W‘4(»'') + 25 j,(r) J',(r') cosng), 

03* **» r* + /*— 2 rr'cos 97 . 

This is Neumann’s addition theorem and putting g) ^ 0 or n, 

J^ir - r') = J-„(r) J,(r') + 2j’>,(r) J.(r') 


nssl 

nssoo 


J,(r + r- J,{r) J,{r') + 2^(- 1)" J,(r) J„(r'). 


120. Definite Integrals. We have § 102, (42) 


n 



( 128 ) 
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Accordingly, 

00 00 

(129) J*e'~^*J^(bx)dx ^ ~J*dx Jcosibx cos(p) dq>, 

0 0 

and we may change the order of integration. Now we have 

oo eo 

I"e-’”=‘coBnxdx ^ 


365 


(129) 0 


1 ^-(<7> + m)x- 

2 L in — m in + ?n 


which for real m > 0 

— J_ ( ^ ^ \ w 

2 \in — m in-j-mj wi*+n* 

From this 

00 TT 

(130) fe- JJbx)dx = - f _• 

^ J ^ ® J a* + 5‘co9*<p l/6* + a* 

It can be shown that this integral still holds if for a we put ia, so that 


(131) 




Identifying reals and imaginaries, 

00 

/ tos ax JJbx)dx = -p=L~- 

1 /&*- Cl® 


(132) 


00 

/sin axJf^{bx)dx = 0, 
0 

oo 

^ zo^axJ^(hx)dx = 0 , 

0 

90 

^sin axJ^ibx)dx = 

These integrals are due to H. Weber. 
From the formula (130), writing 


6»>a» 


o*>6* 


( 138 ) 
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can be deduced many othen. Differmtiating by z 


(IM) 

o 

Differentiating (133) by r, since JJ — Ji by (24) 

•0 m 

(135) r“tJi(tr)dt, z^O, tj^(rt)dt. 

0 0 

Integrating (135) by z from to oo, 

Integratisg again by z, 


(137) z^O,^^ 
Integrate (133) by z or (136) by r, 

(138) log ) -JJo(tr)dt 

0 

From the addition theorem (127), (118) 

(139) 


(tr)dt 


1 . 


(140) 


J^(ta)dip - Jt{tr)JSr') 

0 

Sn 

\^JT^(tto)<iozn<f>d(f> - J,(<r)J,(<r'). 


Since 


03 


dr 


r ^ r cos 9 ?, 03 


d(o 


rr sin^, 


differentiating the addition theorem by (Jg' 

- tJiitfs) - + 2^tJ'^{tr)J^{tr)coanfp, 

««! 

in 
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Differaitiatiiig by tp, 


367 


— r/ainy — — 2^^.nJ^(tr)J^{tr')sian^. 


(142) 


tfy 

29 K 


Y “ 


tpdtp ^ J, (<r)J, (<»•'). 


Compare with (140). 

131. Potentials of Symmetrloal Bodies. For a circular line 
of density d, radius a, at a point with coordinates r, e, 

%n 

(143) ^“J *' <0* — ♦■* + «* — ^ar cosc). 

Now by (133), this equals 

S;r os os SB 

(144) SaJdq)Je~*‘ J^(ta>)dt — 8aJ^e~“dtJ^J^(ta)d<p, 

6 6 0 0 

and by (139) 

(145) 2xa8je~‘‘J^{rt)Jf,{at)dt 

0 

For the flux-function, since by (41), 


(41) 

Bxl> dv 1^1 _ 

dr dz ’ dz ^ ’ 

(146) 

OD 

^ =« 2%aS%C€'^*^Ji{rt)J^{a{)dt 

For a disc of radius a, density o, calling (145) SV^, 

(147) 

f* IS W 

V^ttf F„da - 2x(ifadafe-^%{rt)Jo{at)dt 

0 0 0 

Now from 

(18) § 100 


^ (xJ,a» - * J.H - »< Ji(«0 

(148) 

a 

^i»t7’,(o<)da = 

0 

(149) 

00 

F — 2«off ^^-j-Ji{at)J^{r€)dt 

(150) 

00 

^ -• 2naar j —j— Ji{at)J„{ri)di. 
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For a double-distribution on a disc, or the solid angle subtended, § 57, 

ao 

(151) TT- - 23r*-a j' 

0 

00 

(152) 4f =« 2nxarJ*e^“^J^{rt)J^{at)dt, 

0 

This is the potential and flux function for an electrical current of 
radius a, unit strength. 

122. Beltrami’s Symmetrical Potentials. We shall deyote 
the rest of this chapter to the exposition of some of the results obtained 
by Beltrami^) on potentials of bodies symmetrical about an axis of 
rotation, including the results just obtained. 

We have seen that for £? > 0, F =« Ae''^^J^(tr) is a solution of 
Laplace's equation, for which 

t = Are^^‘jQ[tz) 

is the flux'function. 

For xf < 0 

(153) r^Ae^^-J,(tr) 

^ — Are^^J'^itr), 

For the surface density 6 

CM) (If)..- (If),.- - 

consequently . 

The mass as far as r is 

r r 

(155) m{r) = 27tJ*6{r)rdr =« AtJrJ^(tr)dr = ArJ^{tr) =* — 

0 0 

Multiplying by any function of (f{t) and integrating, we still have a 
solution « 

(156) F '"eT; {r{)tp{t) dt, 

0 

OD 

(157) ^ =^Je^^^J^{rt)(p{t)dt, 


1) £. Beltrami, Sulla Teoria delle Funzioni potenziali simmetriche. R. Accad. 
delle scienze di Bologna. Ser. 4 , toI. 2, pp. 461—498, 1881. 
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for a distribution of density « 

(158) a(r) - ij^{rt)tp(t)dt 

of the first kind, Chapter Ill (288). 

This is an integral equation for tp, 6 being given. 

Now the potential of a circular line (145) 

m 

F v{a) ^*27cadJe^^^J^{rt)J^(at)dt 

(159) “ . 

xlf » w(a) == 27[ardJe'^*^J{{rt)J^{at)dt 
0 

is of the above form, with 

(160) (p{t) =« 27taJ^{at\ 

so that from the formula for e, (158) 

00 

(161) e(r) =- aJ\jQ(at)jQ{rt)dt 

0 

must be 0 for a + r, oo for a ^ r. 

For any distribution 


for which 

(165) 


OB OB 

V — j'v(a)6{a)da, ^ w{a)a{a) 

0 0 

OB 00 

V ^ 23cfe-’‘Jo(rt)dtfj^{ at)a{a)ada 

0 0 

00 so 

2%rJ e~**J^{rt)dtj'j^{at)6{a)ada 
0 0 
eo 

(pit) = 2 X 6{a)ada, 


which is the solution of the integral equation (158). Inserting this iu 
the integral equation, „ » 

(166) (p{t) = fj^{st)sdsJj^{sr)rq>ir)dr, 

i II 

which is Hankel’s theorem similar to Fourier’s, Chapter IV (52), § 43. 
For instance, for a disc of radius a, ff(r) = 0, r > o 


■B a 

o(r) 
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Now consider how to determine V from its values in the plane 
« = 0. From (156) « 

(168) V(r) -A( ri)tp(t)dt 

0 

Now this is of the same form as (158) if we put V 2% for o, (p{t)t for 
consequently the solution is 

00 

0 

(170) F= ffe-“J^{rt)J^{si)V{s)stdsdt, 

0 0 

00 oc 

(171) ^ rIJ^e~‘^J^{rt)jQ(st)V{s)$tdsdt 

d 0 

If we have a disc of radius a, o(r) = 0, r > a, by (165) 

a 

(172) (p{r)^2%fj^{rt)e{t)tdt. 

0 

For instance, if o = 1 a 

(173) q>(r)^2xjj^{rt)tdt^2xa^i^- 

0 

If the potential is given, instead of the density, for r < a only, the 
determination is more difficult, for then 


^ 69 ) 

which gives V, 


(168) 

and 

(158) 


V{r) ^fj,irt)v>{t)dt, 

0 

00 

«(»•) = To(rt)(p{t)tdt-=-0 


for r < a. 


for r'> a. 


If we call M{r) the mass of the ring outside r and inside a, 

a 

(174) M{r) - 2a f i(r)rdr, M{a) - 0, 


(175) j|^»_2«ro(r), 

from which, by (165) 




1 dM 
2nr dr 


(176) 


a a a 

(Pit) T,(rt) ^dr = - Mir)J^{rt) \ - if M'(r) J, {rt)dr 


M(0)-tjMir)J^irt)dr. 
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Introduce a function F{r) such that 

a 

(177) M(0)^F(a), F(0)^0. (177a) 

r 

We easily see that we may integrate first by r from 0 to s and then 
by s from 0 to a, (Dirichlet’s integral formula), 

g>(t) = M(0} - ijMrt)dr 

(178) ^ ’ 

- Jlf(O) - t fF'is)sds C-4$^ dr. 

J J y**—r* 


Now put r = s • sin^, dr = saoeddO — }/s* — r'^dO, 




st 6ind\*« +1 




n! (72 -f- 1)’ 


and since 


/sin*’'+‘ddd = 

J&m Va + 


I -- 

(180) Jj^(stBin$)d6 1)" 


1 — C08 5i 


(2w)!(2n+2)(2n + l) st 


SO that finally 


-“ 

ip{t) = Jlf(O) + J{coBst — l)F'(s)ds 

(181) 

,,(0 =/f'( 5) cos (st) ds. 

0 

Integrating by parts, 

9 )(f) — F(s) COB {st) I 4- tjF{s)Bm{st)ds 

(182) ® „ 

= M (0) cos (at) + t J'f{8) Bm{st)dt. 
0 

We shall proTe below that ^ 

noqx t rV{f)sds 

(I8S) 
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and putting r® - s* = i\ 


(184) 


— sds -= tdt, 

r 

\F{r) = fr{V?~^dt 


and diflferentiating by r, ^ ^ 

(185) ”F’ir) = V(a) + r f dt = r(0) + rj 


From this in (181) 

(186) . 2 




0 0 

Does the last equation (181) satisfy the equation (168), i. e., 


(187) 


w u 

^fj^{rt)dtj‘F'{s) cos(s<)rfs = V{r), r < a, 

tf 0 

00 a 

.Ao( rt)tdt fF\s)co^{st)ds = 0. r > a. 

0 *6 

Changing the order, is 

a OP 

J'f^s) ds(rt) cos(s <)dt = V(r). r da. 


(188) 

Now 

(132) 


00 

f h (»'0 cos {st) dt = r > s, =0, r<s. 


(189) 

Now if is defined as in (183) 


/ • ¥'{s)ds 


r < a. 


which by Dirichlet's formula is 


(190) 


2 

9t 


tdt f 

* V{8)sds 

Vr'-fJ 

0 

i/t» _ *» 

tdt 

r 

=■ rV(s)ads. 

<‘) «• — *•) 


Hence for r < a 
(191) 


0 
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Performing the differentiation as in (183) (185), and since 

^(0) = 0 

(192) 

0 


which is the equation (189) to be verified, so that F as defined in (183) 
satisfies the first condition. 

If y > a, we have instead of the above 

(193) 

J ’ 

0 

r> a, 

which, with the formula for F, (183) gives 


(194) 

. 2 r dt d rv{8)8d8 


gives the values outside the disc from those in it. 

Now for the second equation of condition. 

We have » 


(158) 

“TnJ Jo(rs)vis)sds, 

0 


(195) 

00 

2nr6i,r) = 7,(rs)9>(s)dsj, 

0 


and using the value of (p{s) in (181) 


(196) 

OS K U 

J’ji{rs)(p{s)ds — Jj^(rs)dsJ’F'{i) cos {st)di 

0 0 0 

a 00 

=^J'F'(t) dtJ'j^ {rs) cos {sf) ds. 

0 0 


Now, it will 

be proved in (225) 


(197) 

J '/, {rs) cos {st) ds = , 

t<r, 

Therefore 

(198) 

00 a 

JJ,{rs)^{s)ds = jF'{t)dt = , 

0 0 

t>r, 

r> a,. 
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00 r a 

JJ,irs)v>is)ds = jrfr{t)dt + | J(\- 

t ^ 


(199) 

0 Or 

a 



F{a) 1 rF\t)tdt 


^ ^ 'ft 


r rj ' 

r 


r ^ Uf 

so that finally, by (195) 




2ara{r) = 0, 


r> a 

(200) 

^ rF\t)tdt 

iorc(r)- 

f 

r <ia 

and 

a a 



(201) 

Mir) - 2 « (r) dr = J, 

r <Ca 

as in 

(177). 



As an application of formula (186) put F=* const. = 1, 

r da, then 


... 2 Bin at 



and 

00 




V^^Je-‘>J,irt)^^^dt, 

0 



(202) 

t----^fe-“J,irt)^dt, 

0 




00 

(r) = i yjj (rt) sin at dt, = ^ 

Q 

1 

Fa* — r* 

r da 


Fir)-^, 




M{r) ^ - r\ 


giving the potential and other functions for an electrified conducting disc. 
Put in (165) 

<y(r) « 1, r < a, 6{r) = 0, r > a, 

a 

(203) 9 (r) ~2nJ J^{rt)tdt - 2 ■ 

0 

OB 

F- 2«a f 


(204) 



122, 123J POTENTIALS. DEFINITE INTEGRALS 375 

which is the same as (149) For the density, (158) 

ao 

(205) 6 (r) = ci^fjo(rt) (at) dt 

0 

which integral accordingly is 1/a when r < a or 0 when r> a. 

123. Method for Definite Integrals. Let us put 

20 

J^{rs) const dt = P„, 

(206) * , 

je-“J„(rs)sinstds= Q„, 

0 

30 

(207) P„ + iQ„ =/«-<—•')» J,(rs)ds 

0 

where z, r, are real and positive. From § 100, (10), 


^irMco%(p ^ J^irs) + 2 ^ i'^J^(rs )cosny 


« = 3C 

Vn*. 


(208) = Jj(rs)e-+ 2ji>cos»npt7,(rs)e-<'-‘«', 




and integrating with respect to s from 0 to cx> 

n .= 90 

W _ it 1 ,vco.<p =^o + ^Qo + 22*”+ iQn)^onnip. 

n = 1 


Put this equal to 

1 — 2«cos(p + a‘ 
or eliminating /3, 

( 211 ) « 

and solying for a, 


1 -f- a* 


., 2o 

tt, 


+ 1 - 0 . 
ir f 


( 212 ) 


\^z — it)’ + « — it 




|/r* + (^ — *0* + -2^ — 

where the radical is taken with the + sign, since for r — 0, « — 0, 
(i — l/(« — it). If we put 

(213) l/r* + («■ — it)* Z — iT, 

we are to hare for r — 0, Z — z, T — t. 
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Squaring and comparing both sides, 

(214) = T* zt =» ZT, 

(215) Z* - y- = y - T* - r* + 


(216) 


Z~y\{Y(r' -<*)* + 4;e*7* + (r*T«’ - <*)) 

T - <*)* + (»^+7*~l^). 

For all radicals take tbeir absolute values. The equation 
(214) + T* 

can be written 

(217) {£ + zy + {t + ly = r* + z{T^ + ^2 4 - -h tT) 
so that, when i, Z, T are positive, 

(218) {z + Zy + {t^^Ty>r^ 

unless jer *■ 0, T =* 0, when t> r. 

Now we had 

^2>2) 


— tt)* 4- 2 — te z 4- 5 — t(r + t) 




v'(2-h*)* + (r+t)’ 

and consequently we may deTelop in a power-series, 

P 


(219) 


1 — 2 a COS g) 
nsssoo m»«o 


= ^(1 - ««■>)->(! - «c->)-‘ 


— j-^-^,(l-h 2 acoe 9 -|- 2 a*cos 2 q>-i-■••)• 

n=:0 »M = 0 

But since, by 

( 210 ) 


1 ff* 


it, 


we have, subtracting this from 2'fi, 


( 220 ) 


(215) 


1 - «* 


^ -j-{z-it)^^-{z- it) = Vr* 4- {z - »<)*, 

by (212). 

Accordingly 

n ~ 8 c 

1 

■■ yr 


t — it — ir eoatp itp ( ^ } ‘ 


Comparing with (209), 

^P+iQ.) 


A :-= 1 


Vr* + (t - iiy 
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+ tO - --- {- 

" Vr’ + (* — »«)** l/r* ■ 


V*-’. 


.i_I VP~+ (z - i t)* - u - it) I • 

/r* + (* — it)* ' r 


Vr* + (* — it)* ' r 

where -- 

Vr* + (e-i{)*=-Z-iT. 

For M — 0,1 

( 222 ) + 

(223) + 

If = 0 we have 

z - vnk‘-<*i+T‘- <*)} 

( 224 ) ^ ° nlP -r-Tr^T«)T 

z=v^-<*, r = o 

if = 0 T = ]/(* - r* 

from which we get the following formulae. 


Jj„(rs)cc 

at 

f ^o(»’«) 8 i 

0 

OD 

CO 


GOSStds 


yr*-t' 


sinstds *= 0 


cosstds 


Ji{rs) sinstds 


rVr»—t- 


00 

y’sinsirfs - 
0 

ac 

^<7, ( t*5)cOS5<rf5 ~ { 1- 

0 

00 

y Ji(rij) 8iniJ^(i5 =* 0 


The first two of these are Weber's integrals (132)^ while the last two 
give (197), which we have already used. 
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CHAPTEE IX. 

THEORY OF INTEGRAL EQUATIONS. 


124. Integral Equations for Boundary Problems. The 

theory of integral equations has grown out of the attempt to solve the 
fundamental boundary problems of mathematical physics^ in particular, 
the first boundary problem, or the problem of Dirichlet, that is, to find 
a function satisfying Laplace’s equation, and taking on certain surface 
prescribed values. 

Suppose that W stand for the potential of a double distribution 


<i) 




where q> is the angle made by the internal normal with the line from q 
the point of integration to the point for which we define W. We have 
proved in § 58 that such a potential has discontinuities in crossing the 
surface such that, if we characterize the limit approached on one side 
by the sign + and on the other by — we shall have 

W,-W ^2^6, 

^ ’ W -W_^2no. 


The process that we are about to describe is a formulation by 
Poincare of Carl Neumann’s treatment of Dirichlet’s problem. 

Let us seek a double distribution which shall satisfy the following 
boundary condition 

(3) 1 [ -1L + W-] = r, 

where A is a constant parameter to be disposed of at pleasure. If we 
put A 1 we have ^ 


and (— denoting the outside) the function W solves the outer Dirichlet 
problem, while if A == — 1, W+ ^ Vs, it solves the inner problem. 

Now making use of the equations of discontinuity (2), the equation (3) 
becomes 


(4) 2jro~-AW«F5 

or putting in the value (1) of W, 


( 5 ) 


<y — 



^-dS 


2x 


If we denote the position of the point p on the surface by cur¬ 
vilinear coordinates u, v, and those of the point q of integration by 
u, V, we may write more explicitly 


(6) 


«(«,«) 


-//< 
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that is^ V being a given function of u, v, we are to find the unknown 
function 6, from the above functional equation. We may make the 
problem general, while referring it to one independent variable if we 
associate the point p with a variable s, and that of integration q with t, 
both of which are to describe a fixed range of variation, which we may 
conveniently take from 0 to 1 . For the unknown function put % for 
the given one f, and for the given function of bot/i points let us write 
K(s, t). Thus 

1 

(7) ip(s)-xf£:(s,t)9>(t)dt^r(s). 

0 

Such an equation, in which the unknown function 9 enters under the 
integral sign as well as outside of it, is called by Hilbert an integral 
equation of the second kind. We have met it in quite a different pro¬ 
blem in Chapter III, (202). The function K($, t) is called by Hilbert 
the ‘‘Kern’' which we will translate as kernel or matrix, and which 
characterizes the integral equation. 

The equation (7) was first solved by Fredholm, Stockholm-Ofversigt- 
Kongl. Vetenskaps. Akad. 1900. Acta-Mathematica XXVII, p. 365—1903. 
The theory has been much extended by Hilbert, in five papers in the 
65 ttinger Nachrichten, 1904—5, and in his book on integral eqimtions. 


126. Algebraic Problem. The method of solving the integral 
equation (7), in which we shall assume that the kernel AT is a symmetrical 
function. 


is by considering this transcendental process as the limit of an algebraic 
process, as follows. Divide the field of intesrration into n equal parts 
d «=» 1/n and replace the integral by a sum, 

(8) f(s) « <p(s) - id(K(s, d) 9 (d) + jK(s, 2 d) 9 ( 2 d) ‘ + K(s,nd)(plnd)). 

Now since this holds for all values of s from 0 to 1 let us pick out the 
same points of subdivision, and put 

/•(d) - 9(d) - Xd(K(S, d)9(d) + K(d, 2d)9(2d)...), 

f(2d) = ip(2d) - ldiK(.2S, S)ip(S) +K{2S, 2d)(p(2S )...)) 


In'order to saye space, let us write 




and Ad 1. 
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Then our n equations become 

fl"" K^uVl + -f- ^tnVn)> 

— + ^n9t -H ^n9n)t 

( 10 ) . 

fn^" 9,— KKi,l9i+^nt9i - 

for the ntp s, the f s and K's being given. Finally we are to make 
n increase without limit. 

The determinant of the above equations, which will appear as the 
denominator of each <p, we call 


( 11 ) 


II 

l-iK„, 

-IK,„ 

-IK,, 


5 1 


•• -IK„ 


-iK^, 

IK,.,- 

■ 1 - IK„ 


which as in § 30, (80), since — jK,^, is a symmetrical determinant, 
and is the discriminant of the quadratic form 

(12) + • • • + *; - + • • • 

We shall make use of the following abbreviations. 

p^n qxKfi 

Kxy - JS ^Kp,jXyy^ = £„a;,y, + K^^x^yt + .K',iX,y, + • • • 

J5*l y = l 

Kx^ = K,^x^ + K^,x, + --+K^„x, 

Kx^ — + -^ 1*^8 4 - • • • + Kf^x„ 


113) 


Aa;„ ^nt^i "I" ^Hi^s + ■ ■ ■ + K^.x. 


nn n 

[xy] = x^y^ + Xjy, + • • • + x^y„, 

SO that d(l) is the discriminant of [x, x] — IKxx. It is at once seen 
that if M *» 3 the equation d(Z) «= 0 is the cubic for the axes of a central 
quadric and that its roots in I are all real. 

In order to solve the linear equations (10) we shall make use of 
another determinant which we shall call 


H‘>iy 


(14) 


0, 



X, 

Vi, 1 

- IK,„ 

- IK,,, 

... -IK„ 

y., 

-IK,„ 1 

-IK,,, 

... -IK,, 

1 • • 

! »/„,■ 

* • • . 

. 

■ 1-IK„ 


made by bordering d{[) with x's and y's, and symmetrical in these 
variables. If we replace in this each by 

Kyp = - \-Kp^y^, 
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we call it 
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If we multiply [a;y] by d(l) we may write 

[fljy], aj„ a:, 

0 , 1 — 

(15) 0, 

0, -IK,,, 1-IK„ 

the bordering with x's in the first row being arbitrary. 

Adding to this which diflFers from it only in the first 

column, we get 

\xy^j ^18 

y^f 1 -- -- i-Kij • • • 

1 ^-^82 • • • 


and this will be unchanged if we subtract from the first column each 
of the others multiplied, the rth column by y^. Thus we get for the 
first column ^ 

lKy^> 

so that the determinant is ZD ^Z, . Accordingly we have the identity 

(17) d(I)[^ry] + D (l, ^ - W(l, = 0 

for any values of x,, . x,, y„ y,... y„ 1. 

Writing our equations (10) 

(18) f,~y>,-lK<p^, r-l,2,...n 

multiplying by arbitrary quantities y, and adding, we obtain the linear 
form 

(19) 

and if we can find a form 

(90) [q>, y] - tPiVi + 9>»ys •■■ + <Pn> y»» 

which identically satisfies the above, then its coefficients, coiuidered as 
a linear form in y, are the q>'s. But since Kr.’^K.r, referring to (13) 

(21) [2i:q>,y]-[9,Jry], 
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hence we mast have 

( 22 ) [f, y] - [ 9 , y] - ^[ 9 , -Ky] 

and this will become an identity if we put 

"('■D 


(28) 

for then (22) becomes 
(24) 


[% y]- 


d(i) 


d(i/) 

If fil I ' y/ / ' „ 0 


which we have shown to be an identity, (17). That is 


[9, y] =■ 5(1) 

0, 


Uf * 

•• 

Vi, 1 

-1^.2 


-IK,, 

(26) 

y*, 



•• -IK„ 


Vn ■ 





If now I is not a root of d{f) — 0, the coefficients in the above form 
in y are the desired values oi ^ 


126. Transoendental Problem. It now remains to pass to the 
limit for n = cx>. If we develop the determinant 

d{l)^ -IK,,... 

(11) -IK,„1 -IK„... 

in powers of I 

(26) d(l) ^l^d,l + d^P^-± dj- 

in which d^ « 


(27) 


d,^ 

Kn, K„ 1 + 

K,,, K„ 

... - 1 - 

Ktt> K.„ 



-^88 


K„, K„ 


consisting of n(n — l)/2! determinants, and in which any df^ is the sum 
of all minors of the Vih order whose diagonal row is taken out of the 
diagonal row of TcSy 


(28) 


II 

bj 

^plpif ^pip2y ’ 

• ^plph 


^piplf ^p9p2t • 

■ Kptph 


^phpif ^pkpi> • 

■ ■ KpHph 


where j», <p,<p, •••<?», J»„ j)„ ... i>* - 1, 2, ... n. 
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The sum contains as many determinants as can be made out of 
choices of h different elements out of n in the diagonal, that is 

According* to a theorem of Hadamard, 

Bull, des Sciences Math. (2) XVII (1893) the maximum value that a deter¬ 
minant of order n, containing n! terms (which would be n\ jP* where 
K is the greatest value of any element if all the terms had the same 

sign, as they do not) is 
Consequently *) 


(29) 
that is 

(30) 


I I ^ /* 




<Vh) ' 


Now since we had k/n = Z we have 

1 

lim Zdj = A lim ‘ f K{s^y s^)ds^ 

n^cc n = oc ^ 




Kr> K, 
K.r, K. 


A X ^s) 


d$y ds^ 


and in like manner for any given I, 

lim ^ ^ h, 
« = o ’ 

^i)r 


(31) 


*■// 


•. . dSj 


*• 


A^(^A> ^l). 

The determinant d(l) converges when n increases without limit toward 
the power series in A, 

(32) -d'^A + dgA-’- 

like the series, 
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This c(>aTerg«8 for all finite valnes of k, since the ratio of the (h + l)th 
to the hth term is 


(1 +• 1)1 yr+T 

In like manner we develop the determinant, 

(84) D {I, •) - A(') + PA(;) ■ ■ ■ ± C-A Q 

and putting I =» X/n we find 

Um . 


0 


where 

1 1 

0, x(s,), 

a;(^).., 

, a;(s*) 

<36)A(^) 

-‘V-/ 

y(Si), i:(s,Si), 

... 

.K(s,s,) 




XM-- 


and we shall have limit (—!)(—,—)) 


, where 

(36) 



e)+^*4 

• Q ■ 


ds^ ds^ •. • d^j^ 


which is a convergent series in X, whose coefficients depend on the 
arbitrary functions a?(s), y{$). We must now find the limit of the formula, 

(17) d(i)[x, y] + D [l, p - ID {l, Q = 0, 

and we still need the expression for the last term. Now since 

( 13 ) ^Vp =• + ^PiVi - ^rnlfnl 

1 

(37) = JK{s^t)yit)dt. 


Dividing through above by n, we have 
lim 

(38) 


™ «* ^ (^ Ky) 

1 \ ^ y/h{M)=fK{i,t)yit)dt, 


or since the y's enter linearly in each we may multiply by y(f)dt 
and integrate outside the determinant, 

1 
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t disappears, and leaves the integral function of s. Thus our formula (17^ 
divided by n, becomes 

1 1 

0 0 

This is an identity in X, and holds when a:(5) and y{s) are any con¬ 
tinuous functions. 

Now if we put x(r) * K(s, r\ y(r) = K{t, r) the last and first 
terms become 

1 

(41) -/ [4^(4,'J:;)_,,,.,,.^-4(l)ir(.,,)]ir«,r)4^ 

0 y(r) = A'(t.r) 

and put for brevity, 

(42) JiX-, s, f) = A j z/(a, P m^is, t), 

r) 

\ 

then (41) is — r)K{t,r)dr 

0 


while the middle term in (40) is, by (42) 

(43) J (a =■ 4- f ^(^^5 0 + HWs, t )). 

y = A'(f,’r) 

Consequently our equation (40) becomes 

1 

(44) d{X)K(s, t) -I- z/(A; Sy,t) — X j z/(A; 5, r)K[ty r)dr =- 0 

0 


Dividing by d(A) and putting 


(45) 


r(^, 0- 


^{X ; g, t) 
d(X) 


} 


(44) becomes 

1 

(46) K(s, t) - r(s, t) - lfr{s, r)K{t, r)dr. 

0 


This equation is symmetrical in K($, t) and — t). The functions 

J{X- s, t) and r(s, i) are symmetrical functions of s and t, containing 
the parameter A, of which F is the ratio of two integral power-series in A. 

The equation (46) is an identity in s, t, and A, and is called the 
resolvent for the kernel K. We have met it in § 40, (294). The fuuc- 
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tion r is called the solTing function^ and enables us to solve the integral 
equation 

i 

(7) f(8) - v(a) - A^ K{s, t)fp{t)dt, 

as follows 

1 

(47) 9(«) - m + A fr{s, t)mdt, 

0 

as we see by inserting the latter in the former. 

Suppose we have two operations 8 k and 8 l 

1 

S,y(s) - tp{s) - kf K{s, t)g>(i)dt, 

(48) 

Siq)(s) — qp(s) — kJ'L{s, 

0 


and that we write the eqaation (7) as 

(49) SMs)^f(s). 

Then j 

SlSMs) = Sif(s) = as) - kf L{8, r)ar)dr 


(50) 


- k K(s, t)(p{t)dt 

1 1 
-kf L{8, r)dr^{r) - kf K{r,t)tp{()di^ 


which will be equal to 

1 

(51) Sc^>{s) — fp{s) — A JC{8y t)(p[t)dt 

0 

if 

1 

(52) i) - K(s, t) + L{s, i) - \fL{s, r)K(r, t)dr. 

0 

Since, if both kernels are symmetrical, this is symmetrical in K and L, 
we have 


(53) 


SlSk(p{s) « Sjr5xq>(a) — Sc^{s) 


or the two operations form a group and are commutative. If we put 
for L(s, 0 *^(^ 1 0; ^7 (^6) C{8, t)^0 and Sif($) — q?(s). 
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127. Fredholm’s Formnlse. We have by definition, (42), (36), (32) 
(54) z/(A; s, 0 





1 

Kiss,), Kiss ,). 






Axsoo 1 

1 

, K(s, 

t), Kis,s,),Kis,s: 

)... 





A 1 0 


K{S2 

t), Kis,s,),Kis,s,)... 

d$j 

ds,. 

..ds* 





f) . 

■ -^(s*s*) 





htrttC 



^1 )> -^(^1 * 

..Kis,s,)\ 




— 



-f\ 

iiCSjSi), ^(SjSj) . 

..KM 

dSi 

d$2^. 

.ds. 


A = 0 



Kis,s,) . . . 






/r s 00 


1 1 

Kist), Kiss,) . 

• • ^(«s*) 






-iy 

Trj 

H 


‘ • ^a) 

ds^ 

rfSj . 

..ds„ 


A as 1 

0 

0 

K{Sj^t)y K{Sj^s^) . 

.. KM 




which we may compare with 

the series for d(A), 




(55) 

-J{k 

; s,t) 

= A(s<)- ^.4,(s0 + 





(56) 


d(A) = 1 

i 4 _L J 

— i; A + 2! 







1 

^ ; K{st), Kiss,) ... 

J^iss,,) 




(57) 

A,{st) . 

■f 


^M) 

ds. 

ds^. 

..ds,. 



0 


5:(s„0 . . . . 





If we put s and t 

equals say 

to s ^ and integrate with 

respect to 

this 

variable^ we i 

shall 

obtain 

the relation 






1 

(58) A^{ss)ds, 

0 


so that from (55) and (56) vve obtain 

1 

(59) d’W - - Jj{k-,ss)ds. 

0 

These are Fredholm’s formulae. 

' 128. Solution by Iteratton. We see by (45) that the solving 
function is the quotient of two power-series in A. The calculation of 
the integrals involved in the coefficients is of enormous complication 
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and in practice the solution in this manner is impossible. But if I is 
small enough we may find a solution which is an entire function of A, 
as follows. 

(60) Sr{st)’~Xj K{tr) r{rs) d r 

we have (46) 

(61) K{st) = (\ -S)r{st), 
and if we treat this as an algebraic equation, 

r{st) = (1 - sr^Kist) = ( 1 + 5 + • • ■)K{st), 

SK{st) = A jK{sr)K{rt)dr = AA’,(s<), 

(62) S*K{st)^S{SK(st)) =A5A, {st) - X^jK{tr)K,{rs)dr^ X*A, (st), 


S”K{st) = l’'K„^,ist) 

K^(st) = K(st) 

where 

(63) A„,, = j-/. ./A,(sr,)A„_,(r,r,) • • • A„(r.<)rfr,rfr, • • • dr„, 


is called the n th iterated matrix. Thus we have 
(G4) r{st) - K,{si) + iK^ist) + X^K^{st)... 

This series converges only when | A | is less than the lowest root of 
5(A) « 0. Let us try to express -^(A; s, t) and S(A) by the iterated 
matrices K^{Sf t). 

Since 

dS{l) 


(59) 

or dividing by S(A), 
(65) 


dl 


d\oj^S(X) 
dX 


Sf 

P 


s)ds 

r{ss)ds, 


we have by using the series (64), 

( 66 ) = - (J K,{ss)ds -i-xjK,(ss)ds + X*jK,{ss)ds --•} 


where 

(67) 


— {<*1 Oj A 03 A* 4- 

.1 


«. K„{ss)ds, 


and integrating we obtain log/S(A). But we can find a series for S{X) 
itself 

S(A) 1 -- -jy -^1 4 - -gf -^s jr ‘ * -^8 
S'{X )— + 


( 56 ) 
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and using this in (66), 

(68) Uj + UjA + UjA* 




1 Ij -^1 + 2! 


Multiplying up and comparing coefficients in A", 

Oj + (flj — A + (a, - - Og^i + A® 


(69) 


+ (a,- a,A, + A» • • • = A - ^ ^ ^ A®- A» + . 

= «,, 


(70) 


^ 2*^1 




-^2 ““ 

l 9 


^^8 

+ 



2! 

2! 

^3 9 

rt, 

1 


A 

2! 


31 

31 


-a,, 


from which we obtain the determinant 

A 


(71) 


1 Oi; 

n- 1, 

0, 

0, 

0,. 

..0 

i «*» 

«i» 

n— 2, 

0, 

0,, 

..0 


®2 > 


n — i 

0,. 

.. 0 

®«-l > 


. 



. 1 

«»» 

®fi -1 > • 




. ftl 


If we insert in the resolvent equation (44) the series (55), (56) we 
obtain 

- A fK{rt)[A,isr) -^Aisr) + ^(sr)- •••Jdr 
and comparing coefficients of A”, 

(73) A^K(st) =■ ^,(s0 + nj K{rt)A„_^{sr)dr, 

from which we may obtain 
A,{st)^K(st) 

A^{st}' 


■Ki(«0» 


o 

o 

o 

o 


f 

n—1,0, 0,...0 

K,(si), 

^2 9 

Uj, n — 2, 0,... 0 

■^n(®0 > 

d < 
'^11 —1 

.«.i 


a 

.«*Ol 


(74). 
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These formulae were obtained by Plemelj. (Monatshefte fClr Math. u. 
Phys. 15 — 1904.) 

The resolveut equation may be veritied by dereloping according 
to the elements of the first row. 

129. Characteristic Numbers and Normal Functions. Let 

us go back and consider the case that >l is a root of the equation 
S(k) « 0. Let the roots of the determinant 




^ -^12 f 


(11) 

i ^^21 > 

1 L f 



i 


l-i^,n 


be and let us call the minors of the diagonal row dn. 

^2 > • • • n • 

The derivative of a determinant is the sum of n determinants ob¬ 
tained by replacing the rows in turn by their derivatives. Thus, 


<r(0- 


+ 

l-K,,L -K,„ 

(75) 



“■ -^*1 > ~ > 

i 


If this is multiplied by 1 and added to 
we get nd(J). Therefore 

( 76 ) d,S) + d,S) + • • • + d„,{l) - nd{}) - ld'{l). 

Suppose then is a root of dQ) =- 0. Then 

(77) (/w) + d,,{m) + •. • + - - 1 d'i^). 

If it is not a multiple root d'(!(*>) is not zero, so that not all the minors 
d„(P^) vanish, and the equations 

9*1 — -I-+ 

C^8) + K„(pt H-1- =• 0, 


have solutions 


(79) (p, = <pW, <p, =. ... v, = . 

If we pass to the limit n »> oo, (78) become 


1 

9>(s) - t)ip(t)dt^0, 


(80) 
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which is the same as (215), § 38, and the function belonging to a root 
of the equation 5(A) — 0, which we call satisfies the equation 

1 

(81) Vh(/) “■ 09*(0 • 

0 


These functions 9|(s), ^(s),... are called Eigenfunction^ which we will 
translate characteristic or normal functions for the kernel K{s^ t) and 
the characteristic numbers. , A,,.. . 

Consider now the identity 


(17) d{r)[x,y-] + D(l,l)~ lD(l, 


which becomes, if we insert the root 

( 82 ) 


in which either side is a linear form in y^y whose coefficients 

are solutions of the homogeneous equations (78). Consequently 

y) ® factor the linear form 

(83) y] - (p[^>y^ + + • • • + ■ 

But an account of the symmetry in xy, we must have 


and since the left-hand member is symmetrical in x^, we must have 

(84) [?»<*>, y], 


since all the ^'(s) may be multiplied by any constant, so that the con¬ 
stant can be made ± 1. 

If we develop the determinant, and compare the coefficients of 
• • • we find 

(85) (IW) - rf„(l(*)) - ... 


(86) rf„(Z(*)) -h d„{m) + 


but the left-hand member has been shown in (77) to be equal to 

r- !<*)<*'(IW). 

Consequently 


(87) 
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If we now proceed to the limit we obtain from (84) and (87) re¬ 
spectively, 


( 88 ) 


(89) 


4d = ±y^ p^^'^(s)x{s)dsJ*^^^\s)y(s)ds f 

0 0 
I 1 

J 9i‘*’(«)x(«)dsyqp<*)(s)y(«)d« 






ds 


and putting x(s) = K{r,s), y(s) = K{r,t) and making use of (81) 

7(,(*,)- 


(90) 


/(9><*>W)‘rf» 


130. Hilbert’s Theorem. We have now to consider the problem 
of the transformation of a quadratic form into a sum or squares. 

Since D is of degree w ~ 1 in Z we may develop in partial 

fractions, 


(91) 


”('•3 ®('"'3 . ^'’(‘'■'3 . 


d(D 


+ 




or by (87) 


y) x][y<‘>, y] 


»'•> [»•'', x][qp'«', y] ?'«* 

' r^(i{) «,(*)! 7_7(t> "t* 


d(J; 9'‘'] ^ —[9>“'. 9>“'j i —1“ 

which is an identity in /, x and y. For J == 0 we have by (17) 

D(o *)»-[x,y], rf(0) = l, 


(93) 


«1 — [y' *’. yl , [qp<« > , x][y'»’. y] 

\x, y\ — ^(i)j T ^(i)j 


Putting for y, Ky, since according to our equations (21) [ 7 , J^y] 
» {Kip, y], and (78), <pW - ZWJSTyjt*), 

(94) Kx, - \Kx ,,] - [*, JT,] - + • ■ • 

If we now put x ^ y, we have the canonical expression of a quadratic 
form as a sum of squares. 


(95) 


Kxx ■■ 


[»«', *]* . [»<*>. X] 

;(i)[^(i)^ yii)1 "r ^(i)j 
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The limiting form of the equation (94) is, since the double sum 
on the left becomes the double integral, 


1 1 

t)x{s)y(t)dsdt ■■ 


1 1 

\^J(py{ 8 )x{s)ds J* fp^(s)y{s)d 8 


J (qPiW)* 


q)^{s)x{$)ds I 


f (ffs (A‘))* 


If we multiply each function <p by a proper constant, putting 


__ /I ^ ^ 

i)7/(«p„( 


1 

= tjs), so thatj (^„s)* ■= 1, 


the functions are normalized, and (90) and (94) become respectively 
(98) 

XI 11 

(.99) f fK{s,t)z{s)y{t)dsdt =2 jta{‘i)y{s)ds. 

0 0 ** 0 0 

The last equation is Hilbert's fundamental theorem. 

131. Bevelopment in Series of Normal Amotions. As an 

application of Hilbert's Theorem let us consider the development of an 
arbitrary function in normal functions. If x{s) is any continuous func¬ 
tion, and we put i i 

(100) f{r) t) Kir, t) xis)dsdt, 

0 0 

we have, by twice applying (81) 

1 11 1 

f=‘fj Kist)xis)dsdtJ'K(r,t)il>^ir)dr 
'0 0 0 0 

1 

- p J t„is)xis)ds 


( 101 ) 
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Let as now put in (99) y{t) ■- K{r, t), when the left-hand member 
becomes f(r), i i 

(102) f{r) i J tl>,{s)x{s)ds f ^,(s)i'(r, s)ds. 

Again by the use of (81) we have 

1 

(103) rtr)-2'^/V. 

n " y 

which is the desired development in series, 

( 104 ) 

n 

in which we find by comparison with (101) 

1 

(105) c,’^ffir)tl>,{r)dr 

0 

exactly as in the case of Fourier’s series. 

The treatment of integral equations that we have given in this 
chapter is that of Hilbert. We have given so many examples in 
Chapter UI, where the subject has been treated in an entirely different 
manner, that we shall not pursue the subject farther. 
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1 . JaooblaiiB. If we have two functions of two independent vari¬ 
ables u{x, y) and v{Xj y) with a relation between them such as t; >« ip{u) 
or ^(u, v) « 0 it is evident that for all points for which u is constant, 
V is also constant, consequently the family of curves represented by the 
equation u const, is the same as that represented by t? ~ const. 
Consequently at every point the normals to the two lines u «= const, 
and V const, have the same direction. This is expressed by the con¬ 
dition, .. 

' ^ ^ 41 


or clearing of fractions 


dv du 
dx dy 


The above determinant is called the Jacobian determinant, and its 
vanishing is the condition that the two functions u, v are not independent, 
but are connected by a functional relation. The above considerations 
may be reversed. If the Jacobian vanishes, the normals coincide at 
every point, so that the two families of curves coincide, and accordingly 
when u is constant v is constant, or there is a functional relation. 

If we have three functions of three variables u{x, y, z)y v(Xj y, z\ 
iv(Xy y, z\ between which there is a functional relation w = (p{u, v) or 
^(w, V, w) =“ 0, it is evident that when ti and v are constant w?.is also, 
that is the lines of intersection of the families of surfaces u = const., 
V =« const, at every point touch one of the surfaces w — const., or at 
every point the lines of intersection of the three surfaces u, w have 
a common direction. The three normals, being each perpendicular to 
this direction, are parallel to a plane. The condition for this is, by § 4, 
equation (15) ^ 

dx^ dy^ ~dz 

^ ^ ' =:= 0 

i dx^ dy' dz 

; dw du. dw 
i dx* dz 



APPENDIX 


Converselj; if at every point the Jacobian vanishes; the relations of the 
three surfaces will be as described; which implies a relation between 
the three functions. 

2. Double Limits. Throughout the whole subject of the calculus 
we are confronted with the notion of a limit. If we have a set of numbers 

Us • • • «n * • • 

having the property that to every positive number s no matter how 
small there can be found a number ft such that for all integers n greater 
than/t we hare |o,-^|<« 

then we say that the sequence of numbers a approaches as a limit. 
The necessary and sufficient condition for a limit is that when e is 
given we can find a number ft so large that 

I I < f s = 1, 2, 3 ... 

for all integers n > ft. For the only way that the numbers can 
approach all subsequent ones indefinitely closely is by approaching 
some constant value A. 

We may also have a limit in which the different numbers are not 
characterized by discrete integers w, but vary continuously in an interval. 
Such a limit occurs in the definition of a continuous function. Suppose 
that f{x) is a function of a variable x, then we say that the function is 
continuous in the neighborhood of a point x^ if when e is given however 
small we can find corresponding to it a number S small enough so that 

i — /'W I < « 1 a? — i < d. 

The condition for this is that for any two values x\ x' we have 

whenever \ x — Xq\<, 6 and j x" — | < 6. This evidently corresponds 

to the condition above; except that the largeness of the number fi is 
replaced by the smallness of the interval 6, In either case the essential 
idea is that the inequality applies to all values after a certain one. 

When we have to do with functions of two variables, we have often 
to pass to two limits successively, and either of them may be of either 
sort; depending on discrete numbers n or on continuous variation. For 
instance consider the function 

which depends upon the integer n and on the continuous variable x. 
We may consider the limit for n 

Hm - 1 

nx+l 
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while X remains fixed, or the limit for x —> 0 
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lim 

x ->0 


nx 

naj-r 1 


= 0 


while n remains fixed. So we may consider f{Xj y), a function of the 
two continuous variables Xy y, in the neighborhood of a point x ^ 
y Suppose first that for any fixed value of y we have 

lim f{x, y)=-(p(]f) 

X a 


and we then let y approach the value b. If (p(y) approaches a limit 
we write ^ ^ 


On the other hand we may keep x fixed and let y approach h, and then 
let X approach a. The question arises, are the two limits 

lim riim f{Xy y)1 and lim flim f{Xy y)l 

x-^a[_y*’b J y-> 6 Lx->fl J 


equal? That this is not in general true may be shown by the simplest 
examples. For instance let 


/■(a;', y) 


ax + py 
yx + 'iy’ 



lim riim/’(a;,y)1 
x ->0 l_y ->0 J 


a 

r 


and these are not equal unless ad ^ Py, 

We shall now consider a number of cases where the question of 
the possibility of interchanging the order of passing to the limit arises. 
The partial derivative of a function of two variables is defined 


df{x, y) ^ 
dx 

11 
dyd 


lim / (^ + y) — t \x» y) df ^ f(x, y + k) — f (x, y) 

h-^o *->0 ^ 


lim-J-F + - 

ydx * ’ A^o* '* U 

*-►0 " La -.0 ' * ’ A -> 0 * * ’ J 


gy 

dxdy 


A definite integral is an example of a limit. If f{x) is a functiou 
of X in the range of variation a<x<hy which we divide into a number 
of parts in any way by points a;,, ... a:,, and call d, = a:, — x^_^ and 

if when we form the sum 

1—1 

I, being any point in the interval x^_^ < I, < a;,, then if as we in¬ 
crease n, the number of subdivisions, the sum approaches a limit, it is 
the fundamental theorem of the integral calculus that the limit is in- 
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dependent of the method of subdivinon into intervals or of the points 
taken in the intervals, and the limit defines the definite ini^pnl. 

ii->ao «asl e/ 

a 

Suppose now that the function f contains a variable parameter a and 
that for all values of a in a certain range the definite integral exists 
(that is the sum converges to a limit), the integral evidently is a func¬ 
tion of a and my be differentiated according to a. Again the question 
arises whether the order of passing to the limits is indifferent, that is 
whether 

a. a 

It has been supposed that the limits of integration a and h were 
finite. If one of them is not, say 6, we have again to define the integral 
with limit of integration infinite as 

h 00 

lim ff(x) dxff(x)dx, 

a a 

which is again a double limit. On the other hand if the integrand in¬ 
stead of being finite in the whole range of integration, becomes infinite 
at a point x — x^y we must define the definite integral 

*' 6 6 
lim //'(a:)da: + lim ff{x)dx(’f{x)dx, x'<x^<x". 

a af’ a 


Finally in defining an infinite series, in which the terms are not 
constants, but functions of a variable Xy u^{x\ u^{x)y ... ... 

S,(») - «i («) + «,(«) + ••• + M.(«) • • • + «,(«), /■(«) - lim S,(af) 

n-^oo 


there arise several questions of double limits. Suppose that as x ap¬ 
proaches a certain point x^ every function u^(x) approaches a limit, is 
it then true that the function defined by the sum of the series is con¬ 
tinuous, that is, can we write 


lim /'(x) »= lim f lim 

af->ar, L«->o» 




Furthermore, can we interchange the limits involved in differentiation 
and integration with that involved in summing the series. 



S, 8] DOUBLE LIMITS. UNIFORM CONVERGENCE 399 

„ limf—4. 4. ... j. <^*»(») '] 

«-^ooL dx ~ dx ^ dx J 


b If r ^ ^ 6 ' 

Jf{x)dx —Jiim8„{x)dx = lim | lui{x)dx+Juf(x)dx H- ^Ju^(x)dx 

a a a a - 


or as we say can the series be differentiated and integrated term by 
term? 


8. Uniform Convergence. All the cases enumerated above de¬ 
pend upon the consideration of what is called uniform convergence a 
phenomenon investigated by Stokes and Seidel, and may be investigated 
by means of a theorem due to E. H. Moore and W. F. Osgood. We shall 
illustrate the matter in the case of a series of functions. The series 

»l(*) + w*(a:) + • • • + «.(«) +-'/■(*) 

converges for a certain value of x if, after assigning a number € as 
small as we please, we can find a number ^ such that, as soon as 
n> 

- l/’W-«»(*)!<* or |s„(a:)-s,+/x)|<«, 2> = 1,2,3... 

Two cases may occur. As we vary x, when x approaches a certain 
value, it may be necessary to go farther on in the series, that is to 
take a larger value of fi, in order to have the necessary degree of con¬ 
vergence, we say the series, though convergent does not converge uni¬ 
formly. On the contrary, if does not depend on the value of x in 
a certain interval, but the same value of answers, depending only 
on £, for all values of x^ we say the convergence is uniform in the 
interval. Under these circumstances we may prove the truth of the 
last three equations above. Suppose that in a certain interval each of 
the functions u^{x) is continuous, then the sum of any finite number 
of them is also continuous. But since the series converges uniformly 
for any two values x\ x" in the interval we can find a number (the 
same for both) such that 

I »•.(*') i < Y' I \<i> ”>f^- 

Also because of the continuity of s^(x) we can find d such that 
Accordingly we have 

which is the condition for continuity of f{x). 
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In like manner a series of continuous functions may be integrated 
term by term if the series converges uniformly. For since f{x) * 

+ 


ff{x)dx -Js^{x) dx ~‘Jr,{x)dx 


and since the series converges uniformly we can find for b a fixed 
number such that \ t^{x)\ < « when n > m. Accordingly 


or 


0 0 0 
\J'f{x) dx —J's^ix) dx I — |^,(x) dx \ < e Q) — a) 

a a a 

b b 

I f{x) dx^ lim / s^{x) dx. 


In the case of differentiation the matter is not so simple. For it 
may happen that the series of derivatives may not converge uniformly, 
or in fact may not converge at all. For instance the series, 

sin a; sin 3a: sin 5a: 

I ^ j ^ j 


which we have found in § 42 to represent a constant when x + on 
being differentiated term by terra gives 

cosx + cosSa: + cos5a? + •• • 

which does not converge at all, since wo do not have for all x, 

lim |w,(^)l 

♦ -►ao 

But if the series of derivatives converges uniformly it represents the 
derivative of the original series. For if 

f{x) - u^{x) + Ut{x) + 

and if the series of derivatives is 

<p(x) - u[(x) -i- u^{x) + ■•■ 

and since 9 ? (a:) is uniformly convergent, it may be integrated term by 
term, giving 

X 

ffp{x)dx — u,(x) — Mi(a) 4 - u,(x) — M,(a) H-- f(x) — f(a) 

a 

on differentiation of which we obtain, 

v-c*) - rw- 
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The theorem for differentiation of a definite integral according to 
a parameter may be stated by saying that if dfida is a continuous 
function of both x and a the differentiation under the integral sign may 
be performed. 


4. Delliiite Integrals. The evaluation of various definite inte¬ 
grals will illustrate some of these principles. The integral 


ao 


s 


sin&x 


which is one of those known by the name of Dirichlet, has been shown 
in § 42 to be convergent. Since changing the sign of h changes the 
sign of the integrand, it is evident that it changes the sign of the 
integral. Also the integral vanishes for 6 = 0. But otherwise it is 
evident by introducing the factor b into numerator and denominator 
and writing bx = x\ 


f 


sin bxd{bx) 


bx 



that the integral does not depend on 6, but is constant. Considered as 
a function of 6, it has a discontinuity at 6 = 0. 

Consider the integral 


30 30 



It will still be convergent if we put for a a complex number, 


oe 

/' 




ib 


o + i6 0*4-^*^ 


a > 0. 


Separating the real and imaginary parts we obtain the two integrals, 


30 « 

fe-“^cosbxdx ^Je-’‘*smbxdx 
0 0 

In the first of these let us now integrate again with respect to 6. 
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and putting a 0 we obtain the desired result, 


l>0. 

0 

The integral «» 

l,~fe-^dx, 

0 


which occurs in many parts of mathematical physics, including the 
Theory of Probability, is known by the name of Laplace. It represents 
the area of the so-called prohability-curve y — Inasmuch as the 
indefinite integral is not to be found except by a development in series, 
we are led to employ an artifice for the definite integral. Since the 
variable of integration is of no importance, let us write again 

ao ee 

/j — 

0 0 

and multiplying together 

OO 00 OP 00 

=fe-'^dxfe-^dy ^ffe-^^'^^^dxdy. 

0 0 0 0 


We are permitted to introduce under the sign of integration, since 
X and y are to be considered as independent variables. If we now con 
sider them as coordinates on the floor, and z a vertical coordinate, the 
double integral will represent the volume of a solid of revolution 
bounded by the surface z == We may find this by introducing 

polar coordinates, when the element of area on the floor will be 
rdrdO. 

There may be some scruple in doing this since the double-integral 
is the limit 


Urn I 


which represent the volume over square with side p. We easily see 
that this volume is greater than that of the figure of revolution over 
the circle of radius p, and less than that over the circle of radius 
py^- Accordingly if the integral, 


/r 



rdrdO 
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approaches limit for p — oo we shall have 
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S 00 


II •=^J*fr'*rdrd6. 


0 0 


The integration according to 6 merely multipliee by ir/2, while in the 
integral ^ 


on account of the factor r the integrand is an exact diflTerential, and 
we obtain the indefinite integral 




Passing to the limit we have 

p 

11 ** Ylim ^^-^''rdr == y lim (1 — = — 

0 

BO that we have the desired result, 


00 

0 

In the above integral let us change the variable so that x ^Yccy. 
Then «e 

0 

so that we obtain the integral with the parameter 

00 

0 

If we differentiate this integral n times with respect to the para¬ 
meter a we obtain 



( 2 n -- 1 ) 
2 


2 » + 1 
a r~. 


The factor (— 1) appears the same number of times on both sides, 
so that 






l-i/ar l-3 5---(8w —1) 
2 r a 2" a" 


11 ( 2 n)! 1 

2 r “a n f ’ 
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From this integral we may construct 


* * ~ 
f 5““*'cos/3xdx = f ^ ^ - 

•o' V ^ 

_ V t/J’)" r.-.^rt-dx - V(- /»V 1 -l/V (2«)! 1 

^ {2n)i ^ ^ iSn)! aKa «! '‘(4a)'‘ 

n — 0 0 0 


Consider the integral 


j e ^ ^ Ux 


which reduces to Laplace’s when a =* 0. We may diflferentiate with re¬ 
spect to a 

la~ V*‘ 


and if we change the variable by patting 

^ « .ir. __ 


a; = —, dx 

y 


this becomes 


2 j dy^ - 21. 


This is a differential equation for I, integrating which we get 
Putting a * 0 we determine the constant as |/jr/2 so that we have finally 

If in this result we introduce for a a complex number 


2o = (1 + t)a,' 


we have 




dx •- e-“ e~'‘ 
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which separates into the two real integrals 


GD 

/«- 

0 

00 


a* j y n 

COS dx = COB a 


a* , y n . 

Sin — dx sin a. 


In the integral 


/ ad(f 
a* -j- cos“ qp ' 


let us in the denominator multiply by cos* (p + sin* tp I and then 
divide numerator and denominator by cos* (p, giving 

Tt 

j _ / «eec‘qprfqp 

J a* 4" “h tan* (p 
u 

Let us now change the variable by putting 

y = tan w rfw *= - sec^ (pdw 


when we obtain 


+ b-J 


* dy ^ n 


It is evident that if we extend the limits of integration as far as n the 
same values of the integrand appear again so that the integral is doubled, or 

n 

/ * ndtf> n 

a*+6* cos* 9 Ya* 

u 

We have obtained in § 46, (132) for the Bessel function J(x) the 
integral, 

J(bx) — f COB (bx cos (o)d(i>, 

0 0 

(the field of integration is there from — 3t to ;r, doubling the value 
and the imaginary part vanishing). If we multiply this by and 
integrate with respect to x, 

«o oo n 

J’e~'**J{bx)dx ■^J'e~‘‘^dx Jcos{bxcoa a)da, 
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we may change the order of integration, 



J(hx) dx — 



cos {bx cos (o)dx. 


But the integral with respect to x has been found above, if we put 
h cos o instead of h. Accordingly 


ao n 


adto 

C08*(0 


y a'^ 6 * 


It may be shown that the integral remains convergent if for a we 
put iUf if a is real and positive. Thus we have 

ao 

J ^ Vb'-a* 

0 

If 6* > a*, this is real, so that, separating the integral into its real and 
imaginary parts. 


oe 00 

J COS ax J(bx)dx^ ^ axJ(bx)dx =*0, &* > a* 


On the other hand if 6* < a*, the square root is imaginary, i Ya^ — 6* 
and we have. 


/■ 


cos axJ{bx)dx — 0, 


00 

J *sin a 


xJ{bx)dx 


l/a* —6* 

These results have been otherwise found elsewhere. 


¥<a^. 


5. The Complex Yorlable. All real numbers, positive and nega¬ 
tive integral, fractional, and irrational, can be represented by points on 
a single line, whose distance from a fixed origin represents the number. 

For the numbers a]/— 1, called imaginary, there is no place in 
this representation, hence we must find a new one. The number 
jP — a + 6i* where i* =« — 1, and a and b are real, may take on a doubly 
infinite system of values, for a and b may each take on an infinite set 
of values. It is therefore natural to represent these values by points 
on a plane, and we choose a point whose abscissa is a, and whose 
ordinate is b. This point wiU represent the complex number a + &• 
which may lie anywWe in the plane, and all the points of the plane 
correspond to all possible complex numbers. 
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If for the number z ^ x + yi^ represented by a point with co¬ 
ordinates x, y, we put in the polar coordinates 

X cos <jp, y = r sin qp 


we get 


z ^ r(cos (p + i sin (p) — 


hy replacing the functions of (p by their developments in series. The 
radius r is called the modulus, written j r j = \/x^ + y* and (p the argu¬ 
ment of z. The sum of two complex quantities p = aj + ib^ and 
9 — a, 4- p = + ?(fe, + A,) 

is represented by the diagonal of the parallelogram whose sides are 
equal to the moduli of p and q and make angles with the x-axis equal 
to the arguments of p and q. Hence 


\P 


£\p 


It is easily shown that the modulus of a product py is equal to the 
product of the moduli, and that the argument of the product is the 
sum of the arguments for if 

p = aj -f iii == rj(cos (p^ + i sin (p^) « 
y aj + ?’&g« r2(cos 9g + i sin y?g) 

then pq = /*2 (+ 9 ^ 2 )) * 

Real quantities have the argument q> = 0, pui e imaginaries (p = ni2. 

A complex number cannot vanish unless both its real and imaginary 
points vanish, i. e., both of its coordinates vanish, and its modulus must 
vanish, its argument being arbitrary. A complex number is infinite 
when its modulus is infinite, irrespective of the argument. All infinite 
points are considered the same. 

While a real variable may vary only by motion forward and back 
along a straight line, a complex variable may vary by its representative 
point describing any path whatever in the plane. 

A function of a complex variable z == x + iy, if given as an ana¬ 
lytic expression containing will be a certain function of the two vari¬ 
ables X and y, and will contain a real part, which we wiU call u{Xyy) 
and an imaginary part iv{Xytj) where %i and v are real functions of the 
two real variables a:,y. Hence the study of functions of an imaginary 
variable maybe made to depend on the study of function of two real 
tanables. ^ ^ 

The representation of function and variable by means of abscissa and 
ordinate is not here applicable, for both variable and function have a 
doubly infinite variability. 
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We may not even represent the function by the length of a per¬ 
pendicular to the plane of the complex variable, for while this would 
allow the variable all possible variation, the perpendicular could not at 
the same time represent the real and imaginary parts of the function. 
If, however, we should mark off two lengths on the same perpendicular, 
one equal to the real part u, and the other to v the coefficient of i in 
the imaginary part, these two parts would represent the value of the 
function, and as the variable moved, these points would describe two 
surfaces, which would completely represent the function 

The function may be otherwise represented by means of another 
plane in which u and v represent coordinates of a point representing 
the function. To every point x, y will then be associated a point m, v 
in the other plane. As the point t, y moves, so will the point ze, r. 
As the point x, !/, representing z, describes any curve, u, v, representing 
f[z) describes another curve, if f{z) is continuous, otherwise, the point 
may jump from one point to another. 

The definition of continuity is then that two points on the function 
curve may be brought as near together as we please by taking the 
corresponding points on the variable curve sufficiently near. Or a func¬ 
tion is continuous in a region of the z plane containing if given a 
positive quantity £, as small as we please, we can find a corresponding 
8 so that 


1 f{z) - f(z^) I < e 


whenever | ^ — jSq | < d. Such a region may be called the neighborhood 
of the point z^. By the representation by means of curves it is of im¬ 
portance to inquire whether, if the curve of z starting from a point z 
describing an arbitrary path, returns to it, the curve of f{z) returns to 
the point it started from. If so, the function f{z) within the region 
where this property holds, is said to be uniform, or singly-valued, for 
to every value z corresponds one value f{z), A uniform function which 
is also finite and continuous, within a region, is said to be holomorphic. 
Let us examine the relation between an infinitely small change in z 
and the corresponding change in f{z). The change dz has the modulus 

\dz\^ ydx^ + d^ and the argument o « tan - ^ ~ * The change 

df{z) «= d{u + iv) — du + idv 

has the modulus | df{z) ] —V du^ -f- dv* and the argument 6 = tan~^ ^ 
now 2 

df^du + idv - f-i + 3 ^ dy + »{|| + Ip 
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df -f- idv 

dz dx-\- idy 


^ ) I -I 


ov 

dx 


dx + idy 



du dv /du . dv\ dy 
dx '^^dx' ^ \dy ^ dy) dx 


■+•11 


is in general dependent on dy/dx, that is on the direction in which we 
leave the point z. The value of the derivative will then not be deter¬ 
mined for the point z irrespective of the direction of leaving it unless 
the numerator is a multiple of the denominator so that the expression 
containing dy dx divides out. For this to be true we must have. 



that is, 


. du . . dv 

dx cx^ dy^ ^ dy 

du _ dv dv du 

dx~^ dy ^ dx^ dy 


In this case the function f has a definite derivative, and it is only where 
ii{Xf y) and v(Xf y) satisfy these conditions that u + iv is said to be an 
analytic function of z. 

As examples of uniform functions of z are any power of Zj z"^ where 
n is a real integer, a sum of multiples of such powers, or an infinite 
series of such powers, if convergent. 

Since the modulus of a product is the product of the moduli, and 
the argument of the product is the sum of the arguments, the argument 
of the nth power is n times the argument. If the modulus is 1 , all 
powers lie on the circumference of a circle of radius unity. 

Since . . v 

z ^ X + ly r (cos 9 ) + t sin g)) = 


increasing the argument by 2 ;r does not change the value of Zy and we 


may write 




{Ic is an integer)y hence 


J JL + 

gn 3-a n 


■i"”(f+^f‘)+*>»i:-+^*)l 


and besides a point with argument (pjn we have other points with argu¬ 
ments exceeding this by 2;r/n, 2(25r/n), 3(2n/2) ... (n — 1) (2;r/n). 

There are then n distinct values of the n th root of a quantity, all having 

X 

the same modulus r”. 
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Accordingly, as g describes any curve, has n different repre¬ 
sentative points, each one describing a curve. These curves are all alike, 
if turned about the origin. 

If z describes a closed path, in general, each branch z^ describes 
a closed path, but if z describes a closed path about the origin, its 

argument increases by while the argument of z^ increases only by 
2jr;n, hence the function is not represented by a closed curve. This is 
the simplest case of a non>uniform function. As for j? 0 all the 

branches of z^ unite at 0, which is called a branch-point or critical 

point of the function z*. 

Similarly a is a critical point for (ir — a)». Since 


log z log r + + 21cni 


the logarithm of z has an unlimited number of values differing by ini. 
As z encircles the origin log z increases by 2jti, so that the origin is 
a critical point. 

If f(z) is singly valued, but for certain points becomes infinite, as 
l/(js — a) having everywhere else a definite value, and becoming infinite 
in such a manner that l/f{z) remains finite tor z ^ a, the point a is 
said to be a pole of f{z)f and f{a) is said to be a merpmorphic or frac¬ 


tional function. A remaining kind of point is furnished by the function a' 

for z ^ 0. If j? is real approaches -f cx) if iP approaches 0 from the 
right, but approaches 0 when z approaches 0 from the left. Hence the 
value of the function for a «= 0 is not uniquely determined. It may be 
shown that it may take any value a -f- i/J, 

for let , 

« + + 


then 


X 1 


must equal 




X -f iy 


p + iq 


X = 


J_ 


But a + ip is unchanged if we replace ? by g -f- 2kit^ hence the con¬ 
dition is satisfied by 

P — 
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By taldng h great enough, both x and y and hence | z | may be made 

as smaU as we please, hence for s >- 0, e* may be made to approach 
any ralue u 1- ifi. Such a point is called easentiaUy singular. 

S 

An integral of a function of a complex variable J’f{z)dz is de- 

»a 

fined if on any path representing the successive values of z varying 
from z^ to z we take n points z^, z^^ ... z^ and form the sum 

«sb1 


and take the limit that the sum approaches as the number of points 
increases indefinitely. This definition may be shown to be if f{z) == u + tv 
equivalent to 


^f[z)dz ^y(u + iv){dx + idy) J*{udx — vdy) -4- i j^{vdx-\-udy). 


The integral evidently depends, in general, upon the nature of the path 
from Zq to z. In certain cases it does not, however. We have already 
examined the case where an integral involving two real functions F{x,y) 

and Q{Xy y)yj*(Pdx + Qdy) is independent of the path, and found the 
condition to be 

dy^dx^ 


and applying this to 


J[udx — vdy) 


we find 
and to 
we find 


du dv 

dy ** dx 

J*{vdx + udy) 

dv ^ du 
dy dx 


These two conditions are however satisfied by every analytic function 
of z. It is further necessary, as will be seen by referring to the de¬ 
monstration of the theorem on integrals, that between the two paths 
considered both u and v shall be always finite and continuous. 

Hence we may state that if in any region f{z) is a holomorphic 

s 

function of ZfJ"f(t)dt will be the same for aU paths z^z lying in the 

A© , 

region, or the int^pal of % holomorphic function around any closed 
curve lying entirely in the region of holomorphism, and not surrounding 
any singular point, is zero. Consider f{z) — s" which is (for n integral) 
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holomorphic if n > 0 but meromorpbic if xr < 0. Consider z^d 0 around 

any closed path about The integral about any closed path C 

j> embracing the pole is evidently equal to the integral 
about any other also embracing it. For consider the 
integral from P around C, then along a line from 
point P' infinitely near P to a point on G\ Q\ then 
around C in the reverse direction to infinitely near 
to and then back to P along a path infinitely near 
toP'C'. (Fig. 97.) 

The region enclosed by the above closed path 
(shaded) is one in all of which the function is holomorphic, hence 
the integral is 0, i. e., 

Q! P 

c p' c' q 

where / means the integral around C in the direction opposite to the 
clockhands. But / and / are evidently equal and opposite, hence 

P' Q 

/-/ 


Consider, therefore, for C' a circle about the origin, with radius p on which 
z = dz =« Qe**^id(pf since p is constant. 

tpssin 

yg^de = 

C 9=0 

in in in 

j* g(n + i)/9^^ ^ 1 ) 9^9 + i/sin (« + Vjtpdff 

0 0 0 

(w+ 1)9 in ; 

which vanishes for n a positive or negative integer, except w =« — 1. 

If n — — 1 we have 


wn 

J *^ J *" 2«i 


irrespective of the value of q, which may he taken as small as we please. 

B 

No./^ is defined as log g, hence we see again that log g increases 
by 2»» every time g revolves around the origin. 
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The integral ^ f— ' a mMiQer patting t — a — pc’’’, 

to be equal to 23ti. 

Tf 


/■(«)■ 


_I I , 

' <9: _/l^n ~ 1 • ' 


^-l 


{z — a)»* ‘ {z — ay 


a)+-4|(^—a)*4** 




a meromorphic function, the integral J f{si)dz around a closed curve 
embracing a is a sum of integrals of the form {z — ayds all of 
which, by the above, are zero except =* 2niA_i. 

Hence for a meromorphic function, the integral J f{z)dz around 
its pole, is equal to 27ciA_^ where is the coefficient of {z — a)~^ 
in the development. This coefficient is called the residue of the func- 
tion for the pole a. 

If f{z) be a holomorphic function in a certain region, this integral 
^ closed path in that region embracing a is equivalent 
to that around a circle c' 

f -L 

Now I f{z) — A®) j < « where e is as small as we please, if we take the 
radius of the circle small enough, for f{z) is continuous. Hence 

and in the limit p — 0 j “ 2nif{a) 


fia) 


j_ r f{i)dz 
IniJ z — a 


This is Cauchy’s fundamental theorem. We may apply this formula to 
our linear differential equation 


^ r a I 


a^y « 0 . 


Representing the n roots of the characteristic equation by points in the 
plane of z. 

The integral around 

1 rCit^^dz ^ 
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If now we take the integral around all the points s,, it is evidently the 
sum of those around each and 


C,e-+ C..V... 0..^. _ 


— r 


m 

F(g) 


e'dz 


where ¥{£) — (« — Sj) {z — s^ — sJ and P(z) is an arhilrary 

polynomial of degree less than n. 

By the theorem of the residue the above integral taken around a 

pfz) 

pole is the residue of the function for that pole, and taken around 

severalpoles, is equal to the sum of the residues for those poles. But 
the roots of F{z) « 0 are poles for 

Let these roots be ... and their multiplicity ... Then 

m __?i_ 

F{z) (z — {z — 

j_ ^ _I-_ft_I- 

(z — (z — ^^t) 


the tt's and p's being arbitrary constants. Also 

+ (iT — Sf^)t + - Y • • -J- 

Multiplying together, the terms involving y have the coefficient, 

P(z) * 

which is the residue of c*' for z ^ 

r {z) 

e**{yi + y,< + y,<* • • • 


being an arbitrary polynomial in t of degree (fi* — 1). It has been 
shown that is a solution of the differential equation, when is a 
root of F($) «= 0, hence we see that 


1 

23Kt 


/ 


P(Z) 

F(z) 


e“dz 


is a solution, anu the above analysis has the advantage of giving the 
solution when there are equal roots. 

The method of Cauchy may be applied to the equation with second 
member 
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_L 

IniJ 






F(z) 2 3 

If we can determine the function | (e) and the line of integration so that 




ie>‘dz - T(f) 

the above expression for j will be an integral of dif. 29. This maj be 
done if T = P(i)^‘ where P is a polynomial in t, say 


Put 


P: 
1 = 


“o + + “s^*-1- 

fe _L ft 


+ 


z — X (« — !)• (z— 

and integrate ai'ound a small circle about the pole L 

The integral will be equal to the residue for the polo k of 


i.e. + + 

which is equal to T if 


2 ! 


•]c^' 


/3o“«o 

The corresponding solution 




\nij F{Z) 


= »»! 


dt 


is the residue of with respect to the pole z — k. A is a polo of 

order m for £ and if A is also a root of F{z) of order ft. A is a pole 
of order m + fi for the function considered and the residue will be 
tinaes a polynomial in t of deg. m + fi. 

In fact developing in r — A 


1 

F(r) 




(* - if -r- • • • (^ l! 1) + ‘'^0 + - -i) 


resp. — c^‘ (Polynomial of degree m + ft). 

As the terms of degree less than n multiplied by e**' give a solution of 
the dif. eq. without second member if ^ is ft’ple root of F{s) = 0 
they may be omitted. Hence we see that when T = P(t)^* a particular 
solution is where ^ is a polynomial of same degree as P and 

(L is the order of the root k of F{a) == 0. 
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This method may be extended to the general case when T is an 
integral function of of exponentials and of sines and cosines 
sin ytf cos yt,. . for it may be pvt in the form T'+ T" of form 
To everyone of these terms may be found a particular solution, and the 
sum is the required. 

The coefficients may be found as above, or by the method of 
undetermined coefficients. 

Exam^el. 

+• n^x «= cos mt 
we have found by undet. coef. 

X « —i—-cos mt if »n + n. 

w*— tn 

If »» — n • 

COB nt —-- 

F(s) = «» + «* 

Sj == in s, -= — in 

first consider __i 

'‘i — 2 * 

P = T A = in 

and is a single root of F{s) fi =» 1 

en) 

Jl_ ^_1_ 

F{z) ^ {z — in) (z + in) 

” 7^ {(2 jn)-‘ - (2in)-*(e-in) + (2»n)-»(^ - tn)»...} 

g»< _ ^ (^g — in)t + (s — »■»)*<*...] 


residue 


r * 

’ 1 

F(z) ^ 

Liiw 

8(2»w)*J 

hence for k »> in 

y = e'»<j 

- t 
^4 in 


and for X — in 

y — 

J_ + _L1 

4»n ' 8n’J 


are particular solutions, adding we get 

y — j sin cos nt 
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the last term is a particular sol. of dif. eq. without second member. 
The general solution is then 

y *= Cj COB nt + c, sm nt H-^— 

St? + ^+”*y “ ® 

F(s) = s*+itsH-n* 

*1 =■ Y + »'V'4n*-i*) 
s, — Y (- A - «y4«* —A*) 

a cos 

neither nor — mit is a root of F{8) hence the P's are of deg. 0. 
Let us put 

y ^ A cos mt + B sin mt 
^ = m [— .4 sin mt + B cos mt] 
df*i/ 

^ YA cos mt + B sin mt] . 

Then — cos mt + B sin mt] + fcw [— -4 sin + JB cos mt] 
+ n* [.4 cos mt -^B sin mt] =» a cos mt 

V / ' n*~in* 

(n* — w*) B — km A = 0 il ^n* — w* + = a 

. n*—m* 

^ “ *•!»» + (»• —my “ 

P __ 

* (w* — ia*)* ^ 

y « c * |Ci cos ^ 2 ^ + c, Bin ^^ | 

+ t«m«+ ' S»-mr * ■ 

The last term » D cos (w^ — a) 

. 4 » -Tk a(n*--m*) 


D sin a 




. A.F« 


+ (n* — m*)* 
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We shall need for the following the following theorems from the theory 
of functions. 

We have seen that if f{d) is holomorphic in a certain region 
enclosing a . x 


s) is 

holomorphi 

1 

dz 



1 

f dz 

2ni^ 

f {z- o)* 

nl 

f m , 


f {z — aY^^ ^ 


The integrals being taken around any contour about a. If the contour 
be a circle of radius r 

I if — a I — r 1 (^ — a)*"*"* | =* 
and if M be the greatest yalue of | | on the circumference 

I f'ia) 1 £ -pr- 

= -L f£^ 

put 1 _ 1 ^ Jl 4 . ^ A. 4 . ^ * -i _ 

f(a\ „ JL CMII a. JL CMii _^ fmdt 

2niJ z 2niJ z* ' 2niJ 




1 ^ ^3 


1 

2mJ z — a\z / 

which is a series in powers of a with the remainder 

If the contour is a circle of radius r about the origin and M is the 
maximum of { f{z) | on the circumference, call p — i a | 

lim I I — 0 if p < r. 

nasw 

Hence if a is within the circle of radius r, f{a) is developable in a con> 
vergent series, the coefficients being for {js — a)" 

f mdz ^ rno) 

2 niJ {z — ** n! 

SO that the series is Maclaurin’s. In like manner putting a for 0 
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80 that a function which is holomorphic within a certain region can be 
developed in a series of ascending powers of js; — a in a circle reaching 
to the nearest point where the function ceases to be holomorphic. This 
circle is called the circle of convergence. Such a series is often re¬ 
presented by P{z — a). 

(Remarks on prolongation of functions). An important property 
of linear differential equations 


dt^ 






is that the singular points of their integrals are known. 

As an equation of the n'ih order has in its general solution n 
arbitrary constants, we may give for a given value arbitrary values 
to u and its m — 1 first derivatives 




du 

dt 


= K 




The question arises, whether the singular points of the integrals depend 
upon the arbitrary constants %ul.. . For instance, the diff. eq. 


du . 


has the integral 


«0-<S 




The function u is two*valued, and has the two branch-points 

These are variable with the choice of Mq. 

Consider on the other hand the linear equation 

dt t* 

^JL 

V. ct * which ceases to be holomorphic only for < 0 in¬ 
dependent of the value of the arbitrary constant. ^ 0 is however a 

singular point of the coefficient of w, —We shall find this to be 

a property of all linear equations, their only singular points are those 
of the coefficients. 

Suppose we write the equation 

d^u „ 
dF '' 


‘PidpT- 


+ ---+Pn 


If we know that the integral u is holomorphic in anj region, we 
may obtain the coefficients of the development, which are 


/du\ 1 /d*u\ 
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in terms of the first n, which are arbitrary, viz. 


d'* + ^ n 


=“ Pi %ir + (p’x + Pt) -T + (Pt -hPi) • ■ ■ 




+ (2p;+jp*) 


dt^ ‘ ‘ * 


If then, all the functions p are holomorphic, necessitating their derivatives 
being so, all the coefficients will be finite. It remains to show that the 
development will be convergent in a circle reaching to the nearest 
singular point of any of the coefficients p. 

For this purpose let us compare the dif. eq. with the following 


d” IV 

de 


M 



r 


d^-\w 


M 



r 


where r is the distance from ^^-to the nearest of the singular points of 
PiPi' • Pn greatest value of any of their moduli. If we 

choose the values of greater than the corresponding 

values of t(, u\ . ., it can he shown that, for t = the moduli of the 

successive derivatives of w are greater than those of m, i. e., the coef¬ 
ficients of the development of tv have moduli greater than those of 
hence if the series for w converges in a certain circle, that for u 
certainly does. 

Put «= z then to the circle with radius r in the t plane corre¬ 
sponds one of radius 1 in .er-plane, and the equation for w is 


(1 -^) 


rf-if 

ds" 


= Mr 


d” ' «7 

dz^~^ 


+ Mr- 


d^~^w 


• • • Mr'^w. 


This gives positive values for if the values of w and ... 

have been taken positive. 

Let w? *= ^ H— * + ... 

of which aj... are arbitrary, and all the a's are positive. Inserting 
in the equation, and making equal the coefficients of 

(n +p)(w +1) - 1) • • • (p -t-1)0,+^ - (n +p -1)(» +P-2)--- 
(P + l)P%+p-i) = (« +P - 1) • • • (p + 1) 

+ (n + p - 2) • • • (p + + ■■■ 

or («-|-p)(»»+P-l)---(^+ !)«„+, 

=. (Mr + p) (n + p - 1) • • • (p + • 

The coefficients increase, for 

^ Mr+p __ 

«»+P-i »+P (« + P)(« + P— 
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all the terms beginning with the second are positive, now M being 

merely an upper limit, can be taken sothat Jlfr>n hence 

In spite of this increase of the coefficients, the series is convergent. 

For contains a finite number of terms, n. The limit of this 

ratio as p increases, is hence the sum of the limits of the terms. Now 
Liin — -.. rh .£ =1 and of the other terms the limits are 0, since 

<;^ I ^ 

1 

Hence Lim —1. 

p = ac 

In the series for w?, the limit of the ratio of one term to the preceding is 
Lim I p ^ j ^ j 1 

p ss 90 1 + p — I 

hence the series for w is convergent when | ^ ! < 1 or when 1 ^ 
hence the series for y is convergent in the same circle. Hence the inte¬ 
gral y has no singular points except those of the coefficients p. 

Hence it is important to study the form of the integials in the 
neighbourhood of a singular point. Suppose . . . y,^ are a fundamental 
system of integrals. If we make the variable t describe a circuit about 
a singular point a, when t has returned to its original value the func¬ 
tions yi . . . will have, in general taken on new values . . . Y^. 
If . . . y^ form a fundamental system, evidently Y^Y^ • • - iJti'ist, 
for if they did not, there would be a linear relation between them, and 
making t turn about the singular point in the reverse direction, we 
should return with the linear relation still holding to y^ ... y^ which 
would hence not be a fundamental system. 

Since yi - • • y^ are a fundamental system, Y^ ... Y^ must be linearly 
expressible in them, with const, coefficients. 

^2 = «2iyi + 

r, =• a„iyi + 0,21/2 • • • o,ny, • 

The simplest singularity that a function can have is that when the 
variable turns once about the singular point the function is multiplied 
by a constant, e. g. ^ 

and after a tarn, <p has become (p + 2n 
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If A is an integer — 1 and the function {x — a)^ is singly valued, 
othenvise every turn multiplies it by 
Any integral of our equation 

becomes after the turn about a 

U^A,Y, + A,Y, A,Y, 

is it possible to find an integral u such that the turn multiplies it by a 
consent < 0 . If so mu 

+ + «My» • • • 

^«(<*«iyi+®«»y»--»„*y,') 

““(^yi+^ys + ’-'^yJ 

that is a linear homogeneous relation between ... y^, but this is im< 
possible, by hypothesis, hence every coefficient of ay must vanish. 

A(On - ®) + =“ 0 

•4, a^f + Af (a,, — oj) + = 0 

+ 

These linear equations in A's can not be true for other than 0 values unless 
the characteristic equation 

I a^-Gj, o,, • • • • a,i -0 

I ^11 > ®82 • * ‘ ^n» 


I ®ln > * ’ ^nn ® i 

i. e., w mast be a root of the above equation of the nth degree. 

Let the roots be cdjCo, ... a^. Inserting any one of them in the above 
equations in A's, we may determine the A’s and get a u. We have the 
n sets of A's, and hence n u'a such that 

Ui — Oi«i 

C/',— (OfU, 

Furthermore these w's form a fundamental system, for if the^ did 
not, we should have 

c*«i • • • - 0 
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turning once about the singular point 

+ C|a},U, • • • C^CD„U„ — 0 
again • • • 

more times 0- 

These equations in c cannot admit other than 0 values unless 


w, 



w\ 


< 


toJ“* 



which cannot be the case unless two ms are equal. This property of 
the u's enables us to give their form in the case of no equal roots. The 
function (u — a/* as we have seen after a turn becomes multiplied by 
. Uj is multiplied by oji, hence if 

W, - i. e. rj - gU log Oi 

the quotient is unchanged, and is hence a uniform function <Pi(u) 

“i=(«-<*)’■• vi(«) 

in like manner «,— (« — 

The functions 9^1 • • • developable in positive and negative powers 

of w — a, and may have a for a pole or essentially singular point. 
Suppose that instead of the fundamental system Vi* • begun 

with another so that instead of 

Yk - 

we had F* - 

hnt we maj express the v's in y's 
» - ^uVi + 


after a tam 
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and snbstitate the Taluea of in v, and of those in y's 

in y's and we get , -, . , . 

+'^tyi • • • 

+ hti^xVi + <^«y» • • • 


• • • ‘^,.y«) 

“ ‘^i(«iiyi + «i»y» • • • «i«y«) 

+ <^*»(«iiyi • • ' -"s-yn) 

the coefficient of 

hl^lp + H- hn^np 

+ ^ki^2p * * • ^kn^np *“ ^kp 


The characteristic equation from the ys 


F(®)- 

«U-® 

On 



«» 

a22 — OJ • 



«1, • 

. . . . 

«.«-® 


and from v's 




0 6,j 



K 

8 

1 

■K, 


K 


K,-o> 


multiplying these both by 


du 

^12 

d.. 

dn 

^82 

• • 

dn 

, 

dn„ 


(multiplying by horizontal rows) 


F{<o)\d\ = 


Cll 


^12 ■ 

* * « “ 


^21 

- ‘^11®, 

. 

* 



(by columns) 

(?((n)|dl 


Cjl 05; Cj2 05; ■ • • 

^8105 ; ^22 


also of Y's 


Now I I is not 0, hence -F(oj) « 6?( 05 ) or the characteristic equation 
is independent of the fundamental system chosen^ and is an invariant 
of the differential equation. 
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In case we have equal roots in the characteristic equation F{co) == 0 
the m’s do not form a fundamental system. In this case take for a 
fundamental system and all the i/s except 1. This can be done, for 


Ui = 

An 

0 

0 


and let 


‘12 


1 

0 


0 

1 


■^1 w 
0 0 

0 0 




‘ COjUj 

^21 Wj + finVi + 

^31^1 ^32^2 


+ 0 




^n\ 

the characteristic equation is 

(^7 /^21 /^31 

0 /J 22 “ ^ ^Srt 

^ /^23 i^33 ~ ^ 

0 


iKl 

fin2 


= (^1 - 


==0. 


^ Psi 

! As /533 — CD 

Now this has the same roots as the former char. eq. hence cDj is a root of 

A 2 ” A 2 

Hence we may find quantities B^.,, such that 

(/3„ - + /3„2?3 • • • = 0 

^SS (/^S3 *^l) ■ ■ ■ ^ni ~ ^ 


Hence if we put 

Mj “ Bgi/f + Bgtfg • • • 

U, = B,Y, + B,Y, ■ ■ ■ 

= + ^sVi * • • + -®3(/*Sl“l + PsiVi • ■ ■ ^inVn) -f- 

- + /J„B, • • • + a^iB^y, + B^y^ ■ • • B„y„) 

= 0I„Mi + OJitt,. 
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By repeating the reasoning we may get if Oj is a A — fold root 

TJx *• OiUj 

— CDjjUi + OiM, 

Pi “ 


Pi — * • ‘ <^2^2* 

If there are various roots of multiplicity we form for 

each a group of A integrals all of which together form a fundamental 
system. 

Consider now a A fold root there will be A integrals 
of which «J = (a: - a)'^ qp,, (®) 

where 


n-^.loge,. 

The second «, is such that = (Duitj + OiWs so that 

= ^ 4. 

Di a>, M, 

that is the function — has the singularitj of being increased by a con- 
stant when n revolves about the singular point a, like a logarithm, hence 

!li _ log (x - a) 


is unchanged, or is a uniform function in the neighborhood of a » f{x) 


"1 


s;fclog(*-«) + /'(^) 


But 

hence 


**» ■“ 2^ “1 («-«) + . 

ttj — (® — o)’’«qp,i(ar) 

«i(« - 


is uniform, « 921 ^ 

«!-(*- "X* { 9n (») + 9>m(*) log (*-<*)} 

9,1 and <p„ are uniform, and <p„ differs only by a constant from qpjj. The 
third function u, is such that 

-= aj„Ui -I- a„u, + ©lUj 
+ f?i! i?* + S. 

Ut o», ^ u. 


Sl 

ITi 


««t .. «»«i 

Sxtoii 


log (ar — a) -f- f(x) 


09, 


29rt09} 


log (z 


«) + ■ 5 ^ + 



inserting 
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«] 

hence — acts in the region of a like 
W’^k [log (af — a)]* + ^{x) log {x — a) 

IF — i[log (a: — o) + ^(>(a!){log (* — o) + 2 *»} 

“ ^ {log(aj- o) }*+43t*i log («—a)—4x*k-hi>(x) log (a:—o)+2xi^(x) 

— tc + 4«»1: log (x —a) + 2«tp(x) — 4»*Ji: 

hence 

— k (log (X — a))* + i//(x) log ^a: — o) is uniform 

M, — (a; — o)''« { 9 ),i + 9 >„ log (x — a) + <p„ log* (« — a) ) 

«a “ (* — “X’ i 9n + 9xt log (* — o) + fpis log* (® — o) • • • log^" *)• 

All the functions tp may be expressed as linear fanctions of 
9ll9fl • • • 9^21' 

It is important to consider what differential equation have integrals 
having the property that their products by {x — a)^ where X is some 
finite number (0^ pos. or neg.) remain finite for Such integrals 

are known as regtda/t. 

Since (a? — a)^{log (a; — a))^ is 0 for a: —a for all positive jp’s 
and q% the preceding condition is equivalent to saying that the develop¬ 
ment of any function contains only a finite number of terms with 
negative powers of (x — a). If r be the highest negative power we mav 
take it out as a factor, and haye 

jP —(a? + log (a: — a) + 9 ?, log* (a? — a) log^ (a; — a)] 

where the 9,8 are all hoUmorphic. In this case F{x — a)”*" becomes 
infinite only like a function 

Z a + /J log (a; — a) + y [log (a? -- a)]'* • • • 

where a, /), y ... are all const. In such a case F is said to belong to 
the exponent r. 

It is evident that a regular expression F has a regular derivative 
^ — oX-M9>o + 9>1 log (« - a) + • • • + (log(« — a))*} 

+ (« - a/ly' + g>[ log (a: - o) • • • g>; (log(»-o))* + 
giiX(log(a! —a)^~* 

' x — a 

- (* - o)'’"* (Vo + log (» — a) + • • • + (log (» — »))* 

+ (* - 0 ) 9 ; + (x — o)g>[ log {x — a) 
g>j 4- • • • (log (x — 0 ))^“*) 
a regular expression with exponent r — 1. 
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( Case of exception when r =« 0 and F(a) is not infinite.) 
Also the product of two regular expressions is regular. 
We may express the coefficients of the equation 

dx^ 


r^-*y 


PnV 


in terms of the n solutions for 


(i” H, 




, (^-2) . . . 


Pn^l 


1*2 — P\ Wo 


so that 
where 


Pa J) 





. M, 

D = 



. Mj 

1 


. 

• 


and is the result of substituting u[p in the a column of B. 
Now when u turns about the critical point, te^Wg. . undergo the 
substitution 




03, 

0 

0 

0 

0 

0 

(0.21 

03, 

0 

0 

0 

0 

"31 

Wag 

03, 




"il 


. . • 

03, 






0 

". + r 

0 




The derivatives of any order undergo the same substitution. Hence /> 
and are multiplied by the determinant of the substitution and the 

quotient is unchanged. Hence p^ must be a uniform function, 

the logarithms must have disappeared. Also there can be in p^ only a 
finite number of terms in negative powers of x — a. Hence p^^ can 
have at a only ordinary points or poles. We shall now show that p^^ 
can have a pole of no higher order than or. 

Put y where 

T ^ {X — ay{c^t ~ Cj(:r - a) + c^{x — a)' • * • ) 
dx dx ^ dx 


dx^ 




d*- 


rfa* 




L' J'A - 2^'^ 


and our equation becomes. 


2 
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+ (- + (»- +ft J') 


dx^~* 


or dividing by T 
^ / 1 


(-« -J +a)|""' + [- 


n.(»-i)r" . r 


2 j “f" j ‘ * i' 

If the original equation has regular integrals, this one in g has 
also, for fc _ 2/ _ y / 1 , \ 

^ r (ar-ay? ico ■^“‘r 

Also since 

jT = (x — ayg{x — a); T' = fi(x — n/“\(7(a? — a) + {x — ayg\oif — a) 

r 

^ - {a 4- ix 

9 




2*" 

has a pole of order 1 at a; of order 2, etc. Hence if has a pole 

of order a or less in the original equation, the same property holds for 
5 f^(a) in the transformed equation and reciprocally, if it holds for the 
transformed, it will hold for the other, derived by the substitution 

I Y y* found that there is always one solution 

Mj *= (a; — without logarithms. 

This integral being regular, wiU be of the form 

(*-o)/’{CoH-c,(a:-a).--)- 


Take it for T then the transformed equation must admit the solution 
g » 1 and hence does not contain the term in g, and reduces to 


dx'^ 




dt 


Put 




— g' and we have an equation of order n — 1 in g' whose inte¬ 
grals being derivatives of the former ones, arc regular. 

Hence if the theorem is supposed true for eq.^s of order n — 1 
a will be a pole only of order a for g^ the theorem will be true for the 
equation in g and hence for that in y. We have then only to show it 
forn«- 1 

£ + 9tV-0. 

Put 


y - (* - a/{a„+ o,(a: - a)---) + fi{x — a>’'-‘{ao+ - o) + 

+ ?i(* — + 2a,(a: — o) + 3a,(a: — a)* ■ • •} 

— {x- ay-^[ptca + fiuiix — a) -h o,g,(x — a) • • 1 — 0. 


•} 
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Now if has a pole of order greater than 1, there will be a single 
term —a) of degree lees than the others, its coefSoient most 

accordingly be 0. 

Henc^ if a linear equation have regular integrals in the neighbor¬ 
hood of « — a it must be of the form 

«r»y f.(x) P.(«) »-»y P,(x) 

at —a daj»“‘ ' (x — o)* dx"“* (x—a)"^ 

where P,... P, are holomoiphie in region « — a. 

If the property holds for all the singular points OjO,... a, the 
equation must have the form 

d*y ^ f,(x) d»~»y P,(x) d^-^y _ 

da!* "" y>(x) daf‘~^ (■^(x)]* daf'~* 

Pj... P, being holomorphic in the whole plane and 

^(x) - (x - ai)(« - o,) • • • (* - oj. 


If the int^prals are to be regular also for the neighborhood of 
X — oo i. e., x~'F is infinite only like log* x we must make the change 

X •“■j and put the above condition for i -= 0. 

If the equation is 




The transformed is 


<*-^4.- ft—I c ji—t <*"~*y 

-g «»*~*y 

dV>-* 


+ft (<*’-' 


■1 


+ft + «»<•*- 


^ fi» <**y 
' dt* 

+ +!>»<*-*} 


«-4i y 

dt*-* 


dividing by 

«<"y I f«.i I p>) d*~*y I . ai±::!y 

d<* ^ I ^ dt»-‘ ^ 11* ^ t* ^ 1 dt"-* 

d*v 

“ + ii + ffi H— 2* 


2t — -^ 


i*+« 


4 
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and for regular integrds for < — 0 we must hare have a pole of 
order not greater than h, i. e., is finite for < — 0 

. I *ltk-iPi I Pk 

“ Cot T t T tT 

i. e. every p must be finite for < 0 or finite for af — t». 

But _ _ 

hence a must not be essentially negative for Pa{x) 

i>(x) - (* - ai)(«- 0 ,) • •. (a? - Oj). 

The denominator is of degree ap. must not be of greater 

degree than uq] not greater than cc(p — 1). Hence that a linear 
differential equation shall have its integrals regular for every singular 
pointy including n — oo^ it must have the form. 

dx^ il>(x) da:*'* * [-^^(a:)]* da:*** 


where ^s are polynomials of the degree denoted by the suffixes and 
^(x) - (* - a,)(a: — a,) • • • (a; - o^) 
where ... are the critical points. 

Suppose we transform the equation 

^ I A P, d*** P,y 

das’* ' (a: —a) da:""* ' {x — a)* da:*"* (x — a)* 

as before by means of the substitution 

y~iT 


aar 


q, - + (n- 

q,-T. 




p. 

(* — a)* 


Now let us put 

T ~‘{x —ay 

r-r(a:-a/-‘; T"-r(r-1) (* - a)""* 


(* - +(♦» - i)*-i w(* - ^5^ 

+ (« - 2)*-. WV - • • 

- (af - a)*--*(nj[r] + (n - !)*_, [rjPj + (» - 2)i_, [r] P, 

+ (ii-i)«lr]pj. 
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Hence we may write the equation in dividing through by (x — ay 

, ft d-H I ft d-H QJ Q 

daf ' <x — a) da^~' ' (x — a)* dx^~* (x — u)” 

where r * t-i > 

Qi •= {«*[»•] + {n- 1)*_, [r] P, • • •) • 

The object of the transformation was to find an integral 


y « (a; —a)'‘{Co + Ci(a: — a)---}- 


Let us find the condition that the equation in | has an integral 
^0 + — a) + — a)* • * • 


in which is not 0. 

Multiplying the differential equation in 5 by (a; — a)", since all ^s 
are holomorphic, putting x ^ a makes all terms vanish except the last 

<?« («)!(«)• 

Now J(a) = hence we must have Q^(p)Cq 0 and if is not 0. 
Qn(«) - l«i l^] + (« - l),-jM Pi« + (« - 2)._, [r] P,„ - 0. 

Now 

Hence ^2)P,o 

-j-r(r— —«4-3)P,a---P,(a) — 0. 

This is an equation of the nth degree in r. P(r) «=> 0 and r in the 
integral y - (a: - oX {Co + c,(x — o) • • •} 

must be one of its roots. It contains the values of the n functions 
for the point a, and is called the determining fundamental 
equation (Fuchs) for the singular point a. 

It serves the same purpose as the characteristic equation 


P(a,)- 


Olj 


o a„ «„ 


0 


namely to determine the index in the int^al y = {x — ay<p which gave 

r = log ©. 

im ® 


Now whereas the coefficients of the equation in a have not yet been 
found, and depend in a very transcendental manner upon tliose of the 
coefficients of the differential equation, the coefficients in the equation 
for r are very simple, and contain besides integral numbers only the 
values of Pi(o) ■.. P,(«) • • • 
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The roots of the fundamental determining equation are equal to 
times the logarithms of the roots of the characteristic equation. 

If any of the roots of the equation in r are equal, or differ by an 
integer, the logarithms of the corresponding cd’b differ by 27 ci times an 
integer, hence the are the same, and the characteristic equation in 
o has equal roots. In that case we get a set of integrals of the form 
previously found. 

It may be shown that the series found are convergent by compar¬ 
ing the solutions with solutions of an suxiliary differential equation, in 
a manner analogous to that used for a non-singular point. 


6. liinear Differential Equations. A linear differential equa¬ 
tion is one of the form 


where 


T ^ a. T 
^0 dx” 




A’o, 


P 


ore functions of x alone. If P 0, the equation is called homogeneous, 
or without second member. 

Those with second member can be made to depend upon those 
without, hence we shall first consider the latter. 

The characteristic property of linear equations is the manner m 
which the arbitrary constants enter. 

We need the following lemma. 

Vv Vt •' 'Vn-k-i functions of x for which the determinant 


Vx, 

y*, •• 

y.+i 


dyt 

dy„+i 

dx ’ 

dx ’ 

dx 

d^y 

d'y. 


dx^ » 

dx* ’ 

dx* 


d^Vf 

d-yn^x 

dx* » 

dx* ' 

dx* 


identically, then there is between the w + 1 functions a linear relation 
with consent coefficients, 

CiVx + + • • • + c.+jy.+i - ^ 

Suppressing the last line and column we should have a determinant 
of the same nature, which we may suppose not equal to 0, for if it 
were we should have to demonstrate the property for n functions. 
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The minor being not zero we can find n + 1 functions il snch that 
H-1- ^»+iyn+i •“ 0, 


dy, 

dx 


+ ^ 


dy, 

dx 


+ • • • + 


’» + ! 


dy, 


n+t _ 0 


dn 


r j. 1 " y« A. 
^ d** ^ ^ 


dx” 


■ + A. 


d"y„+. 


0 . 


■+» dx” 

Differentiating each (except the last) regarding the following, 

0 , 


dXt . d Xm . I 

d* + y* "d* -^ - 


dy, dX, dy, dt, 
da; dx ‘ dx dx ‘ 


+ 


dx 

dy,ti dt,^i 

dx dx 


0 . 


d--y. dt. d»-»y. dt, 

dx«“^ dx ’ dx**“^ dx 

which are of the same form for the 
last). Hence ^ 

dx dx 


4. ^ yn -n A 

dx»»-» dx ~ 




or 


as for the A^s (omitting the 
d log Xy d log 


dx 


^4 


y- «» const. « a,; + a,yj 


dx 

«,+iy.+i“0. 


Now if ^ 1^8 • * • ^n+i solutions of the differential equation 

0 

^ ax ' * ax"“* 

we hare 


V d^y y d»-‘y 
^ dx dx«-i 

.••X,y 

X 


^ dx„ 

• X,y, 

Y d"y„.,, 

0 

^nVn^l 


0 


and eliminating ... X, we hare 

Vi y»-- 

y'x % •• 


».+i 

y«+i 


so that there is a linear relation between the n + 1 y’s. 
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Hence any integral y may be written 

y “ + (^%y% • • • o^nyn 

where are any particular solutions, not satisfying a linear re¬ 

lation. Such a set of integrals is called a fundamental system. 

If we take 

^nVi ‘ ‘ * ‘ * 

Wifi, ... w. 


will form an fundamental system if j/j... do for if | ] + 0 


Put 


M, . 






U, . 

• M™ 





1 

m 

\ 

Vi- -yn 




i"(y)== 

F'iy) - nXoj/(»-» + (« - + X„_,y 


= 2.3... nX,y +{n- 1)! X,y 
F”y = «! X^y 
gives identically 

F{yn) - zFijy) + ^ F'(y) + .. • J F-(y) 

for (j 

^ (zy) = zy’ + yz 

^{zy) = zy"+2y'z +yz 

^ (zy) ^zy^ + j z'y”-^ • • • yz”. 


If we choose yi, so that 

F(”-^>(yi) = 0 i. e. nXjyi + «F(yi) - 0 


giving 



dz 


the equation F{zy^ will not contain 
F(jf) =* 0 put y •^yiZ the equation is 




•w-i F(II~1) 


If y is an integral of 


w! 


y • • • zFy^ - 0 
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and since J’Cy,) - 0 

±^...zF'{y,)~0 

and putting z —> u s ■=• Judx the equation is of order » — 1 in u. 

In general if we know k independent solutions, we can reduce the 
equation to one of order n — k, and k quadratures. 

y-^iVi+^yf-hyk 

the A's being k new functions connected by the A; — 1 equations 

ViK + yA • • • = 0 

1^1 "i" 3^2 ' ' ‘ 

y\-n\ .... =0 

y' “ ^.yx+KVi • • • + hy'k 

y'*“Ayi • • • +^ty* 

»*"*■“ 

being a linear function of the A’s and their r first derivatives. 
Substituting in the differential equation, whe shall have a linear 
equation containing A's and their w — i + 1 first derivatives. 

Now the differential equation is satisfied if the A’s are constants, 
since yi • solutions. Hence the terms in drop out and 

there remain and their n — ife derivatives. 

But from the above A; — 1 equations of condition we may determine 
X^X^,. .Xf^ as linear functions of A, and substituting we get an equation 
of the n — A;th order for we then obtain A^... Aj^, and by quadra* 
tions A^ ... 

E. g., suppose we know a solution of 

y — A:—1 — 0 

•“ Kyi + ^Ky'i + Ky't 

KVi + 2Aiy', +jPi(Aiy,) — 0 

Kyi + (2yi + j>.yi)^'i - o. 


put 
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^ 


-fp,d 


fp^ax 

K-Aj‘-^dx + B 

-fpidx 


/^-JPxdx 

—^dx + By^, 

Multiplying the equation 

d^y ^ 

~d^ -PnJ^ “ 0 


by an undetermined function u and integrating by parts. 


«y"~ * — + m" (y)"" * • • • 

+ j5,uy("-*) — • • • 

+ (- l)"y'y[w" - (l^i«)”“* + *•••(- l)"p,y]rfa: = 0. 

If u is a solution of 


d”w _ 


(Pi”) + 


(i>jw) • • • (- i)"p,y - 0 


the integral disappears above, and we have an equation of order » — 1 
for y, containing an arbitrary constant. The function u is called a 
multiplier for the differential equation, for it converts the expression. 

into the derivative of a linear function of y and its n — 1 derivatives. 

If the above equation admits, the solution u » const., the original 
differential equation is called an exact differential equation. 

The above equation for the multiplier is called the adjunct equa¬ 
tion. The general solution of the equation with second member 

is obtained by adding to any particular solution of it u the general 
solution of the equation without second member. For if y be the so¬ 
lution of the latter, u + y satisfies the equation with second member, 
and contains n constants, hence is the general solution. 
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To find the solution of the equation with second member we first 
find n independent solutions of the equation without second member, 

pat p_a,p. + t.p....t.p. 


where the y$ are defined by the conditions 


giving 


Kyi + .+ Kvn = 0 

+.+ - 0 

Ktf'l +.+ KVn “ ^ 


y - +. + Kyn 

y"- A^y;' +.A,y; 


y‘“A,yJ“ •>+... 4-X,y‘" *' 

y* = + • • • + A,yr + A;yr *'+ • • • A„y:r 

substituting in the differential equation 
X,[X,y: + X.y'’— . • • X,yJ + X,[X,y» + X.yi-*' •. • X.y,] • • • 

+ aXoy: + X.yr‘-. •. x„yj 4-Xo[Aiy<r» + X,yr->. 


and all disappears except the last line. This together with the above 
n — 1 linear equations in ^’s determines them, and the A’s are obtalined 
by quadratures. 


Ex. 


d^y 

dx* 


+ 


COS mx. 


Equations with constant coefficients. 

d^y d” ‘^y 


a^x « 0. 


Integrated by Euler, as follows. 


Put 




dy 

dx 


sc'* 


d*y 

da* 




d^y 

d.T* 






satisfied if a is a root of 

F(s) = a* + aja"”' — 0 

which is called the characteristic equation. If this equation has no un¬ 
equal roots aj... a„ we shall have #i particular solutions a***a*»*... a***. 
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They are independent^ for the determinant 


^xX ^x 




1 

1 .. 

. 1 



a ^(•i + *a • 

»n)xX 


«s • 

• «. 


s*“‘c*»* 



rtW“” 1 


1 


The latter determinant, being of the order n — 1 in any s, and vanishing 
if any two are equal, is equal to the product of all the differences of 
the roots. 


(Sn - -«»)••• (S« - - Sl)(Sn-l " «l) * ' ' 


and vanishes only when two roots are equal. 
The expression 


dx^ ‘ 




e*^F{s) 


differentiated i — 1 times with respect to s gives 

dx^ ‘ 

^ + {% - 

If s, is a multiple root of order i of F{8) — 0, we have 


so that the right hand member vanishes for a » and is a 

solution of the differential equation. It is a fortiori evident that 


are solutions, so that the general solution is 


y » c***[c, + c^x + c^x^ • • • 

+ c^+je*** + «,+,«*•' • • • c,e'»-'a;. 


To solve a linear differential equation without second member with 
constant coefificients, then, we find the roots of the characteristic equation 

s" + Oje""* • • • o, — 0 


where the roots are SjS, ... and their multiplicities ... and the 

integral is ^ ^ ^ ^^ 

P, (*)«*** ■i-P,(a:)c*‘*--- 


where PiPj are arbitrary polynomials of degree — 1, /t,— 1... 
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APPENDIX 


Suppose that the equation has an imaginary root a + fii. It 
will also hare the conjugate s, — a — fit if all the coefs. are read, and 
the order of mnltiplicity will he the same for and 5|. Now since 

g/ttx _ ,• gjjj ^ gQg 

the terms of the integral 

= c“*[(P, + P,) cos fix + »(P, — P,) sin fix] 

or as the coefficients in PiPj are entirely arbitrary, and real or imaginar y 
— cos /Sa: + sin fix) 

and being arbitrary polynomials of order n — 1. Equations of 
the form 

o,(aa; + &)" 0 + «!(«« +•&)—’ ■ • • 

can be reduced to equations with constant coefficients by putting 

ax + h ^ at* 

and changing yariable 

dx^ dte^ 
dx dt ^ 

^ 4”y ,, dy o, 

dx^ dt* ^ dt^ 


and multiplying by the coefficients the exponentials disappear. 







